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ON THE GENERALIZED PRINCIPAL VALUE
OF IMPROPER INTEGRALS

DracaN DIMITROVSKI, MILOJE RAJovIi¢ AND Borko ILIJEVSKI

~ ABSTRACT. Majorily of the improper integrals we meetl in praclice are prin-
cipal values in the sense of Cauchy.” However, disconlinuous proceses, especm!li?j
noncomutative and nonasociative processes bring the idea of ilerative boundary val-

ues lime, o(lime,—o f). In this paper we give a definition of the generalized principal
value of the improper real integral, and iis caleulation.

1. Imtroduction. The improper integrals, usually met in practice are the
principel values, For example:

“+oco
1° Laplace transformation [ e¢?% f(z) dz;
i
wf2
2° Integral of the construction of the plane wing 6’ ﬁ%, (0<a<l)
h
3 Integral of the free fall in physics bf \/-2;;,?;

are in the sense of the principal value, which is defined by

op. [ sayie= m (| Cl_if(m)dmjzjj S e [ )

oo R—+4eo - R Cite JCpte
e—4-0

where C; are breaks of f(z), intervals (C; — ¢, C; + ¢) have the same ¢, and the
boundary values are in the sense of ¢ — §” definition.

However, many natural and technical processes and states are not apEropriate
to this idealistic mathematical model. For example, in chemistry if A, B and C'

are mutual alline chemical elements, then (A + B) 4+ C' # A + (B + C). For some
elements, the product of the reaction A + B with C, is different from the product

of the reaction of A with B+ C . Also, A ? B#B :j A, where in the reaction

A T B the arrow means a ]1.0n—ener%etic influence of A and B. So, the ordinary

associativity and commutativity which are fulfiled for all ¢; — 0 in 7e— 6" definition

of the boundary value iimD f(e;) are not always fulfiled in practice, especially for
Cg=

discontinuous processes. These situations are properly described with the iterative

boundary values ,
lim (limD v o (iirjlﬂ fle)):)a

€1 —0 ‘eq—

with a possible dependence hetween e-s c15 = ¢(co1), €22 = Y(ear) ...
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I phasa discon, IT phasa discon.
///A IC!' W A |Ca V A 103V L
Ci— &€n Ci+ &2 Ca - €a Ce+€az Ca—-€a1 C(C3t+t&ze

Thus, the value of the improper integral in transition across the disconnection Cj
can be multivalued, which depends on the fact how rapidly ¢; tend to zero and of
dependence between ¢;.

Hence, it’s necessary to consider the case when the improper integral

lim ( lim ...(Elniglaf(el,q,...,en)) % ids

£1—0 "eg—0
has some dependdences between ¢;:
€ = (I)i(fj)
( & = ¢; gives the usual principal value in the sense of Cauchy).

Tor the illustration we give the following examples:
1°. Indefinite integral [ 9€ =Inz + C;
b

2°. If 0 < @ < b the integral [ 4 =1In %,

a
3°. If a < 0 < b the improper integral

Ufbd_x def 11n1{_f61d_$+fd—m}~1n|i|+limln
. 7 —_— T T - a
a o [3°)

1
€2

3
€1 —+0 €1 —0
£9—0 eqa—0

4°. However, for ¢; = €2 = ¢ the Cauchy principal value exists
op. [ & =n]8] + il [¢] = 1n 2]
5°. If ¢ = K¢y, then we have another value of the integral
U.g._]zld?”’ =In |g| +InK;
a

6°. If a = Ry — —o0, b = Ry — +co, then obviously exists

+co
de __ 1i 1 ey R
vy. | 2= lm =k|[ZHE]
—co €1,62—0 2o
Ry, Re—on

which depend on the possible connections between ¢;,¢3, By and Rs.
The last integrals 5° and 6° we call the generalized principal values (v.g. [ =* [).
For v.g [ it is important:
I. We cannot use "¢ — §” definition for lim

1I. The order is important in lin})( 1im0 )
ei—0 "gg—+

IIT. The connections between ¢; : ¢; = ®(¢;)
IV. It is possible to appropriate a posteriori, after the part of the process is finished.

In this paper we study the generalization of the improper integral by the theory
of complex functions and calculus of residues.

DEFINITION. Let f(x) be a real function on [a,b] , with the peles C7,Cy, ..., Cy,
a<Ci<Cy<---<Cyr<bh, and let

[a,Cr — en], [C1 + €12, Cp — €21), [Co + €32, C3 — €31], . . .,
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[Cr + €r2, Cr41 — €x41,1)s - -, [Cr + €n2, 8]

be intervals ( phases of the processes ), with f(z) continuous. Let ¢;;, be connected
in the following way:

(L) i1 = Pi(ein), 1 <m
(P) €ir1,1 = Yi(€n), i<n,
(Q) ek = Vi (eir), i,j,<n, k=1,2.

Then the generalized principal value of the improper integral is

b B
v.g.ff(m)dm: (L’P'Q)*/f(m)d;r:

Ci—e1a n—1 Ci—l—l_fi-}-l,l b .
lim (lim. .o lim ... [ [ flz)dz+ 3 I J@)dz+ [ flx) d:r.] )
Ei— £l a . i=1 Citei Crnttna

Obviously, the integral v.g. [ = * [ is multivalued, and it can be made simpler
in some cases, for which we need a new definition.

Method of complex integration. If C; is a singularity on a finite distance,
then we propose puting the following contour around the singularity

Ci1 Ce
Ci1 =&12 Ci+&12 Ce—E2 Ca — E22

This way we obtain: )
I.  On the areas quadrants of the circle we used standard Laurent treatment and
estimation;
1. Different ¢;; # €;9 whose generalized principal values are preserved;
TIIT. Integration over z-axis is switched to integration over y-axis and the integral
Cteiz €i2
[ f(z)dz switches into integral [ f(iy)idy. In a lot of classes of functions
C—ein €i1 ’ i
this integral is transformed to [ e~V f(y)dy, which is very easy to calculate and
estimate. : . '

“+o0
The corresponding contours for complex integration for the integral of type [
. £ —00
oo b
(also for [) and [ f(z)d=z (including the case when a and b are singularities) are
9] a
respectivelly




68 D. Dwniirovski, M. Rajovié, B. Ilijevski

iRe

iR1
IC1 A Ca

-Ri Ci—&n Cité&e Ca—E&Em Ca+Eaz Ra

\
~P=r




On the generalized principal value of improper iniegrals 69

MAIN THEOREM. Lel
1°. b_1,, = Rese, [(2),
— . b—=z
2 B_1 ., = Resg, (f(z)ln 37&) ,
32, Lel r1,, 7o, salisfy conditions (L, P, Q),
4°, The complex logarithmlIn b_’; 15 defined in a wsual way, Inl = 0+ Oni.

Then the generalized value of the real iniegral depends on the following iteraied
boundary values

b— b —
1.g. ff( z)de = (L pQ) /f Resf(z) In 2 o Res F(2)1n z
Zz—a z=c0 z—a
C\[a,b]
2 r
. . . . 1v
+ 1}:1—{]0( ’ 1};1110 o 7}}“130 T { (ZL b”'L”) (_We + In Tay ) +
Y=
2 ei(k—l)'zr/? 1
Q (B ko + 2mib_g y) [ﬁﬁ-
miiol e
cirr(k—l) i(k‘—l)ﬁ/" i 1 1 )
&+ Sl = ——= |

BAkjy (ﬁl)k_l 1
+k—1( ST VA U

This formula contains explicitly all known results of the traditional calculus residius.
Example 1.
1°. If f(z) has poles of order one then the principal value is

b

v.p f Vi = Z Res f(z) ln - Res f(z) ln Z

a CA\[a,b]
n
i z_; zli(é?:,
( formula Dimitrovski-Adamovié [2] ).
2. If the function f(z) is continuous on [a,b] then ordinary real integral is
b—=z
ff(a:) dz= > Resf(z ln — Res f(2)In
c\lab] = £

If f(2) has property that 22 f(z) — M, z — oo, then

( the Cauchy formula).

f fz)dz = > Res f(z)ln

C\[a,b]
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3°. Existence of principal value in the case of poles of higher order
THEOREM. Necessary and sufficient condilion for the ewistence of the principal
b

value of the integral [ f(z)dz is : the sum of the Laurent coefficients of the members

a
(z — C‘,,)‘% with even orders, in the Laurent series in C),, is equal to zero, i.e.,
boza+bogatFboo,=0 boom1+b_ama+ - +b_gma=0.

The principal value is given by the above formula.
Example 2. For the integral which we use o construct the plane wing we
have:

N

Where K| = R%, Iy = Elg are curvalures of the wing surfaces, ( values ¢, €3
dependent on K and K.

w/2

v ’“/ % _ ! lim lim 111|E—1!—|—ln
& @—cos¢ /1 — q2 e1—0 e3—0 €2

0 (a<1)

MEEEE]
ite+vi=al’

The values ¢; — 0 are. with different speeds but the case e = ke, is possible. Then

e 1/v/1—a?

; */ d¢ 1 ‘k\/1+a—\/1—a
A - = inx
&Fig a-—cosd Vitat+l—-a

This formula is consequence of the our theorem ( it is also elementary ).
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