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A FIXED POINT THEOREM FOR MULTIVALUED MAPPINGS
IN PARANORMED SPACES

GaJ1¢ LIILJANA

ABSTRACT The purpose of this paper is 1o generalized the fived poini theorem
for multivalued mappings proved in [2] for a class of subsets of paranormed spaces.

1. Introduction. Let E be a linear space on the real or complex number
field. The function || [|* : E + [0, +c0) will be called paranorm iff:
L |z =0& z=0;
2. || = z||* = [|z||*, for every z € E;
3. le+ull* < [lel + l*, for every 2,y € I ;
4, If (|2 — zo|[* — 0, \n — Ao then [[Anzn — Aozol|* = 0, n — oo.
The function d : E'x E — [0,-+00) defined by d(z,y) = ||z — y||* is the distance
function on E', and (E, || [|*) is a topological vector space.

DEFINITION 1. The subset K of (E,|| ||*) is said to be of Zima’s type iff there
exists a number C' = C(K) > 0 such that

[Azl* < C-A-||e*
forevery0< A< landeveryz € K — K

REMARK. O. Hadzié¢ [1] gave an example of K(K C E), where (E,|| [|*) is not a
locally convex paranormed space, such that K is of Zima’s type.

DEFINITION 2. A subset K of a metric space (X,d) is called proximal iff for
each x € X, there exists an element k € K such that d(z, k) = d(z, K) where
d(z, K) = inf(d(z,y)| ye K}.

We denote the family of all nonempty bounded proximal subsets of X by
2%; and the Hausdorff metric defined on Zg; induced by d by H, i.e., for 4, B €
2%, H(A, B) = max{sup, 4 d(z, B),sup,¢p d(z, A)}.
Let T: X — 25)‘;. Then, for x € X , by an orbit of ¢ under T, a(z), we
mean the sequence {x, :® = z,2, € Tz,_;}. An orbit o(z) is called a strongly
regular if

o{2) = {ealen € Trp—1, BBy By = d(zn-1,Ten—1)}
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DEFINITION 3. A convex metric space (X, d) have Property (C) iff every bounded
decreasing net of nonempty closed convex subsets of X has a nonempty intersection.

REMARK. Every weakly compact convex subset of a Banach space has Property
(©)-

DEFINITION 4. The convex hull of a set A(A C EY) is the intersection of all convex
sets in F containing A and it is denoted by conv A.

2. Results

THEOREM 1  Let (E,|| ||*) be a complete paranormed space and K a nonempty
closed bounded conver subset of E with Property (C). Let T be a mapping of K into
the family of nonempty convezr prozimal subsels of K such that T(K) is of Zima’s
type and

H(T5,Ty) < (3 max{d(z, Tz), d(y, Ty)}),

for k = max{1,C(T(K))} , each z,y € E and ¢ :[0,+o0) — [0,400) nondecrea
sing right continuous function such that ¢(t) <t for t > 0. Then there exists a
nonemply subset M of K such that T'z = M for all z € M.

Proor. Tor any zp € K we may construct a strongly regular orbit at =y for T
First we claim that limd(z,,Tz,) = 0 where o(zo) = {z,}. Observe that

D, = d(w,, T2,) € H'2y_ i, Frp) < & (%max{d(a:n_l,Ta:n_l),d(rn,T:nn)})

so that if Dp—1 < Dn, then Dp < ¢(+D,) < D,. This is a contradiction. Thus
D, £ ¢(%Dn—1) < Dy_1. Since {D,}nen is a monotone decreasing sequence of
non-negative real numbers, lim, .o Dy = D exists. Il D > 0, then using the right
continuity of ¢ we obtain

D lim §(Da)= (D)< D

This contradiction shows that D = 0.

Now we let H. = {z | d(z,Tz) < €} for each £ > 0. From the above argument
we have that H, # ¢ for each € > 0.

Our second claim is that TonvI'(H.) C H, for each ¢ > 0. Let y € tonv T(H,)
and let § > 0 be given: Choose X; € [0,1] y; € H. and y} € Ty; for each i =
1,2,...,n sothat y ;- ;A =1and

d(y, Y Miyi) < 6.
i=1

Since T'y is proximal, there exists z; € T'y such that d(y}, z) = d(yf, Ty) for
=il B e B
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Now

dy, Ty) < d(y, y_ \ivl) + A0 Mk, Ty)l)
i=1 i=1
e n n
SEHAQY Ny, Do hm) S8+ O(T(K)) Y Nd(yf, =)
=5 =1 =1

=§+ C(T(IX’)) i)\gd(y:,Ty) <6+ C(T(I\f)) i ,\z—H(Tyi, Ty)

i=1 i=1
< 6+ C(TU) Y Aeb( max{d(ys, Toe), d(w, Ty)))

<6+ qu(% max{e, d(y, Ty)}).

If d(y,Ty) > ¢, than d(y, Ty) < 6 + kqﬁ(%d(y, Ty)). Since § > 0 is arbitrary,
this leads to an obvious contradiction that d(y, Ty) < k¢(3d(y, Ty)) < d(y, Ty)
Hence we must have d(y, Ty) < e and y € H,. This prove our second claim.

Let u = {conv T(H.) | ¢ > 0}. Then y is a bounded decreasing net of
nonempty closed convex subsets so by Property (C) it has nonempty intersection.
Hence ¢ # Np C N{H, | € > 0}. This shows that function z — d(z,Tz) attains
it’s infinum over K and because of the first claim this infinum must be zero. Let
M =n{H, | e > 0} and proof is complete.

Using the proof of Theorem 1 and Theorem 2 [2] one can prove.

THEOREM 2. Let (E,|| ||*) be a complete paranormed space and K a nonemply
closed bounded convex subsel of E with Property (C). Let T be a mapping of K into
the family of nonempty conver prozimal subsets of K such that T(K) is of Zima's
type and T satisfies condilion:

For given € > 0, there exists § >0 such that for any r,y € K

£ < max{d(z,Tz),d(y, Ty)} <e+6 = H(Tz,Ty) < %
Then there exisls a nonemply subsets M of K such that Tz = M forallz e M.
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