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AN APPLICATION OF THE LAPLACE AREOLAR INTEGRAL
FOR SOLVING AREOLAR LINEAR EQUATIONS

Borko C. ILIIEVSKI

ABSTRACT. Areolar linear equaiions have been investigaled in many papers
(for example see [2]-[4]). In the first part of this article, we introduce a generaliza-
tion of the Laplace areolar integral (2). The physical and technical meaning of the
arcolar Laplace integral is given in [1]. In the second part we search for the solution
W =W(z,%) of an areolar linear homogeneous equation (5) in the form of contour
Laplace areolar integral (4).

I The mapping

(1) Ly : f—F,

is defined by the equation

Y [ r0a =r
¢

where ( = {+in and z = x4 iy are independent complex variables, C' is a piecewise
differentiable curve and f = f(¢) a complex function such that integral in (2) exists.
Ly is a Laplace areolar transformation and integral in (2) is called Laplace areclar
integral (see [1]).

In the second part of this paper we will suppose that C' is a closed piecewise
differentiable curve, and f an analytic function of ¢ in int C and continuous in
C'Uint C exceipt in finitely many singular points ¢;, (s, ..., (m in int C.

A natural generalization of the Laplace areolar transformation L, (2) is the case
when the function f depends on some parameter p independent from ¢, f = f(p,¢).
In this case, the function F, will also depend on the parameter p:

3) j < f(p, Q) dC = Fa(p, 2)

C

THEOREM 17 If f = f(p,() is an analytic function of { = & + in (E‘;—g =0) and
af

of parameter p (3_13 = 0), then the function F,, defined by the equation (3), is an_

OF, _

antianalylic function of z ( e 0) and analytic function of p (aFa =
z

op

0).
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s a
Proor. Tirst, note that the symbols % and 5, ‘which appear in this theorem

are symbols for the operator derivatives in ¢ and ¢ defined by the equations:

0 1 )

o = 5 e + Vi iV — U]
af 1

% = 5 U~ Vo +ilVe + U]

F=FQ)=UEn+iV(n (7] page 17).

a a
G. V. Kolosov noted that for — ac and ~ all conditions for sums, differences, prod-
ucts and quotients for the ordinary derlvatlves are correct [5].
By Cauchy theorem on residues

Folp,2) = f S0 =2mi Y, Res (1(p,0)

J £ (e=tu(p)

Here p is a parameter independent of ¢, and C' piecewise smooth curve. Since p is
also a parameter in the function F, we will put p = pg = const. So, we have

OF,4(po, z) S i 2
—a = 27{1; 57 Restu(po) (€7 /(p0, 0))

The function right e*¢ f(po,¢) depends on ¢ and z. Since z and ¢ are independent,

we may change the places of s and Res ([6], page 235). So, we have

aFﬂ(pg,Z) _‘ . L 6 7 _
— = ZWzZCFéE) % (e* f(po,Q)) =

—QmE:R%[ mg%4aﬁ+¢h—ﬁ@mo)

m

= 2w Res 0 =0.
k=1 Sx(po)

dF,(p, z)

z

Since pg is arbitrary, we have = 0, which means that F), is an antianalytic

function of z ([7], page 19).
For the second statement of the theorem we have

OFup,2) _ 0 [ . ] (X WU B
i —aﬁ!e f(p,C)dcwcfe ot ag = [eodc=0 «

c
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which means that Fj is an analytic function of p ([7], page 19). |

CONSEQUENCE. The theorem above says that F, is a function which ” expliciily”
depends on p and Z and so 1s a function of the form

Fq = Fa(p,z) = W(p, 2),

|

|

where W is an analytic funclion of p and z. ‘
In agreement with this consequence, we may write the equation (3)

/ e f(p,C) dC = W(p, %)

= |

If in the last equation we put p = z, then

) / X f(2,0)dC = W(z,7) . ‘
i \
The substitution of p with z we may justify since z = ¢ + iy and z = = — iy

satisfy
dz Oz

D(Z,- f) — a ay .

D(e,y) ~ |02 0z|= %70

dx Oy

which means that z and z are independent, and from the fact that z is a constant
when we need operator derivative at z. f

I1. Now, we will try to find a solution of the homogeneous linear equation
in the form of the Laplace areolar integral (4):

_JW
(5) Z 7 62"_«" =0 ’

where P; = Pj(z),j = 1,2,...,n are given analytic functions of z = z + iy and
P() =1 |

If we put W1 = W in the areolar equation (5) then we have a homogeneous
system of n linear areolar equations

(‘ﬂ’Vk
o o= = Wi (k=12,...,n—1)
6 n

AW,

57 = = 2 Pa-ia¥;
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which is a special case of the general system

W
(7 a7 :Zakjm (k=1,2,...,n),
% =1
where ar; = a3j(2), (k,7=1,2,...,n) are given analytic functions of z.

We try to find a solution of system (7) in the form

®) Wi = fefffk(z,g) & (k=12...,n)
c
_ : - Ofe _ o Ofk _ .
where fi = fi(z,() are analytic functions in z and ¢ (g =0, 7= 0) which

we try to find. In (8) C is a closed piecewise smooth curve and its interior contains
all singularities of the functions f; related to ¢ and they are within a finite distance
from the coordinate origin.

Taking areolar derivatives

(9) 552;-” = /Ceszk(z,f) d¢
C

Wi

of the functions W}, defined by equations (8), and replacing W; and 8 — in the
4

system (7) with their own values (8) and (9), after some prearrangements we get n
identities in {

(10) 7 _/ [Xn:ﬂkjlf;:(z:C) + (arx — C)fk(z,()] et d¢ =0

c 1=1
JFk
(E =1,2,...,n) for determination of the functions f; = Jx(z,¢). This identities
will be satisfied if the expressions in the middle brackets are constants with respect
to (. In that case the functions under integral (10) will be regular functions in the
closed domain C'Uint C of (-plane and by Cauchy theorem all these integrals on C
will be equal to zero. Since z is an independent value of ¢ and f; = fi(z,€), it is
enough to replace the expressions in the middle brackets in (10) with some analytic
funciions in z. So to determine the functions f; = fj (#,{) we have an algebraic
system of n linear equations

(11) Y. @ifi(z.0)+ (arx — filz,0) = -

j=1j#k

Ci(2)
_ 2w

where Cp = Cg(z) are some analytic functions in z. By Cramer’s formulas, we get

Ak(z: C)

m (k:l,?,...,?’l),

(12) fi(z,Q) =

Y
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|
where i
ajgy —< a1z s Qin \
Qa1 agz—¢ ... a2 )
A(Z,C) = . . :n — (_1)11(:11 + |
Gnl Un2 o Opp — C |

is the determinant of the system (11) and

Ak(z,Q) = (-1)" == Ck(z)

Cn 1
is the determinant of the unknown function fi(z,{). Putting the functions f(z,¢)
in (8) with their values, determined by formulas (12), we get a solution

s i(Ak(Z’C) . -
(13) WL_C[E —A(Z,C) d¢ (B=15R, w00 )

of the system of areolar equations (7) in the form of Laplace areolar integrals.
With the help of Cauchy calculus of residues, it is easy to show that the solution
of (13) of the areolar system of equations (7) satisfies the conditions

The mark aow(z, Z) = w(z,0) = &(z), for the boundary conditions for areolar
equations, where for z we take zero and z is unchanged, is introduced in ([4] page
41-42).

If we choose in system (7)

appe1 = 1 (k=12,...,n-1)
(15) ‘ tny = —Pp_jp1 (j=12,...,n)
arj =0, otherwise

given system becomes a special system. We correspond this system to the areolar
linear equation of order n (5), and the following theorem is true:

THEOREM 2 Areolar homogeneous linear equation of order n (5), with analytic in

z coefficients P; = Pi(z), (j = 1,2,...,n) has a solution in the form of areolar

|
|
(14) for 2=0, agWi(z,z)=Ci(z) (h = 1,2,..0m)
contour Laplace integral
|

W=W = fzfAl(zC d¢

which satisfies the boundary conditions

oFW

Q’OW:C,{-+1(Z) (k:O,l,Q,...,n—l)
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