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£,-SEMIGROUPS

BLAGOIE STAMENKOVIC

Abstract. E.I'Illymoe [3] and N.Kimura, T.Tamura and R.Merkel [2] con-
sidered A-semigroups, i.e. semigroups in which every subsemigroup is a lefi ideal.
S5.Bogdanovié and the author ireated in [1] A,-semigroups, i.e. semigroups in which
(1) SnA = AnHL
for every subsemigroup A of 5. In this paper we generalize the resulls frem [1].

We prove that S 1is an £,-semigroup if and only if S is a refractive extension of
a right zero band by an L,-nil-semigroup (Th. 3,4).

DEFINITION 1. A semigroup S is an L,-semigroup if for every its subsemi-
group A the following condition holds:

(2) SPACA.

LEMMA 1. A semigroup S is an L£,-semigroup if and only if
(3) (Va € S) S*a C (a) -

Proor. Let S be an £,-semigroup. Then
S"a C S™ (a) C {a)
forall a €S, ie. (2) holds.

Conversely, let A be a subsemigroup of §. Then for a € A we have that
S"a C {(a), and thus S™A C A. Therelore, S is an £,-senugroup. [

LEMMA 2. Every A,-semigroup is an L,,-semigroup.

Proor. Follows immediately. O

The converse of Lemma 2. is not true, for example, the semigroup {z) =
{2 2% 2% 2° = 2°} is an Ly-semigroup. But it is not a Ag-semigroup, since

for (2?) the condition (1) not holds.
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LEMMA 3. Ewery subsemigroup and every homomorphic image of an  Ly,-
semigroup s en L,-semigroup.

Proor. Tollows immediately. [

LEMMA 4. Let S be an L£,-semigroup. Then
(1) S is periodic;
(71) E(S) is a right zero band,
(1i2) E(S) is an ideal of S;
(iv) Reg(S) = E(S).

AL — i —lawed o omgd (.L2> .

Thus, S is periodic.

(i1). Let e € E(S). Then by (3) we have that S"e C (e) = e, whence
fre=fe=e forall ¢, f € E(S). Therefore, E(S) is a right zero hand.

(iii). Let z € S, e € E(S). Then by (3) we have that ze = ze" " le = ¢ |
Hence, Z(S) isa left ideal of 5. Since ||

(ez)? = exez = (e""ze)z = ex € E(S) , |

we then have that E(S) 1s, also, a right ideal of §. Thus E(S) is anideal of S.

(iv). Let a € Reg(S). Then a = ara, for some = € 5, so by (i) it
follows that a = (az)a € E(S) -5 C E(S). Thus Reg(S) C E(S). The apposite
inclusion also holds. Therefore, Reg(S) = E(S). O

\
ProoF. (i). Let x € S. Then by hypothesis and by (2) we have that

LEMMA 5. Lel S be an £,-semigroup. Then
(3) if n=2k—1, then for ecvery z € 5 it is
() = Lo a?,. .. @M g™
for some m, 1 <m < 2k+1.
(77) if n =2k, then for every z € S il is
(z) = {&}x?,. .., ™ = g™}

for some m, 1 <m <2k+3.

ProoF. By Lemma 4. (z) we have that S is periodic. By Lemma 4. (iii),
{(z) has a zero for every z € S. Hence
() = {&,2%,... , 2™ = g™t}
for some m € Z+. We have the following two cases:
(1). If n=2k—1 and m > 2k+1, then

2k—1
(& w? & (&%) ;
since z78-1 ¢ (2?) = {2?,2%,...,2™ = 2}, which is a contradiction.
(#). I n=2k and m > 2k +3, then

() 2* ¢ (a?)

since z2*3 ¢ (22) = {a?, 2%, ... 2™ = 2™}, which is not possible. O
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THEOREM 1. Let S be a cyclic semigroup. Then the following conditions
are equivelent:
(i) S is an Lop-semigroup;
(#) S is an Logpyq-semigroup;
(1it) S is a (2k + 3)-nilpotent semigroup.

Proor. (i) == (i%i). Let (z) be an Lop-semigroup. Then by Lemma 5.
2?3 s q zero of (2). Thus, (x)"™ =0.

(#) == (#d). This implication is similar to the (i) = (iii).

(iii) => (i). Let S=(z) and S**+3 =0. Then =2**3=0. Il is casy 1o
verify that .S'Ekag(a) holds for all a € S. Thus, S isan Lop-semigroup.

(11d) = (i). Similarly as (i1d) = (i). O

THEOREM 2. Lel S be a cyelic semigroup. Then S is an i-semigroup if
and only if S® = 0.

Proor. [Follows by Lemma 5. O

TnroreM 3. The following conditions on a semigroup S are equivalent:
(i) S isan Lap-semigroup;
(1) (Yey,20,... 205,y € S) 2129 2apy € {4°,0°, . .. , y2k+3y,
(#7) S s a retractive extension of a righl zero band by an Lop-nil-
semigroup.

Proor. (i) = (4). Let S be an Lop-semigroup. Then by Lemmas 1.
and 5. we have that

Ti1xy - Toply € {y: y?z Vi ey y2k+3

for all @1,z0,... 205,y €S. If zymg-- 29y =y, then

2k
ot

(z129 - 'wzk)2k+3. = (331&'32 it -.1;2;1)2"'4“2(9:1;::3 e 'Ivzk)y
= (2127 - 2or) 2y = ...
= (z122 221y
=y ey nES),
since, by Lemma 4. (ii{),
(:Ifl;rg e -Qfgk)zk+3y & E(S) ) - E(S) .
., and so the condition (ii) holds.

(1) == (i). Let A be a subsemigroup of 5. Then for every y € A,
ziwy - -xopy € (y) CA. Thus S*AC A, ie. S isan Lop-semigroup.

(i) = (i), Let S be an L£ip-semigroup. Then by Lemma 4. E(S) isa
right zero band and it is an ideal of S. The mapping ¢ : S — 7(S) defined by
p(x) = 2213 i a retraction. Indeed,

p(ey) = (zy)?+
= ((zy)*"*2a)y .
= gt since ((zy)**+*2)y € (y) N B(S)
= ¢(y)

Hence, y= y**+3
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= p(z)e(y) , since E(S) is a left zero band
and
©*(x) = () .
It remains to prove that the Rees factor semigroup V = S/FE(S) is an Lop-nil-
semigroup. It is clear that V' is an Lop-semigroup. For every = € S— E(S) there
exists n € Z1 such that 2™ € B(S), so V is a nil-semigroup.
(iit) = (i). Let A be a subsemigroup of S, let zy,2s,...,29;, € S and
let y € A. Then
riry oy € E(S)  or  mize---mapy ¢ E(S) .
If iy - wapy € E(S), then

Trn - Laply = @12 magy) since ¢ 1is a retraction
= p(z1)e(z2) - plzar) p(y)
= ¢(y) since [(S) is a right zero band.

Since there exists n € Zt such that y" € E(S), then ¢(y) = (p(¥)"* = p(y"*) =
y" &€ (y) € A. Therelore, in this case
Ty opy €A .
If zizo- - wory ¢ E(S), then ey - 203y € (y) C A, since S/E(S) is an
Lop-semigroup. O

By analogy with the Theorem 3. we have the following

TueoreM 4. The following conditions on a semigroup S are equivalent:
(i) S is an Lopyi-semigroup;
(i) (Yo1,22,..., 22041, ¥ € S) ziza - Eop1y € 9%, 47, -,
(iit) S s a relractive extension of a vight zero band by an Lopyq-nil-
semigroup. O

7 2k+3}}.
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