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INTERIOR HOMOGENEOUS BOUNDARY VALUE PROBLEM
FOR SIMPLE CONECTED-REGIONS

Bosxo DaMiANOVIE

ABSTRACT. In this paper the functions ©1(z) and ©2(z) which are analytic
in the simple connecled regions St and DT, respectively, were determined when the

boundary condilions
©:(8(1)) = G(t) - ©1(2)
are known.
Let ST and DF be finite simple connected regions, bounded by closed Ljapunov

curvs L and I respectively. Suppose that the boundaries L and I' are traversed in

the positive sense relative to their interiors S* and D respectively, so that a person
moving along L or I' in this direction always has their interiors lying to his left.

Let S(t) be the function given on L satisfying the following conditions:
a) Il transforms homeomrphically the closed contour L into the closed contour
changing the direction of movement.

b) Function B({) has continuous derivatives which are different from zero at all
the points of the contour L.

Let the function 871(1), ¢ € L, be the inverse function of #(t).
We shall determine the functions ©@;(z) and ©3(z) which are analytic in St

and DT, respectively, whose boundary values on the appropriate contours satisfy
the following boundary condition

(1) ©:(6(1)) =G()-01(t) , L€ L,
where G(1) is a continuous function on L in the sense of Holder. First, suppose that

k= o [arg G(t)], =0, and consider the boundary value problem
™

(2) Ta(B(1) — T1(t) = W G(t), L€ L,

where the function In G(t) satisfies the Holder’s condition on L. Tt is known that
the particular solution of (2) is determined by the formulas

rl(d)—"'% Lifzdt7 ze 8 y
SR B (i ) +
) = g |, T wEl
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where o(t), (t € L) is the solution of the Fredholmn mtegral equation |

(Fa)@)zo—(z)ijL[ L __70) }a(r)dr_lnG'(t),t,TEL.

271 t—7  o(r)—o(t)

Now, it is easy to check that the coeflicient G(¢) from the problem (2) we can '
represent in the form |

|
X, t |
G(f.) — U,i(ﬁ( )) ‘

Xo(t)
where Xo(2) = e'() 2 € St and X5, = ™), ; € D+. Tn this way, the ‘
boundary condition (1) can be represented in the following way: l
\

0:(8(t) _ (1)
Xo1(AW) ~ Xo(0)’

tel.

S z
So, the functions &,(z) = — 2(2) ,2€ Dt and 6 (2) = Ol( ) ,z € ST, satisly the
) x\oll(z) /\D(Z)
following boundary condition
(3) b3(B(2)) = :1(t), tel,

The general solution to the problem (3) is given by formulac &, (z) = C and
62(z) = C where C is an arbitrary complex constant. So, the functions ©;(z) =
C - ef(?) 2 € Dt and 01(z) = C-el®) 2z € St are the general solution to the
problem (1) in the case k = 0.

Let us consider the boundary condition (1) where the index & corresponded to
the function G(t) is any real number. Assume that the coordinate origin belongs to
the region S* and define the function Gy(t) in the following way: Go(t) =t *G(1),
te L.

Now, 517; [arg Go(t)];, = 0. Hence, for the homogeneous boundary value prob-

lem, with the coeflicient Go(t) there exist the functions Xo(z) and Xy 1(2) being an-
alytic in St and Dt respectively, and different from zcro successively in ST UL and
D*UT, and which on the appropriate contours L and T have the limits Xo(t) € H(L)
and Xo,1(t) € H(L) satisfying the following boundary value condition:

Xo,1(B(1)) = Go(2) - Xo(t), t € L.

Those functions are determined by the formulae

1 {
XU(Z):GXP[_%/L:_E%&]’ ze8t, ‘
1 ~Li
Xo,t(z)=ek"lﬁ[2—7ri_/rg(f—£))di], z€ Dt

where o(t), t € L, is the solution of the equation (F'o)(t) = InGo(t). According to
all of this it follows that on the contour L, the coeflicient G(t) of the problem (1) ,
can be represented in the form |

|
4) 60=T4ED, e,
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From the relations (1) and (4) we get the following boundary conditions

©2(8(t)) O1(t)
b = -, teL.
(# Xoa(B1)) ~ TFXo(D)
: ; ; : O2(2) . s
Let us denote by fa(z) the functions Xo.(2)" z € D7, and distinct the cases
Ao
k< 0and k&> 0.
a) Letk<0.
v : ©(2) + : _ "
The function ————, z € ST, has the point z = 0 as a pole of order —k, so
Z_LJYQ(Z)

that it can be represented in the form:

SR =T Eene,  sest

where f1(z) is indefinite analytic function in St and ¢;, i = 1,2,..., —k, are complex
constants.

If we introduce notation By; 1 = Re¢j, By; = Im;,

1
Taj-1(t) = =

i
tj’tEL’ ng(i):g,teL,

then by (3) we shall get

SR T

f”()—3+22m./aj(ﬁ (’ ze€ D*F,

t—Z

where By is an arbitrary complex constant and o;(t) are the solutions of Fredholm’s
integral equations

(Foj)®) =m(t), J§=1,2,...,-2k.

Let us assume that Byj41 = Re By, Byjta = Im By and let us define the
functions:

1 1 O'Qj_l(t)
ot )= o e BRI g i
Uaj-1(2) zi QTrz',/L f—n 5 E S,
]. Ugj(t) ot
U‘)J(Z) 23 2—7;;/ iy C“ 2ED s
j=1,2,...,—2k,
U—2k+1(z):1 ze ST, U_srye(2) =4, z€8T,
1
V(Z) /JJ(JB (t)) dt, ZED+: 1=1,2,...,—2k,
2 Jp t—2z

V_2k+1(2’) =1, z¢€ Dt , V_2k+g(z) =1, z€ Dt
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Now, we can formulate the general solution of the homogeneous boundary value
problem (1), in the case k < 0, in the following way

—2k42
@1(2’) = z_ng(z) Z B,‘Ug(z), ze S8t ;
i:].
(6) —2k+2
0(2) = Xo1(2) Z B;Vi(2), z e Dt
i=1

b) Let k > 0.

Now, the function % is analytic in St and for £ > 0 is equal to zero
at the coordinate origin, and the function f“)(é)) is analytic in DT, According to
(5) we get that the solution of the problem (01])1 rjé.n be presented in the form

©1(z) =C-z7% . Xy(2), ze 8%,
@z(z) = C - Xo,1(2), 7€ Dt

where C is an arbitrary complex constant. For z = 0 it is easy to verily that C =0
and consequently ©1(z) =0, z € S*, and ©5(2) = 0, z € D+,

Ifk = 0then ©(z) = C-Xo(z),z€ ST, and O3(2) = C-Xo,1(2), z € DF. This
solution can be obtained from the formula (6) assuming that (6) holds for & = 0.
Therefore, we have proved the following theorem:

THEOREM  [f the index k < 0, then the boundary value problem (1) is solvable and
its solution can be represenied by the formula (6) containing 2(—k + 1) arbitrary
real constants. If, however, k > 0 then problem (1) has only trivial solution.
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