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FUZZY RANDOM VARIABLE
Mira SToJaKovVIE

ABsTrRACT. This paper deals with fuzzy-sel valued mappings of an " space
whose values are closed, normal and compactly supported fuzzy sels. We study
integrability and condilional expectalion of such functions and give an existence
and uniquencss theorem for fuzzy martingales.

1. Introduction. The concept of a fuzzy set was introduced by Zadeh
(1965). Puri, Ralescu, Klement and the others studied fuzzy random variable as a
generalization of random sets. Fuzzy random variables are random variables whose
values are not real numbers, as usually is the case, but fuzzy sets. A fuzzy set
may assume different values of B*, with each of which a degree of acceptability is
associated. These degrees of acceptability are considered as truth values, and are
Landled according to the rules of fuzzy logic.

In Section 3 we review cerlain properties of fuzzy variables and their relation-
ship to luzzy sets and random sets. In Seclion 4 we define the fuzzy conditional
expectation and investigate its properties. In Section 5 we prove a theorem flor fuzzy
martingales.

2. Preliminaries. In Uhis paper we restrict our attention Lo the set of fuzzy
random variables on the base space R, adapting in what follows definitions and
results from Feron [5] and Puri, Raleseu [12]. A fuzzy set v € F(R™) is a function
w: R™ — [0,1] for which

1. up =eo{z € R™;u(z) > 0} is compact,
2. the a-level set u, of u, defined by

U ={2 € R" : u(z) > a}

is nonempty, closed and convex subsel of R™ for all @ € (0, 1].
Let (Q, A, P) be a probability space where P is a probability measure. A fuzzy
random variable is a function X : Q@ — F(R™) such that

{(w,) 2z € (X(w))a} € Ax B, for every «a€[0,1],
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where B denotes the Borel subsets of R,

It is obvious that the function X, : Q — 27" defined by X, (W) = (X(w))q is
the R"-valued random set. If H is Hausdorff metric defined on P(R") (the space
of all compact and convex subsels of R™)

H(A, B) = max{sup inf ||z —y||, sup inf ||z —y||}, A, B e P(R"),
rEAYED yEB TEA

then (P(R™), H) is a complete metric space.
For any mult]functlon F:Q —P(R") we can deline the set

Sp={feL(QA): flw) e Flw) P—ace}

where L(£2, A) = L denotes the set of all functions h : Q — R™ which are integrable
with respect to the probability measure P.
The set Sp C L is closed with respect to a norm in L defined by

= [ nelar, e

Using Sp we can now define an integral for F' (first introduced by Aumann [1])

f FdP = {/ f@)dP@W) : f € Sp}.
Q 91

The integrals [, f(w)dP(w) are defined in the sense of Bochner. I : Q — P(R?) is
called integrably bounded if there exists integrable real valued function h : @ — R
such that sup,e ) [|#|| < A(w) P—a.e. The fuzzy random variable X : Q — F(R")
is integrably bounded if X, is integrably bounded for all a € [0, 1]. Let £ = £(£, A)
denotes the set of all integrably bounded multivalued functions F' : Q@ — P(R")
and let A = A(Q, A) be the set of all integrably bounded fuzzy random variables
X :Q— F(R").

We shall close this section, by recalling a lemma which we shall use in the
sequel.

Lemma 1 ([10]). Let M be a set and let {M, : « € [0,1]} be a family of
subseis of M such thai

1. Mp=M
2, a<L<fF=MgC M,
3 <o <. limpnee, =a=s My =0, M,,.

Then, the fuucimn ¢ M —[0,1] deﬁned’ by ¢(x) = sup{a € [0,1] : x € M,}
has the property that {x € M : ¢(z) > a} = My for every « € [0, 1].
For all X,Y &€ A we can define the function D : A x A — R

DX, Y) = sup A(Xq, Ya)-
a>0

Two fuzzy variables X,Y € A are considered to be identical if D(X,Y) = 0.
It is obvious that D is a metric in A since A is metric in £ (Th. 3.3 [6]).

1




Fyzzy random variable 51

THEOREM 1 ([14]). (A,D) is a complele meiric space.

3. Expectation of fuzzy random varviable. If X is a fuzzy random vari-
able from A, we can define the family of subsets of R™ by

M, = f XodP, a€(0,1].
i

We know that Xy is closed valued integrably bounded random set which implies
that M, # 0 and M, is compact for all o € (0, 1]. We shall show that the family
{.MD{}QE(OJ] define a fuzzy set from F(R™). 1 and 2 from Lemma 1 are satisfied.
To prove that for nondecreasing sequence {a;}, lim;_ o 0 = & > 0 implies M, =
U321 Mq, we proceed as follows: The sequence Xq, , Xq,, --- is measurable, integrably
bounded by he, C L, ie.

sup |jz]] < sup |z < ko, (w) forallw € Q.

.T;EX‘,i(uJ) € ﬁl(w)

From a > «o; we get
My = f XodP € / Xo;dP = My,
a 2

for all i € N. From the compactness of My, 8 € (0,1], it follows

L—Da

My = / XadP C n;?glfxaidpz lim j}{mdP.
Q o)
The compactness of X, (w) implies that

KXo, (W) = Xo(w), forall we,

that is,
lim H( Xy, (w), Xo(w)) =0 forall we Q.

From properties of Auman’s integral, we get

1—0Q

lim H( / XodP, | XodP) < lim A(Xy, Xa))
0 (o) I—00

= lim LH(—XQ{WB: Xoi(w))dP

I—00

and using classical Lebesgue dominated theorem, we obtain

f X.apH, f X, dP.
1] £
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So, we have shown that the family {Mra}ae(O,ll satisfies all the conditions of
Lemma 1 which means that it defines one and only one fuzzy set. TFor all o €

(0,1] X, C Xp and
M, :fxﬂdp C ]XodP
0

which implies that
Uae(o,11Ma C jXDdP =% My = €0 Uae(0,1) M, 1s compact .

The fuzzy set defined by family {M,} we shall call integral or expectation of
fuzzy random variable X C A and denote by

fXdP.

Hence we can formulate the next theorem.

ToeoreM 2 If X : Q — F(R"™) is an integrably bounded fuzzy random variable,
then there exisls a unique fuzzy sel u € F(R™) such that

T— f;Ya(fP Jor all o €(0,1].

4. Fuzzy conditional expectation. Motivated by the definition of condi-
tional cxpectation for a random set we introduce the notion of fuzzy conditional
expectation for fuzzy random variable.

Let (2, A, P) be a probability space and F a sub-o—algebra of A and F' €
L. The conditional expectation of F' with respect to F, which is in L(Q2, F), is
determined by setting

Spwriry = c{g € L(Q,F) : g = E(f|F), feSr}

TFinally if X is a fuzzy random set we can define the conditional expectation of
X & A in such a way that the following conditions are satisfied:

E(X|F) e A(Q, F),

{z € R" : E(X|F)(w)(z) > a} = E(Xa(w) |F).

The next theorem shows that there exists a unique fuzzy random variable satisfying
these requirements. The proof is based on Lemma 1

THEOREM 3 ([14]). If X € A(Q,.A), then there exisls a unigue fuzzy random
variable Y € A(Q, F) such that

Yo(w) = BE(Xa(w) |F).
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THEOREM 4 [f X € A, then:
f E(X | F)dP = ] Xdp, AeF.
A A
Proor. Since X, is integrably bounded random set we have that
/A (E(X | F))adP = /A X.dP, A€ F.

Equality [, YadP = (f, YdP), for all Y € A, implies

(] B 17)aP) = [ (B(x) P)ate = [ Xuap=([ xar).

for all @ € (0, 1], which means that

/ E(X |f)dP:/XdP, AeF.
A

TueorEM 5.  The fuzzy conditional expectation has the following properties:

1. D(E(X:|F), B(Xa|F)) < D(X1, Xa) for all X1, Xs € A.

2. If /i CF C A and X € A, then E(X|F|) token on the base space
(22,4, P) is equal to E(X|Fy) taken on the base space (Q, F, P).

3 FACFCA and X €A, then BE(E(X|F)|F) = B(X|FL).

4. If X : Q — F(R™) are uniformly integrable bounded and X, 2 X, then
E(X.|F) S B(X)F).

This theorem is a fuzzy generalization of Th. 5.3. [6]. The proofis quite similar
to the case of random sets so it is omitted.

Let {Fn}nen be an increasing sequence of sub-o-fields of A and let {X, }nen
be a sequence of integrably bounded fuzzy random variables adapted to {Fntnen.
Then, in analogy to the single valued and multivalued cases, we can introduce the
following notations.

(1) The system {X™, F"},cn is said to be a fuzzy valued martingale if and
only if for all n > 1

E(X™ | FY)(w) = X" (w) P - ace.

(2) The system {X™, F"}, ¢ is said to be a fuzzy submartingale (resp. super-
martingale) if and only il

E(X™ | FMY(w) 2 X™(w) (respB(X™t! | F")(w) C X™(w))P — a.e.
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By F*° we shall denote the c-algebra generated by U3, F". In applications |
it is usually assumed that 7*° = A. If X C A then {E(X | F"), F"},en forms a |
fuzzy valued martingale by Theorem 2. |

THEOREM 6  Let X C A and lel the fuzzy martingale {E(X | F™),F"} be such
that A(E(X, | F7), X5) — 0 uniformly for o € (0,1] where X2° = E(X4 | F&).
Then

where X = E(X | F*).
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