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ON A REPRESENTATION THEOREM FOR SPACES Af,
Ivan JovaNovié

ABSTRACT. In [2] F. Ricci and M. Taibleson have obtained represeniation

theorems for spaces AP = A!s!'f, 3 > 0. By an adaptation of the proof given in [2]
we will extend their resulls to the spaces A?,.

1. Imtroduction. A positive continnous function ¢ on (0,c0) is almost
increasing if there exists a positive constant C such that z; < x4 1mplies p(z1) <
Cip(zz). An almost decreasing function is defined similarly. A positive continuous
increasing function ¢ is normal on (0, 00) if there exist constants a, b, 0 < a < b
such that

(1.1) %l is almost increasing
and

plz) . .
(1.2) " ig almost decreasing.

( )Throughout this paper ¢ will denote a normal function satisfying (1.1) and
1.2).
Suppose 0 < s < co and that f(z) is a function holomorphic on the upper
half-plane RZ ={z=z+iy:z€ R,y > 0}.
Then, let

1/s

-+oo
Ms(y,f)Z(/_ If(er?'y[sd:n) , 0<s<oo,

Mes (5, F)= sup |f(z +iy)]|.

If0 < s,7 < oo, a function f, holomorphic on Ri, is said to belong to the space
Av if

o0 i/r
N;"r(f)—(fo @(y)’”M;(yJ)‘"%) G, B et o,

N () = sup @(y)M,(y, [) < co.
y
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90 1. Jovanovié

Our main result is the following representation theorem for spaces A¥,

THEOREM  Suppose 0 < s,7 < oo, > max{b+ 1/s,b+ 1}. Then there is a
collection of poinis {Ef,} in R% so that
i) If A= {5} is a sequence of complex numbers such that ||A||sr < oo then the

series .
> (m )71
i —
e p(Iméf)(z —£5)

converges absolutely and uniformly on compact subsets of R to a holomorphic
function f in A%, and there is a constant C > 0 which depends only on s,7,a,b,n
and M so that N;ﬁ,(f) < CH/\HS,»

i) If f € A%, then there is a sequence A = {1\ 1 A sr < 00 such that

. (Im gk yr=1/¢
flz+iy) =) Ak L
% 7 p(imek)(z — &y

and there is a constant &' > 0 which depends only on s,r,a,b,n and M such that
[[Allsr < CNE(F)-

2. Preliminaries.
LEMMA 2.1  There exist C > 0 such that for allz > 0, ©(2z) < Cp(x).
ProoF. By assumption ¢(z)/z’ is almost decreasing. Hence,

p(2r) _ p(22) 2’
p(z) — (22)" ¢(2)

Throughout this paper ¢ and C denote positive constants not necessarily the
same at each occurrence.

¥ < =

ProrosiTION 2.2 Suppose D<s<s1 <00, 0<r<r <oo. Then A?. C AY
i = — —_ 8T 8T
(Pyl,v's—l,fsl

817

PROOF. From Lemma 2.1 ([2],p.5) we have that if f € AY, then

, and the inclusions are confinuous.

3y /2 &t 1/r
My, /) <C ARG I

y/2

By using Lemma 2.1 we find that

y/2

1 LR il oy
e(y)M,(y, ) < Cso(:é) ([{ Ms(i,f)rT) <

3y 1/r
co [ sormurd) <onn
y/2 L y

“
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and consequently N¥ (/) < CNE(f).
If r<r <oo, then

Si”‘]

dy\ M/
W) My, ) -“’) _
Yy

d i/ra
W) M, (g, £ =My (3, Y —y)

n=([ v
(
\
<C

)
= C(NE(F) ™ (Ve

T

FIYE. = Mg

If 0 < 5 < co, then

/
- 11/
o (D) ] -

[/

. 1 oule L dt M

/2

If 0 < s <7, we have

1/s d 1!!"
NEL (1) = ( [ ety Mty 1 -"') <
- 1/r

[%) . 3y/2 di ris dy I

<C fo w(y) ( ” M(t, f)’ ) ;}

[ oo 3y /2 Lfr
§c']0 w(y)’"(//? M(t, 5y 5 )f"] =

o di % d e
C ( f M, (1, f)'; / w(y)’—y) <
0 2t/3 Yy

<o ([ otrmn )" ~omgen.

If r < s < oo, then

Sty i/r

v/? dt

Mool f) < Cy'0° ( | sy ;)
y/2

and the rest of the proof goes just as for the case 0 < s < r.
Let now s < 51 < oo. Then

"

1/5 1/ - r s—1/s1)r rd'
wer’ gy = ([ ettt sy )
0 P

IA

ifr
=
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o (h wid
/0 ?/
Holder inequality with o = 51/s, @' = 51 /(51 — 5) gives N¥Y e (N <
s dy (t=s/s1)/7 [ oo rdy s/(rs1)
<[ v vt Mt sy Y] [ e mw 2] =
| /o 0

¢ [vg 1] T e < O N (T = eNg ),

ProrosrTionN 2.3 If f € A% and n > max{b+1/s, b+ 1} then

)(Im &n-2

—gn

f()—cff(s

for each z € R%_, and the integral converges absoluiely.

Proor. We may proceed as in the proof of Lemma 4.4 ([2]) using Proposition
2.2 instead of Proposition 2.2 ([2], p. 5).

3. The representation theorems. We will use the following lemma:

Lenvma 3.1 Lein>b+1,1<s<oo, 1/s41/s' = 1. Then there exist constants
8,7, 0< 0,71, such that the fo”awmg condilions are satisfied:

(i) n(l—6)s' > 1

(it) pis > 1

(iii) (n—1/5)(1—7) > b(1—7)+1/s

(iv) (n—1/s)(1—7)>n(l—0)—ar

) (n—1/s)(1 = 1) < n(1 —6) +a(1 - 7)

Proor. We may rewrite the conditions of the Lemma as follows:

@ n(1—0)s' >1 iff 9<1_%

(i) nfs > 1 iff 9>nls

i m-Da—nsbion+t i s 1EFD

o (== >l -n)+ 5 i n—(b+1/s)

(iv) (ﬂ-%)(l—r))q(l—g)uar iff 9>(77_ﬂ)7'+(1—7')/s

1
0T+ (1—7)(a+1/s)
: .

(v) (n—i—l)fl—r)<n{l—6)+a(l—v') i o<
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Since n—(b+1) & n—(a+1)
p—(0+1/s) " n—(a+1/s)’

n—(a+1)

n—(a+1/s)

0<a<b,

then we see that if 7 satisfies (iil) then 7 <

97 (1 — )4 +1/8)

The last condition is

equivalent to

n—(o+1/5) < 1= Py So, we may eliminate (i). From

(iv) we have (ii) because % < r(n = a) —;(1 nd i il n>a+1/s. Thus, these

conditions need to be satisfied: (111), (iv), and (v). An easy computation shows that

(iv) is equivalent to 7 < U_—@(G—Tls/?) and (v) to 7 > %' If we choose,

for example, 0 < 0 = 6+ < 1, then the last condition is satisfied for all 7,
a n—(b+1)

0 1. Then we ch < mi '
- 1en we choose 7 mm{”_ @ri/s) :]—(b-i-l/-ﬁ‘)}

Suppose 0 < s,7 < oo and that A = {.\.fj},l,j €EZ1<k< M, (Misa
positive integer) is a sequence of complex numbers. Then, with the usual convention

r/s ifr
for s or r = oo, let ||Al|sr = {zj (ZM. 3) ] .

LEMMA 3.2 Suppose we are given A = {A\;},1,j € Zyh 2 0,0 < 5,1 < oo and
n > max{b+ 1,0+ 1/s} with ||A||sr < 0. Then let

M
]

9 {n—1/s)
fz,y) %: 1 e()(@ = 120)2 + (y + 22

for (z,y) € Ri. Then the series defining f converges uniformly on compact subsets
gf R: and NE.(f) < C||M|sr , where the constant C' depends only on n,8,7,a and

Proor. I[0 < s < 1, then the scries converges uniformly on each proper
subhalfplane {(z,y) € R_z*_ t Yy > vof provided n > b+ 1/s. If1 < 5 < oo and
n > b+ 1, the series converges uniformly on the regions of the form {(z,y) € Ri :
¥y 2y >0,z <z < 00}

Estimates for N¥.(f). In this part of the proof we first consider the case
0<s<1withsubcasesr=00,s<r<ocand0<r<s.

9i{n—1/s)s

1
5 = o s.
We have f(z,y)® < E}: oY) Z)\U )1 o)

Thus,

(3.1) e(¥)' Moy, f)* < C Y Ai(w) > A,
F I
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Qj(i;—ljs)s(‘o(y)s
T+ DT ‘

where A;(y) =
Case r = oo.

23’(17—(5—1/.5')32;565
>4 (J)Z)\ <ol 2 - 0y a2
(3.2) Bty e
< O||M[5eoy' 777 Y 2iln=b=13) < g2
27y

S00 7

ijsa2j3-a

E Aj(y) Z)‘ < O3 otp()? Z o) <

(3.3) 22y 22y

< ClMEwy™ Y 279 < M-

|
\
|
provided n > b+ 1/s.
21>y

From (3.1), (3.2) i (3.3) it follows N2, (/) < C||A||sco-
Case s < r < co.

e 7
e <c| [ (ZA.;-@)ZA;) <
0 z 7 l

sfr

- s r/s
£ Z(ZA(?)ZA) Z(ZA(Q’“ZA)

k i<k >k

s/r

s/

i s
<o z(gkil’nzw SO ) ;

i<k

s/r

rfs
> (2’"“22 3 ) < GINE |

k izk

where we needed 5> b+ 1/5.
Case: O<r<s<l.

r/s
NE(S) <6/ (ZA(J)ZA) 4

v

237‘(1; 1/s) oo go(y)r dy
<C A / ——
i XJ: 2])1‘ (Z ) 0 (y+ 2])777\_1"/5 Y

(3.4)
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e(y)” dy p(27) ar=1 3, |
/U (y +2j)nr-—rfs Z_j S er(u-{-a—-l/s) 0 ¥ dy S 1

L
v+ 2y @=175)

\
o0 i 00 AT
e(y) dy _ @(2) dr—wr—Thr]a p(27) |
09 [, gy L, v W= Cgiarry i
provided n > b+ 1/s. ‘

From (3.4), (3.5) and (3.6) we have NE(f) < C||A]|sr-
Let now 1 < s < oc and let s’ be the index conjugate to 5. Choose 0 < 8,7 < 1
so that the conditions of Lemma 3.1 are satisfied. Now we have

|
9i(n—1/s)rs |
< A
r y) Z iy (2; 7s[ (I_lzj) +(J+ 23)2],?9@/9
(37) S/Sf
21('7 1/s)(1-7)s" ,
' Z Y (L—7)s’ 21n(1—0)s'/2 =5 S;/S

If n(1 —@)s" > 1 (condition (i) of Lemma 3.1) then

9i(n=1/s)(1=1)s'~1 214
(38) &< CZ P(2) =7 (y 4+ Pya-De1 Czj: @(21) (=)’ (yy 4 27)B
9i 4 b(l—‘r)s -
Z . . <C ZQJ(A‘ b(1—7)s )<
7 (1_7.)31 i\B — (l T)s -
(3.9) sicy P12) (v+2) #(v) 2i<y
A—B
< C_—;J
(y) l—7)s

provided only A — b(1 —7)s" > 0.
Note that A—b(1—7)s’ >0 il (n—1/s)(1—7) > b(1—71)+1/s" (condition
(i1) of Lemma 3.1)

oA y(l—-r)as' i ,
E y ' <40 Z : QJ(A-B#{lfT)as )
FN(1—=T)s'(, iYB — (1—7)s!
(3.10) 5y P(2) (v +29) ¢(y) b
A B
= C ( )(1 —7)s!?

provided only (n —1/s)(1 — 7) < n(1 —0) + a(l — ) (condition (v) of Lemma 3.1)
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Combining (3.7);(3.8);(3.9) and (3.10) we obtain o(y)* M,(y, f)* <

Qj(ﬂ—lis)rsfp(y)'rs ;
= C’Z o(27)7s gl (=8~ =1/5)(A— (3y 27 yn¥3~1 Zr: Alj =
J

= Cz (Z Al‘j) B;i(y), where B;(y)= e(y)"
i T

p(20)7 yBr(y+ 2)C

(3.11)

This requires iffs > 1 (condition (ii) of Lemma 3.1).
Note that By + C7 = A,. We will consider three subcases:

Case 0 <r<s. ThenO0<r/s<1,s0

, . | gidur/s co ‘P(y)rr dﬁ . £f4
{3'12) [Nsr(f)] SC : ['F’(2J)Tr (-/0 yBlrjs(y_l_zf)Clr/s y) (Z ATJ) ]

f o(y)" dy _ _p(2)T ]2 o dy_
(3.13) “° yBirls(y 4 2)YCrrls y = 7 giarr fo yBirfs(y 4 20)Cr)s y T

CJ(P(Qj)Tr 1 jarr—Birfs dt ‘P(Qj)ﬂ-
=~ 9jAr/s fﬂ (1+0)Crls ¢ a g vy vy o

provided only (5 — 1/5s)(1 —7) > n(1 — #) — a7 (condition (v) of Lemma 3.1)

jw ‘p(y)ff @ - (P(gj)-rr 0o ybrrgBlr/.s d_y _
(3-14) £ yBIT].s(y_‘_Q))C']r[s y = gjbrr ‘23. (y+23)clr/s Yy
:C'p(?)rr ca ngr—B;T/s ﬁ lp(QJ)rr
2idwrfs [ (L41)Carfs t = 7 2idwr/s”

This requires 5> b+ 1/s.
From (3.12), (3.13) and (3.14) follows N2(f) < C|[Allsr-

Case r = co. From (3.11) we have

1/s
(3.15) NZ(F) < ClMlsoo (Z Bj(y)) < CliMlsco

27 A
- <
P y+2) =

(Note that the proof of (3.9) and (3.10) shows that ; o

h 8

< %1 provided : 5 > b+ 1/s, (n— 1/s)(1 —0) > n(1 —0) — ar all of
which are satisfied).
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Case 1 <r/s < co. From (3.11) we have again

r/s i rls
wgorsc| | (Z Bj(y)) Y o<cly (Z‘ Bj(zk))
. J >k

s/r
Qkafs

rls rfs
+C > (ZB (2% ) <e |3 (le Z‘zﬂﬂi-“”)zwj)
5 % 1

j<k izk

sfr

s/r

~ rfs
kbrs
o5 (iﬂ e m)ZA,) < Gl

i<k

This requires (7 — 1/s)(1 — 1) > (1 — 0) —ar and n > b+ 1/s, all of which are
satisfied. Assume now s = oo, Then we have

Flen) Z«p(ﬁf Z[x—w T <
(3.16) 2](71 1)

From (3.16) we have, if 0 < » < 1,

" 9i(n=1)r poo o(y) dy
¢ (N < Nz _ v
Ve (N = CEJ_: (Slip U) (2 Jo (y+2) -1 y < OISy

This requires n > b+ 1.
If 1 < r < o0, then

. oo 9i(n—1) ’ dy
NE < 2 - : — | <
[onor(f)] £s C [-/D (ZJ: Sl;p AU %0(21 )(y + 21)71—1 y ] C”)‘“oor?

provided only > b+ 1.
Finally if » = co, then

NE () <C Z( p BN clix
< Csu sup Ay; . z <C cceo,
&) £ Comp 2 (o7 ) sy <O

provided > b+ 1.
This finishes the proof of Lemma 3.2.

Divide R3 into squares Qy; with vertices 127 + 427, (14 1)27 + 120127 4 27 +!
and (I + 1)2/ +22+L. Then divide each square @;; into M? equal squares Q}Lj, k=
1,2,..., M2, each of side length 2/ /M.
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Leaaia 3.3 If [ is helomorphic on R%, then NE.(f) is equivalent o

H?J’%{‘zf) sup lf(z)[}
2EQ;

Proor. For the sake of simplicity we will write the proof for the cases where
s, 7 # co. Adjustments for the exceptional cases are trivial.

sr

i+ (141)27 ris i e
N L/ e(y)" (Z/ |7(= + )|’ d-v) ri
! 122
nit1 r/s J L
y
<C / 2“" sup |f -
< z (1 aw lsel) o
] 7"/8 lf'r'
£ ZL;-(ZZ-")TQJ""/“ y sup |f(2)] =C | (27 Y* sup |f(2) ;
J IJSE li 2€Qu 81
Conversely, by using subharmonicity ol f we find:
774 1/r . !‘f 1/
e i S i
S (i) 2l (1 11z )|) <o |Se@y [ My
i e i <38

SCONE() -

4. I'voof of Theorem. We choose {{{}} to be a collection of points in K%
such that ;f,‘g is auy polinl in ij
To prove i) just observe that

—i (Tmfi,])(z—a — 127 )2 + (y + 27)2]n/2
L ” (r=1/5)
2 Q] 15
& C'vj Ak- § : - '
L DLl B ey oy
a2 1pe

) k. {.\‘

One then just applies Lemma 3.2 with Ay =

%=1

It follows [rom the uniform convergence on compact subsets of R3 that f is holo-
morphic and that NE(/) < C[|A]];--




On a represeniation theorem for spaces A?, 99

In order to prove the converse we will construct a sequence of functions {f,}
in Af. such that

| (Imefyr=1/2
i)y fulzl= (lEn J =
Z Y o(Iméek)(z — b

(4.1) ii) [|C™|sr S C27"NE(f) andso NE(f,) < C2Z"NZ(NH)
i) Mg (f* > fm) EEENSLEYs
m=1

where we have set C" = {C {3”} The resull then follows ecasily.
Let )\g} =Y ney CF™. I follows from (4.1) ii) that [|A]lsr < CNE(S).

n=1 sr
gkan—1fs
Thus by the first part of this theorem g(2) = Z )‘EM
T 2 (37 ER S
tion in AF,. . But then we have that N§ (¢ =30 _, fm) S CA =30 _, O™, <
C27*NE(]).

Let b= min{1, s,7}. Then for each positive integer n, NE(f — g) <

is a func-

B L

2 h n
< Nﬁ (j - Z fm) + Nﬁ. (g — Z fm) ‘ < 27“(] +Ch)1fhﬂrﬁ.(j)

m=1 m=1

Thus, N3.(f —g) =0 and so f = g.
The existence of a sequence {f,} lollows from the corresponding propecties of
an operator 5. Given f € A¥, there 1s a function Sf € A% such that

) ‘ . (Imglkyr—1/s
) Si =S¢k 2 il
% ”59(11“5};.)(2—5;;)'7
(4.2) i) ||[Cllsr <CNE(JS) andso NE(SF) < CNE(N)

i) N§( = 55) < GNE(D.

One then just lets fi = Sf and [, = S(f — 221;11 fm) for n> 1.

For fe A?. we let Sf(z) = Zf(‘f}})ml—T
' Lk (z—&5)"

Note that Sf(z) is the Rieman sum of f (Proposition 2.3) corresponding to
the partition {ij} and the selection of points f;;} (we will write oul the details
only for the cases r, s # co).

It follows from Lemma 3.2 that

; sqris
NE(SN) <C D [Z (Zlf(f{f,-12“‘””’%0(:2”3iﬂ2?j3) ]
- .

¥ !

1/r
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aM*
but, 1SRRI p(2))|QF | gcw(zf)w'/*fsé%p FGIE
k=1 i

It now follows from Lemma 3.3 that N%.(Sf) < CaNZ.([). Therefore, parts i) and
i1} of (4.2) are verilied.
Using Proposition 2.3 and Lemma 3.3 we find that N&(f — 5f) < = NE(S).
The constant € in this last relalion does not depend on A, so we may choose
M so large that % < 1/2 and the proof is complete.
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