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SOME THEOREMS ON A LOCAL
(NONASSOCIATIVE) NEAR-RING

VELIKO VUKOVIC ,
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ABSTRACT. In this paper we invesiigaie some relalions among a local (non-
associative) ring S and its subsels L, Ly, S\ L and A, and their associators in S ;
(where L(Lg) is the set of all elements from S which do not have a left (right) ‘
wmverse in S and A the set of all elemenis which do not have neither left nor right
inverses).

DEFINITION 1. A unitary right (nonassociative) near-ring is a nonemply set

S with two binary operations: addition (+) and multiplication (-), such that:

1. The elements of S form a group (S, +) under addition,

2. The elements of S form a groupoid (S, ),

3. V€ 5, -0 =0, where 0 is the additive identity of S,

4. There exists an element 1 € S such that 1 -s=s5-1 =35, forall s €S

5. Vz, y, z€ 85, (2+y)-z2=z-z+y-=z
Let L be the subset of S of all elements without left inverses, ie. L={l€ S| S #
Si}.

DeriniTION 2. S is said to be a local near-ring if L is a Ieft S-subgroup (DL
2. 1.[2]).

Denote set §\ L by U, the sct of all elements of 5 without a right inverse by
La; the associators: {(2y)z — z(yz) | z,y,z € S} of S by A(S), {(zs)l —z(sl) |l €
L, s,z € S}of L by Apy(L), {(sl)z—s(lz) |l € L, s,z € S} of L by A;-(L), {(Is)z—
l(sw) |l € L, s,& € S} of L by A.r(L), {(as)z —a(sz) |a € A, 5,z € S} of A
by Apr(A), {(sa)z — s(az) | a € A, s,z € S} of A by A;-(A), {{zs)l —z(sl) |l €
A, s,z € 5} of A by A.(A), {(su)v—s(uv) |s €S, u,v €U} by A(U), {(ur)w—
u(vw) | w,v,w € U} of U by A(U), {(ks)z — k(sz) | k € L4, s,z € S} of Ly by
Arp(La), {(sk)x — s(kz) | k € La, s,x € S} of Ly by Air(La), {(xs)k — x(sk) |
x,5€ 5, k€ La} of Ly by 4n(Lq), {{xl)v—u(lv) |u,v € U, L € L} by A;(U) and
the set of elements in S without a left or a right inverse by A.

LeMMA 1. Let 5 be a local near-ring. If AU), Aiu(U) C L, then the ele-
ments of L do not have right inverses, (See L. 1[1]).
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Proor. Suppose that there exists some clement [ of L with a right inverse
I. Then IV = 1 € U contradicts II’ € L. Hence, the elements of L do not have
right inverse in L. Let some element [ € L have a right inverse u € U, i.e. lu = 1.
Since ul € L then 1 —wl € U and there exists 2 € § such that x(1 —wl) = 1. As
(1 = ul)u = u — (ul)u = —a, then u = (2(1 — ul))u and, from here, (2(1 — ul))u =
ar+z((1—ul)u) = a;+x(u—(ul)u) = a1 +2(—a) € L, where a, a; are the associators
of the ordered triples (u,{,u) and (z, (1 — ul), u) respectively. This contradiction
establishes the lemma.

THeEoREM 1. Lel S be a unilary righl (nonassociative) near-ring, and L be a
subgroup of (S,+). If Ari(L) = {0}, then S is local. Conversely, if S is a unilary
local near-ring then A, (L) C L.

Proor. If S is a unitary near-ring, L is a subgroup and A,;(L)= {0}, then
S 1s local. Otherwise, if sl & L, for some I € L and some s € S, then z(sl) = 1,
for some =z € 5. Since, (zs\ —2(sl) = 0, for all € L and all 5,2 € S and since
z(sl) = 1, for some I € L and some s,z € S, then (xs)/ — 1 = 0 and, from here
(zs)l =1, for some | € L and some z,s € S. This is a conlradiction (because [ € L).
Thus, st € L, forall ] € L and all s € S, i.e. L is a left S-subgroup and § is, by
definition, a local near-ring.

Conversely, if S is a local near-ring, 1.e. if sl € L, forall/ € L and all s €
then (ws)l — z(sl) € L, for all s,z € Sand all [ € L, i.e. A(L) C L.

THEOREM 2. Lei S be a unitary right (nonassociative) near-ring. If L and
UU{0} are subgroups of (S,+) and A(L) C L, then S is local.

Proor. If S is a unitary near-ring, L is a subgroup of (S, +) and 4,;(L) C L,
then S is local. Otherwise, if sl L, for some ! € L and some s € S, then z(sl) = 1,
for some z € S. Since, (zs)l —z(sl) =a e L,foralll € L and all z,5s € S, and
since x(sl) = 1, for some [ € L and some s,z € S, then (zs)l — 1 = a, for some
l € L and some s,z € S. Since a € L, then (zs)l =a+1 €U, ie. (zs)! € U and
(zs)l =1 € (U U {0}), because (U U {0},+) is a group. Thus, (zs)l — 1 = 0 and,
from here (2s)l = 1, for some [ € L and some y = 25 € §. This is a contradiction.
Thus, si€ L, foralll € L and all s € S. Sc, S is a local near-ring.

Turonrem 3. Lel S ke a right unilary near-ring, Ay (L) = {0}, A.(U) C L
and every element of U has a mght inverse. Then, S 1s a local near-ring if and only
if L i5 a right S-subgroup.

Proor. 1°1I[ S is a right unitary near-ring, 4;.(£) = {0} and L is a right
S-subgroup, then S is a local near-ring. Otherwise, if sl ¢ I, for some [ € L and
some s € 5, then (sl)z = 1, for some x € S. Since, (s))z — s{le) =0, for all l € L
and all z,5 € 5, and since (sl)z = 1, for some | € [ and some s,z € 5, then
1 —s(lz) = 0 and. from here, s(l{z) = 1, for some s,z € S and some [ € I, Since
k=1lz € L (by the assumption of this theorem), then sk = 1 is a contradiction. So,
sleL,forall! €L and all s € 5, i.e. L isa left Ssubgroup. Thus, S is a local
near-ring.

2° If § is a right local near-ring, A;(L)= {0} and 4,(U) C L, then L is a
right S-subgroup. Otherwise, if {s € L, for some | € [ and some s € 5, then




Some theorems on o local (nonassocialive) near-ring 187

z(ls) = 1, for some x € 5. Since (zl)s —2(ls) = 0, for all s,z € S and alll € L,
and since z(/s) = 1, for some | € L and some s,2 € S, then (20)s — 1 = 0 and,
from here, (zl)s = 1, for some | € L and some 5,2 € §. Since k = z{ € L, then
ks = 1 contradicts L. 1. Thus, s € L, lor all I € L and all s € §,1. e. 5 is a right
S-subgroup.

THeoREM 4. Let S be a right unitary local near-ring, (L, +) and (T U{0}, +)
be the subgroups of (S,+) and A.(U) C L. Then, L is a right S-subgroup if and
only if Ay (L) C L.

Proor. 1?IFS is a unitary local near-ring, A;. (L) C L, L and (UU{0}, ) are
the subgroups of (S, +), then L is aright S-subgroup. Otherwise, il [s ¢ L, [or some
[ €L and some s € S, then z(/s) = 1, lor some 2 € 5. Since (zl)s —2(ls) = a € L,
for all s,z € S and all { € L, and since x(ls) = 1, for some s,z € S and some
I € L, then (zl)s — 1 = a. Since e € L, then (al)s=a+ 1 €U, e (xl)s € U7 and,
from here a = (xl)s — 1 € (U U{0}), because (U U {0}, +) is a group. Accordingly,
a = (zl)s — 1 = 0 and, from here, (zl)s = 1, for some [ € L and some s,z € §.
Since k =zl € L and s € 5, then (xl)s = 1 is a contradiction to L. 1. (because
Ai(U) € Ap(L)). Thus, Is € L, for all I € L and all s € 5, i.e. L is a right
S-subgroup.

2% Conversely, i S is a right local near-ring and il L is a right S-subgroup,
then A;.(L) € L. Really, since sl,{s € L, for all | € L and all s € S, then
(she —s({x) e L,for all L € L and all 5,2 € §. Thus, 4;.(L) C L.

THROREM 5. Let S be a right unitery local near-ring. If A.(U), A;(U) C
L, Ay (L) = {0} and Lg is o left S-subgroup, then Ly = L, L and Lq ave the right
S-subgroups. Conversely, if La 1s a right S-subgroup then A..(L), A;-(L) C L.

Proor. IfSislocal, A.(U), A, (INC L, Lgis aleft S-subgroup and A, (L)=
{0}, then Ly = L, L and L are right S-subgroups. Otherwise, il {s & L, for some
I £ L and some s € 5, then (Is)x = 1, for some z € 5. From (Is)a — {(sa) = 0, for
all { € L and all s,z € § and [rom (/s)z = 1, for some [ € L and some s,v € S,
follows 1 — l{sz) = 0 and I(sx) = 1, for some [ € L and some s,z € 5. This
is a contradiction to T..1. So, Is € L, lorall{ € S and all s € 5, i.e. Lis a
right S-subgroup. Since L is a maximal S-subgroup (Th. 2.[1]) and L, is a lelt
S-subgroup, then Lz C L. Since the elements of L do not have right inverses (L.
1.), then L C Lg. Thus, Ly = L and Ly is a right S-subgroup.

Conversely, il § is a right local near-ring and Ly is a right S-subgroup then
Appr(L) € L. Really, it si,ls € L, lor all { € L and all s € §, then (Is)z —
l(s2) = a € L and (sl)z —s{lz) € L, for all I € L and all 5, € S. This means,
A (L), A (L) C L.

THEOREM 6. Lel S be e right unilary local near-ring, A, (U), A, (U) C L,
(UU{0},+) be a subgroup of (S,-+) and Ly be a left S-subgroup. Then, A, (L) C L
if and only if Ly = L and Ly 1s a right S-subgroup.

Proor. 1°1If L and Ly are left S-subgroups, A.(T7), A; (), Ap (L) C L and
(UU{0},+) is a group, then Lg is a right S-subgroup. Otherwise, il ls ¢ L, for some
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l € L and some s € 5, then (Is)z =1, for some z € S. From (Is)z — l(sz) =a € L,
forall!l € L and all s,z € 8, and [rom (Is)z = 1, [or some | € L and some s,x e .5,
follows 1 — I(sx) = a. Since a € L, then {(sz) = —a+ 1€ U, ie. I(zs) € U. So,
a =1—I(sx) € (UU{0}), because (U U{0},4) is a group. From here, {(sz) = 1,
for some [ € L and somc s,z € §. This is a contradiction to I,.1. So, Is € L,
forall/ € L and all s € S, ie. L is a right S-subgroup. Since L iz a maximal
left S-subgroup (Th. 2. [1]) and L4 (by the assumption of this theorem) is a left
S-subgroup then Lg € L. Since the elements of L do not have right inverses (L.1.)
then L € Lyq. Thus, Ly = L and Ly is a right S-subgroup.

2% If § s a unilary right local near-ring, Ly = L and L, is a right S-subgroup
then A, (L) C L. Really, since Ly = L and Is € Ly, forall { € L and all s S,
then Is € L and (Is)a — {(sz) € L, lor all [ € L and all 5,2 € §. So, 4,.(L) C L.

THEOREM 7. Lel S be a unitary righl (nonassociative) near-ring, A and U U
{0} be the subgroups of (S,+), Ly C L and A,1(A) C A, then A is a lefi S-subgroup
and 5 is local. Moreover, if A is a right S-subgroup, then A,.(A) = A..(L),
Air(A) = Ay (L) and App(La), Air(Ly), Ain(A), Anr(4), Apr(L), A (L) C L.

Proor. 17 1If 5 is a unitary, right near-ring, 4 and U U {0} are subgroups
of (S,+), La € L and Ay(A) C A then (by definitions of Ly, L and A and by
the assumption, L = A, A D Ly), A and L are left S-subgroups. Otherwise, if
sa € A, for some a € A and for some s € 5, then 2(sa) = 1, for some 2 € 5. Since,
by the assumption, (vs)a — x(sa) = o’ € A, for all « € A and all 5,z € S, and
since z(se) = 1, for some a € A and some s,z € S, then (zs)a — 1 = o’ € A, for
some a € A and some s,x € S. Since L = A, then a,a’ € L. Since a’ € A then
(es)a=da'+1€U,ie(es)a €U and, from here, o’ = (zs)a—1 € (UU{0}), because
U U{0} is a group, i.c. ' € U U {0}. From here, (zs)a—1 =0, i.c. (zs)a = 1, for
some a € A and some x,s € S. This is a contradiction. So, sa € A, for all a € A
and all s € 5, Le. 4 and L are left, S-subgroups. Thus, S is a local near-ring.

Moreover, if A is a right S-subgroup. then from as,sa € A follows:{(as)z —
a(sx) | a € A,s,2 € S}, {(sa)e — s(ax) |a € A, s,z € S} C A. Since I, = A and
Lae © L =A, then A,..(4), Air(A), A (L), Air(L), Apr(La), Air(Ly) C L.

CoRrOLLARY 1. Lel S be a untlary righl near-ring, U U {0} and A be the
subgroups of (S,+), La € L and Ay(Ls) C A, then Aq(Ly), An(L) C L and
A (L) = A (A).

PRrRooF. Sinece L = A |, Ay(L) = A(A4). Sinee Ly € L and Aq(L) =
Arl(«"l) c L, Arl’(’rni) Cs Ar'i('r-’) - L\ 18 /"lf'f(er) C Ll!

CoroLLARY 2. Let S be a unitary right near-ring, U U {0} and A be the

subgroups of (S,+), Ly C L and A.j(A) C A, then each element of U has a right
Mmuerse.

THEOREM 8. Lel S be unitary (nonassociative) near-ring, A be a subgroup of
(S5,+) and Lqg C L. If Ay(A) = {0}, then A is a left S-subgroup and S is local.
Conversely, if A is a lefi S-subgroup or S is local then A (A) C L.

Morcover, if A s a right S-subgroup, then Air(A) = Aip(L), Arp(A) = App(L)
and A,-,-({l),_*’l,j,-(f;)’, _r’\,',-(L), A;,.(L), f{,-,-(Ld.}, f'li,-(L({) g Lo




Proor. IfSisaunitary right near-ring, 4 is a subgroup of (5, +), Ls C L and
Api(A) = {0}, then A and L are left S-subgroups. Otherwise, if sa ¢ A, for some
a € A and some s € 9, then z(sa) = 1, for some z € S. Since (z5)e —z(sa) = 0, for
all z,s € S and all a € 4, and since z(sa) = 1, for some z,s € § and some a € A4, i
then (zs)a — 1= 0 and, from here, (zs)a = 1, for some a € A and some z,s € 5. ‘

Since I = A, by definitions of L, A and L; and by the assumption, a € L.

Since t = s € S then (zs)a = 1 is a contradiction. It means, sa € A, foralla € A i
|
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and all s € S, i.e. A and L are left S-subgroups. Thus, S is a local near-ring,.

Conversely, if S is a unitary local near-ring or if A is a left S-subgroup and
Lq C L, then Aq(A) C L. Really, since sa € A, for all a € A and all s € S, then
(zs)a — z(sa) € A, for all a € A and all z,a € 5. Since A = L then A,(A) C L.

Moreover, if A is a right S-subgroup, then from sa,as € A, for all ¢ € A and all |
s € S, follows: {(as)z—a(sz) | a € A, s,z € S}, {(sa)z—s(az) |a € A, 5,2 €S} C |
A. Since A =L and Ly C L, then Ly C A and A..(4), Air(A), Air(L), Arr(L), |
Ar‘r(Ld): Air(Ld) C L. )

CoOROLLARY 1. Let S be a unitary right near-ring, A be a subgroup of (S,+),
LsC L and Arz(A) = {0}, then A,-;(L) = A,.;(Ld) = {0} |
Proor. Since L = A, Aq(L) = Aq(A) = {0}, ie. Aq(L) = {0}. Since ‘
LgC L and A,-;(L) = {0}, A,-[(Lﬂ-) = {O}

COROLLARY 2. If S is a unilary right near-ring, A a subgroup of (S,+),
Lg C L and A.(A4) = {0}, then each element of S\ L has a right inverse.

If S is an associative unitary right near-ring then the condition A.;(A) = {0}
is automatically fulfilled. Moreover, L is a left S-subgroup if and only if L is
a subgroup of (S,+). If S is an associative local near-ring then the conditions:
Aq1(A) = {0} ard Lg = L = A are automatically fulfilled too (see L. 2. 4[2]).

COROLLARY 3. Lel S be a unitary right (associalive) neer-ring, Lg C L and
A be a subgroup of (S,+). Then, A is a left S-subgroup and S is local, (See Th. 2.

5.[2]).
THEOREM 9. Let S be unitary, right (nonassociative) near-ring, A be a sub-

group of (S,+) and Lg D L. Then A..(A) = {0} is a sufficient condition for Lg 1o
be a right S-subgroup. Moreover, if Lq is a left S-subgroup, then S is local.

Proor. If S is a unitary right near-ring, (A4,+) is a group, Lg 2 L and
A.-(A) = {0}, then A is a right S-subgroup and, therefore, Lq is a right S-subgroup.
Otherwise, if as ¢ A, for some ¢ € A and some s € S, then (as)z = 1, for some
z € S. Since (as)z —a(sz) =0, for all a € A and all s,z € S, and since (as)z =1,
for some a € A and some 5,z € S, then 1 — a(sz) = 0 and, from here, a(sz) = 1,
for some a € A and some s,z € S. Since a € A, y = sz € S and since A = L4 (by
definitions of Ly and A and by the assumption), then a(sz) = 1 is a contradiction.
It means, as € A, for all a € A and all 5 € S, i.e. A is a right S-subgroup.
Since Ly = A, then Ly is a right S-subgroup. Since A D L and A,.(4) = {0},
Arr (L) = {0}.
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Moreover, if Lq is a left S-subgroup, then S is local. Really, in any case L C A.
Since A = Lg is a left S-subgroup then A C L. So, L = A, ie. L is a left
S-subgroup. Thus, S is a local near-ring,.

CoroLLARY 1. Let S be a unitary right near-ring, A be a left S-subgroup,
Lg 2 L and Ay (A) = {0}, then each element of S\ A has a right inverse.

COROLLARY 2. Let S be a unilary right near-ring, A be a left S-subgroup,
Lq 2 L and Apr(A) = {0}, then Ani(L), Air(L), An(A), Air(A) C L.

ProoF. Since § is, by Th. 9., local and L = A is a right S-subgroup, then
fromsl,ls € L, foralll € L and all s € §, follows A,(L), Ai (L), Ani(A), Air(A) C
L.

COROLLARY 3. Lel S be a unitary right associative near-ring, A be a subgroup
of (5,+). If Lg O L then Ly is a righl S-subgroup. Moreover, if A is a left S-
subgroup, then S is local.

From the proof of Th. 9. follows the next theorem,

THroREM 10. Let S be a unilary, right (nonassociative) near-ring and A be
a subgroup of (S,+). Then A..(A) = {0} is a sufficient condition for A to be a
right S-subgroup. Moreover, if A is a lefl S-subgroup, then S is local.

CoOROLLARY 1. Lel S be e unitary right associative near-ring, and A be a
subgroup of (S,+). Then, A is a right S-subgroup.
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