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QUADRATURES IN AREOLAR EQUATIONS
DraGAN DIMITROVSKI, BORKO ILIJEVSKI

ABSTRACT. There are many information aboul the quadralures for the gen-
eralizations of the arcolar equation (1) and the Vekua equation (3). We give a new
characterisation by quadratures of the equation (2) with a new operation W. In this
paper we give a preliminary resull for the quadrature ireatment of the equation (G).

If W{z, %) is a dilferentiable function of two complex variables z and Zz | then
arcolar equation of order one is an equation of the form

aw
(1) = [(z,7,W),

0z

where [ is an analytic function of its arguments. It is known that there is an analogy
between the equations (1) and the ordinary differential equations ¥’ = f(z,y) ,
especially in the quadratures, where in (1) the role of the integral constant plays
an arbitrary analytic ( in the sense of Cauchy-Rieman conditions ) function ¢(z)
(11, 2).

Also, it is known that distinctions in the guadratures appear if in (1), in f,
conjugate of the unknown function W appears. Our aim will be to find quadratures
solutions of the equation of the form

oW

35 = F(z,z, W, W),

(2)

where F' is also an analytic [unclion of its arguments (in Lhe sense that it has
convergent power series in the all arguments).
Specially, the simplest linear equation

aw —
(3) % = A(z,Z2)W + B(z, )V

in W, W, is called I.N.Vekua equation and it is a topic in the monography [1].
Ilowever, there is not quadratures information for it but only existential theorems.
The general result in the quadrature sense has been also given by IL.N.Vekua in [3].
It applies to the Vekua equation

(9 B = AW+ F(2)
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with coeflicients A and I analytic in z. Tts solution is
(5) W = &(z) + /f T'i(z,)®(t) dD + ff T'o(z, 1)B(t) dD
D D

where 3 W)
)= — dt.
®(2) 2w t—z t
R

Here, T'y(z,7), T.(z,1) are resolvents, which we obtain from the approximalions
o0 oo
Ti(z,0)=) Ka(2,1), Ta(z,t) = Kajpi(z,1)
F=1 g=1
and K; are kernels defined by

A(t)
7t — z)

Ix’n(z,t):j/I{l(z,l)I{n_l(z,t)dD, n=23,..
D

I{I(Z,f) = —

This means that the equation (4) is solved by iterations, but we do not obtain
a general solution so we can not see the dependence of the integral ” constant” é(z).
But it 1s known that the approximation iterations in all cases can not replace the
general solution (general physical laws, many boundary problems e.t.c). So our
goal will be to solve equation (2) in the quadrature form, with explicitly given
dependence on the integral ” constant”.

B.Ilievski [4] solved the primary and simplest conjugated Vekua eqation

aw
(©) o=

S

with the ordinary method by the arcolar power series
o0
(7) Wi(z,2)= Z Cikz’fk
i,k=0
and got solution in the form of generalizated exponential power series
o
w=3 e
k=1

+€mz”+l[ ! +i B (a)" ]

5]

Elia s k!(22)"
[ +n:1 ()’ (n+1)..(n + k)

(8)

B+ () (1) (n+ k) (n + k+ 1)
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where Cho, Cro are arbitrary coeflicients such that the power series ®(z) =

co _
S Croz* converge. This means that arbitrary integral ”constant” ®(z) and @(z)
k=0

appear implicitly in the solution (8) . Our aim will be to get explicit dependence.

The [ollowing theorem is true

TUBOREM Lel ®(z) be a function analylic in 2. Then the general solution of (6)
s given by the quadratures

W(z,2) = ®(2) + [ é(z )flz-|-z/ D(z) dz+

9) //‘D(z) dz)? +——// )(dz)°
o3 e s

Proor. It [ollows from (8) forming triangular schema of the coefficients Cho and
Cro and its ordering. If ®(z) is analytic, it is easy to show that

lim R, = hmﬁﬁ / ji’ W(dz)" 1t =
n+1

We get kind of a general exponential function

(10) Wiz, z =i£~ ""/ /qs(z) (dz)* +z/ / giiFe

k4l

DeriniTION.  We introduce a general conjugate exponential function W = edpz as
a solution of (10) or (9) of the equation (6)

éz

t\I

W=W(z2z) =edpz
It is a source of many known but also some new special functions.

Special cases

1%, If we choose arbitrary integral ” constant” (Il(z) = ¢?, we get for the parlic-
ular solution the ordinary exponential function W = e*

20 If ®(z ) = 0, we get a combination of ordinary cmd conjugate exponent and
polinom:

(o0 zk
W(z,2) =) [FPR (z) + TP (2)
k=0 '

wlhere P = const, Py = const are allowed.
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3%, Il we choose ®(z) = 1, we get a special complex function

0o AR 5
W(zz=Y (|;c|! ) (1 i m) = S(|zl) + G(z, 7)

k=0

where, if |z] = , then 25" 4+ &' — 425 = 0 (Bessel equation) and S is suminable

. l - e2uw du

Ty ﬁ -
= /w cosh(2z cost) In(z sin¢) dt =
= Z{;(Qim) — cylindrical function
and

du

G2, 2) 1 /1 e2V32 (2. /7u\/Z — 1)
y2) = —

T J 2uzy/1 —u?
and many other special functions.

4°. Now, in the same way using (10) could be solved conjugate equations

W, =W W, =mw
W, =W W.=W
and —
Ws =W We=W
We=W W.=W
and linear equations
(1 A— ow aw _
7 W+ f(z), T = W+ f(=,2), Fr W+ f(2)9(2)
and equations which can be transformed by them. For example
aw _ — -
Vo =W24f
20 57 W=+ f(2)
aw —_—
— = W/{(l - @z t.c.
53 W(nW) + &(z) et.c
. . . 0w
(we use known Theodoresco formula for the nonconjugated areolar equation 37 =
. z
A(z)W).

5% It is possible to construct a trigonometry of the functions é7.
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