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SOME CONGRUENCES ON A r-REGULAR SEMIGROUP

PETAR V. PROTIC AND MiLan BoZinovid

ABSTRACT. The group congruences on an evenlually regular ( w-regular) semi-
groups is described in [5]. In this paper, by the method from [5], we give some new
descripiions for group congruences. Also, we consider normal congruences on a
semigroup which is generaled by all the idempotents from a w-regular semigroup. If

"S5 18 a regular semigroup and idempotents of S form a lefl zero band, then we

define ihe normal congruence pair and by il we describe some congruences. For the
relaled resulls see [7].

1. Introduction

A semigroup S is m-regular (eventually regular) if for every a € S there
exists a positive integer m such that a™ € a™Sa™. We shall denote by Reg(S)
the set of all regular elements of S and by E(S) the set of all idempotents of S.
If = is a regular element of a semigroup S, V() will denotes the set of inverses
of z. A mapping r:S — Reg(S) is defined with r(a) = a”, where n is the
least positive integer for which a” € Reg(S), [8].

If A is a class of semigroups, then a congruence p on a semigroup S is an
A-congruence if S/p € A.

For undefined notions and notations we refer to [3] and [6].

2. Group congruences

In this section S will be arbitrary w-regular semigroup.

A subset [ of S is defined to be full if E(S) C H. For any subset H of
S the closure Hw of H istheset {x € 5| he € H forsome h € H}; H issaid
to be closed if Hw = H.

A subset H of S is called self-conjugale if aHa" (a") C H and

a"~Ha")YHa C H forall a €S and (a")' € V(a™), a™ = r(a), [5].

Lenvma 2.1. [5] If I is a full self-conjugale subsemigroup of an eveniually
regular semigroup S, then Hw = H if and only if for all h€ H and z €5,
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zhe H implies x € H. O

Lemma 2.2, If H s a full, self-conjugate closed subsemigroup of S, then for
each a €8, (a”) € V(a™), a™ =r(a) holds
aHa" 1(a®) CH <= aH(@")ad" 'CH,
aP~Ha?YHaC H = (@ lHalC H.

Proor. Let aHa" '(a") C H. Since (e™)a™ € E(S) C H, then
H(a™)Ya" 'a C H and a(H(a")'a® *a)a™ (a") C H. Since a"(a®) € E(S),
then aH(a")'a® ! C .

Conversely, let aH(a™)a""! C H. Since a" (a")a € E(S), we have
Ha""Ya"Ya C H and a(Ha" '(a")'a)(a")a""' C H. Since a(a™) "t € E(S),
then aHa" (a®)' C H.

The second part of this lemma can be proved similarly. O

We denote with
B={H CS | H is a full, self-conjugate closed subsemigroup of S} .

Then B # @ since the kernel of any group congruence on S is an element of B,

TueoreM 2.1. [5] If H e B then
Br = {(a,b) €S % S| ab"~L(b"y € H where (") € V(b"), b = r(b)}

is a group congruence on S. O

If H € B, then kerfy = II. I  isa group congruence on S, then Byery = 7.
The mapping H — Sy is an inclusion preserving one-to-one correspondence of the
set B and the set of all group congruences on S, [5].

THEOREM 2.2. Let H € B, lhen the following slatemenis are equivalent:
(1) a(d™)d"~'e H where (") € V(b"), b™ =r(b);
(2) b(a™Ya™ e H where (a™) € V(a™), a™ = r(a);
(3) (a™Yae™ 1o H where (a™) € V(a™), a™ = r(a);
(1) (yb=lac H where (7)€ V() b = r(b);
(5) afBub;
(6) az(b®)b"~'€ H forsome z€ H and (V™) € V(b"), b = r(b);
(7) bz(a™)a™ L € H forsome x € H and (a™) € V(a™), a™ = r(a);
(8) (a™)Ya™ 'zbe H forsome x € H and (a™) € V(a™), ¢™ = r(a);
(9) (Yt "~ lza€ H for some 2z € H and (b7) € V(b"), b = r(d).

Proor. (1) = (2). Let a(b®)0"~' € H. Then by Lemma 2.2. we have
@Y b~ ta(b?) 0 b € H and a(b™)'0" ta(b”)b " 1b(a™)a™ ' € H. Since H
is closed we have b(a™)a™ !¢ H.

(2) = (3). Let b(a™)a™ ! € H, then "~ (b")b(a™)a™ 'b € H and
since "~ Yb"Yb e E(S) C H we have (a™)a™ b e H.

(3) = (4). If (a™)a™ ' € H, then ba™Ya™ 1b(b")b""! € H and
(@™)am=1b(a™) a™b(0")b"ta € H, whence (b")b""lae H.

(4) = (1). If ()" 'a € H, then a(b®)b" la(e™)a™ ! € H and
since a(a™)a™ ' € E(S) and H is closed we have a(b")'t"! € H.
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(1) = (5). If a(d®)'b"~t € H, then b(a™)a™ 1a(b”) " tab™~1(b") € H.
Now, by (2) b(a™)a™ '€ H and since H is closed we have ab”~!(b") € H.
Hence, a G b.

(5) = (1). Let a By b, then a™ *(a™)ab" (6")'a € H and ba™'(a™)a
br=1(p") a(b™)b"~1 € II. Now ba™~!(a™) € H since Py is symmetric and so
a(d*)'v"~l e H. ,

(6) = (7). Let az(d*)'d"~' € H. Since z(b")'d" bz € H and since
az(b*)' b bz (a™)Ya™ "t € H we have bz(a™)'a™ ! € H.

(7) = (8). If bz(a™)Ya™ ! € H then bx(a™)e™ 'z € H and b*'(0")'be
(a™)a™ 1zb e H, so (a™)a™ 1zbe H. ,

(8) = (9). Let (a™)Ya™ lzb € H. Since za(a™)a™ 'z € H and
(b)Y tza(a™)a™ tzb € H we have (b)) 'za€ H.

(9) = (6). Let (")t 'za € H. Since (b")'b" 'zaz € H and
bbb~ tzax(b")D" "t € H we have az(b")b"~le H.

(1) = (9). If a(d)b"~! € H, then a(b")b" e € H for x € H and
a™=a™) a(b™Yb"za € H, so (0*)0"lza€ H.

(9) = (1). If (b")'b""'za € H, then a(b”)'b" 'za(a™)a™ '€ H. Since
za(a™)'a™ ! € H we have a(b™)'b"~! € H, which completes the proof. O

The statements (1)-(9

) from Theorem 2.2. are equivalenl with statements
(2)-(11) from Theorem 3. [5].

3. Normal congruences on a semigroup (E(S))

If S is a m-regular semigroup, then by (E(S)} we denote the subsemigroup
of § generated by F(9).

DEFINITION 3.1. Let S be a m-regular semigroup. An equivalence (congruence)
¢ on the semigroup (E(S)) 1is a normal equivalence(congruence) if for every
e,y € (E(5)), a€ S and (a") € V(a"), a™ =r(a) holds

réy = az(a™)'a" !¢ ay(a")a"!
whenever az(a™) a1, ay(a™) a” ! € (E(S)).

If S is a m-regular semigroup and the set F(S) is a subsemigroup of 5,
then ae(a™)a”" ! € E(S) = (E(S)) for each e € E(S), a € S and (a")' €
¥(a™), o™= ria)

TaroreM 3.1. Lel S be a w-regular semigroup, £ be a normal congruence
on (E(S)) and let o be the relation on (E(S)) defined with
(3.1) zay < az(a")a! € ay(a™)at
for each a€ b, (a®) € V(a™), a® = r(a), whenever az(a) ™!, ay(a™) a1 €
(E(S)). Then the relation o is a normal equivalence on (E(S)) and £ C c.

Proor. Clearly, a is an equivalence. Let 2,y € (E(S)) and z ay, then

since ¢ 1s a normal congruence we have

b(al,{an)fan—l)(bm)fbm-—] fb(ay(a”)'a"_l)(bm)’bmfl i
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for every b€ S, (b™) € V(b™), b™ = r(b), whenever

b(az(a”Ya™ ) (EmYEm1, bay(a"Ya L) (bmYbm1 € (B(S)) .
Hence, az(a”)'a" ' a ay(a®)a” ' and o is a normal equivalence on (E(S)).
From z,y € (E(S)) and z ¢y it follows that az(a")'a™"! ¢ ay(a")'a"~! and so
zay, whence £ Ca. O

A band B is a rectangular band if for every e,f,g € B holds efg=eg. A
band B s a right regular band if for every e,f € B holds ef = fef.

ComoLLARY 3.1. If S is a w-regular semigroup and E(S) is a reclangular
band (right regular band), then « is a normal congruence on FE(S).
ProoP. Let E(S) be a rectangular band, e, f,g,h € E(S) and
ea = fa <= (ae(a")a” ')t = (af(a)a"" )¢,
ga=ha <= (ag(a®)a™ )¢ = (ah(a")'a""1)¢ ,

where a € S, (a") € V(a™), a™ =r(a). Since ¢ is a congruence, we have

(3.2) (ﬂe(a")'ﬂ"_lag(a"){ﬂ"“l)f = (af(ﬂ“)'a"kl(lh(an)’an_l)E
whence it follows that
(3.3) (acg(a™)a""1)¢ = (afh((a") a"")E .

Hence, (eg)a = (fh)x, so a is a congruence on E(S).
If E(S) is a right regular band, then from (3.2) we have
(ae(a™) a™g(a")a™(a") a" ")t = (af(a”)a™h(a™) a"(a")Ya"1)E ,
whence it follows (3.3). O

THEOREM 3.2. Lel S be a w-reqular semigroup and ¢ is a normal congruence
on (E(S)). Then the relation 7 on (E(S)) defined by:

zTy = (Vz€(E(S)) zz¢€yz
is a normal congruence on (E(S)) and & C 1 C o, where o is defined with
(3-1).
ProoF. Let z,y€ (E(S)). Then
zry = (Vz,t € (B(S))) ztz € ytz, lxz £ tyz
and zi 7 yf, {z 7 {y. Hence, 7 is a congruence.

Let z§y. Then zz { yz forevery z € (E(S)) andso z Ty Hence,
£ Cr. Also,

(3.4) zT7y = z(a")a" £ y(a")'a"

— a(r(a‘n)lan.)(an)lan—l 5 a(y(an)ian)(an)lan—l
(3.5) = az((a")a™! £ ay(a™)'a™ !

— Tay,

and so 7 C . From (3.4), (3.5) and ¢ C 7 we have
rry = az(a")a" ! 7 ay(a")a”?

and consequently 7 is a normal congruence. 0

1

A band B is left regular if for every e,f € B holds ef = efe. A m-regular
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semigroup S is - R-unipofent if the set E(S) is a left regular band. A band B
is nermal if efgh = egfh for every e, f,g,h € B.

CoROLLARY 3.2. If € is a normal and a normal band congruence on {(F(S)),
where S is a w-regular semigroup, then T s a w-R-unipotent congruence on

(E(S))-
Proor. Let & be a normal and a normal band congruence on (F(S)) and
A, B € E((E(S)) /7). Then there exist e, f € E(S) [2,4], so that 4 =er, B = fr.
Now
AB =AB <= (ef)r=(ef)r = (V2 € (E(S)))(ef2)é = (eefz)E
= (Vz € (E(S))) (ef2)€ = (efez)€
<> (ef)r = (efe)r.
Hence, AB = ABA andso (F(S))/r is a m-R-unipotent semigroup. O

For some similar results in a regular case we refer to [1].
4. A normal congrucnce pair

In this section S will be a regular semigroup and (S) will be a left zero
band.
By Definition 3.1. the congruence ¢ on FE(S) is normal if
et f < uaed £ afd
for every e, f € E(S), a€ S and d € V(a).

DreriNiTioN 4.1. If K s a full, self-conjugate and closed subsemigroup on
S and ¢ is a normal congruence on E(S), then (€, K) is a normal congruence
pair for S,

TaeoreM 4.1. If (£, K) is a normal congruence peir for S, then the relation
K,y defined on S by

aKeryb < (Jd' €eV(a)(F € V(b)) ad’ £ b, ab’ € K
is a congruence on S wilh a trace & and a kernel K.
Proor. If we denote a & b iff ad’ £ 60/, and a fx b iff ab’ € K, then
aKgryb <= aéb afrhb.
By Theorem 2.1, the relation fx is a congruence on 5. Clearly, the relation 6

is an equivalence relation. Let @ 6b, ¢ € §. Since £ is a normal congruence we
then have
ca(ca) = e(aa’)d € c(bb')c’ = cb(cd)’ ,
so ca 6 ¢b, Similarly,
ac(ac)’ = acc’a’ = ad’'acc’a’ = ad’aad’ = aa’
EDY = BB = bb'bec'V = bec'b = be(be)'
so ac § be. Hence, § is a congruence and also K xy is a congruence.

Let e, f € E(S). Then
e Ky f <= (3 €V(e)Af eV(]) e £ ff, ef €K .
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Since E(5) is a left zero band and FE(S) C K, we have e K xy f if and only
if e£ f andso trlCee iy = €.
Let a € kerK¢ k). Then there exists e € E(S) such that ae’ € K for every
e e V(e) = E(S). Now
ae' = ad’ae’ Zad'la =a € K |
and so kertKg gy € K. If a € K, then from a = aa’a and ad’ = ad’aa’ we
have that « Kiercy aa’ and so a € kerKe r). O

THEoREM 4.2. If p is a congruence on S, then (trp, kerp) 15 @ normal
congruence pair for 5.

Proor. Let p be a congruence on S. A simple verification shows that
kerp is a full, self-conjugate subsemigroup of S. Let h,zh € kerp.  Then
hp =ep, (zh)p = fp for some e, f € E(S). Since E(S) isa left zero band we
have

fp=(zh)p = zphp = (zx'z)pep = zp(za’e)p = zp(zz')p = zp ,
where 2z’ € V(z), and so z € kerp. Hence, kerp is a closed subsemigroup.
Since trp = pp(s) is a normal congruence on E(S), we have that (trp, kerp) is
a normal congruence pair for S. O
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