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COSINE OPERATOR FUNCTION CLASS V
MoMmdéiLo ManDIC

ABSTRACT. Basic concepls of operaior function class V have been deall with
in this paper. The main result is given by theorem 2.1 stating the operalor A gener-
ales the cosine operator funclion class V. The asymplolic resolvent has been used
for this.

0. Imtroduction. It is a well known fact that the theory of operator
semigroups, which has been thoroughly studied, is related to Cauchy’s abstract
problem of the first order:

du
(0.1) E:Au(t),tz(]; u(0) = z € D(4),
where A 1s the assigned linear operator.

Similarly, the cosine operator function, and this is the family of bounded linear
operators {C({) : t € R = (—o0,00) } acting from a vector space X into itself
and satisfying D’Alembert’s functional equation:

(0.2) Ct+s)+C(t—5)=2C@1)C(s), t,s€e R and C0O)=1,
is closely related to Cauchy’s abstract problem of the second order:

2
%;i = Au(l), u(0)=ze€D(A), w(0)=0.

Actually, the fact that C(t) is the cosine function with infinitesimal generator
A is equivalent, under some conditions, to the fact that u(t) = C(t)z, z € D(A), is
a unique solution of equation (0.3). Analogously, as the theory of semigroups, there
occurs a very important problem of how to generate the cosine operator function,
based on the conditions which are satisfied by the assigned operator A. Both, in
Banach’s and in locally convex spaces, for the case when C(t) is an equicontinuous
function, the below mentioned statement plays the main role:

If C(1) is an equicontinuous cosine function, than its Laplace’s transformation
exists, and for its infinitesimal generator A there is a bounded generator R(A2,A) =
(AT — A)~! such that the relation:

(0.3)

(0.4) AR(AQ,A)x:/ e MCH)zdt, zeX
0
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is valid.

But, should it be assumed that, instead of the equal limitation, C(¢) is locally
equicontinuous, e.g. ab one segment [—a, ¢], than the relation (0.4) in its general
case is not valid, because it may happen that there is no Laplace’s transformation
or that there is no resolvent to operator A.

This work has, actually, been the study of locally equicontinnous cosine func-
tion, namely, in its general form, the so called class V', where V' is the assigned
lincar operator. The basic method has been based on the concept of asymptotic
resolvent. The asymptotic resolvent of a closed linear operator A implies a family of
bounded linear operators { Ra(A) : A > w,a > 0 and w > 0 are constant } which
are acting from a space X into X and salisly certain conditions.

1. Basic Concepts of Cosine Operator function Class V. Let X be
locally convex and sequentially complele linear topological space. Let V' € L(.Y),
where L(_Y) is a set of all the linear continuous operators from X into X, for which
an inverse V! operator exists, so that the R(V) range operator V is a dense set
all over in X.

DEF 1.1. The operator [unction C(t) € L(X), t € R = (—o0, c0) is called
a Class V Cosine Operator Funclion, if C(t) satisfies the following conditions:

(1.1) (Ct+s5)+C(t—s)V =20(1)C(s), Yi,sER

(1.2) coy=v

(1.3) s—lim_; C(t)e =C(s)z, VseR and VazelX.

Let us designate with {p} the set of all the continuous seminorms defined on
X.

DEF 1.2. It is said for the cosine function C(t) that it is p € {p} there is a
continuous seminorm q € {p}, such that for Vi € K, where K C R is an arbitrary
compact set, end for each x € X, the following is true

p(C(t)z) < q(z).

Let us introduce V=1C(1), where t € R and D(V-IC(t) ={zc X : C(t)z €
R(V)}.
Operator V=1C(t) is closed and the following is true for it

R(V) C D(V10()).

Now it 1s possible to define the operator A as follows:

=1 PR
D(A) = { z €R(V) : lim LS;)*J exists}

and
2V-1C(h)r — z)
%

Az = limp_.g

for z € D(A).
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Operator A is closable. Operator A, presenting the closure of operator A is
called V-complete infinitesimal generator of C(t) (V-c. 1. g.).

2. The Main Results. Let operator V be from L(X). Tor the closed
linear operator A let us introduce the concept of asymptotic resolvent class 1.

Der 2.1. Let a > 0 be a fixed number. The family of operators Ra(\) €
L(z), Aw > 0, w - a constant, is called the asymptotic resolvent class V, of
the closed linear operator A with the domain D(A), if it satisfies the following
conditions:

(2.1) Tor Vo € X, Ra(X) is infinitely differentiable of A for cach A > w and
Ra()X) maps X into D(A).

(2.2) Ra(MN)Ra(p)z = Ra(p)Ra(A)z for ¥z € X and for VA > w and g > w.

(2.3) ARa(A)z = Ra(M)Az for Ve € D(A) and A > w.

(2.4) Ra(M)Vae = VRa(Mz forVa e X.

(2.5) (A2I — A)Ra(N)z = Vo + U(AN)z for Ve € X, where operators U())
belong to L(X) and satisfy the following condition:

For each z € X, U(AN)x is an infinitely differentiable function of A and for each
continuous seminorm p, there is a continuous seminorm q, so that the following is
true:

ai =
(2.6) p[[ﬂ] .’L'](n) < -\%q(i) for each 2 € X, A > w and n =

A
1,2,3,...

Der 2.2. For two asymptotic resolvents Rb{}) and Ra(A\), b > a > 0, it s
said that they are compatible if in the following relation:

(2.7) Rb(A)z = Ra(N)zx + ®(N)z, ¢ € X where ®()\) is an infinitely differ-
entiable function by A , A > w and satisfies the lollowing requirement:
For each continuous seminorm p € {p} there is a conlinuous seminorm q € {p}
which is such that the following is true:

(2.8)  p(AR(N)2)M) < (antlemer 4 prtle=th 4 6(A n))q(x) and ¢(A,n) &

ae™d

when A —coandn=1,2,3...

The main result of this work is given by the following theorem:

TrroREM 2.1. Let X be a sequentially complete and locally conver topelogical
space. For the linear operator A 1o be V-c. i g. locally semicontinuous cosine
operalor funciion class V', defined in unique manncr, il is necessary and sufficient
Jor il to satisfy the following condilions:

(2.9 A 1s a closed linear operator with an all over dense domain D(A).

(2.10) AVz = VAz for Ve € D(A).

(2.11) The VD(A) set is the core of the operator A.

(2.12) For each a > 0 there is an asymptotic resolvent Ra(X) class V, of
operator A, salisfying the condilion:
For each continuous seminorm p € {p}, there s a continuous seminorm q € {p}
such that the following is true:
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(2.13) p((AR(A\)Mz) < (an+le—a)\ + )\:L)q(g;) forcach z € X, A > w
eandn=12,3,...

(2.14) For b > a > 0, the asymptotic resolvents Rb()) and Ra()) are
compatible.
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