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RELATIVELY COMPLETE FINITE EXTENSIONS
OF BOOLEAN ALGEBRAS

ZIK1CA PEROVIG

ABSTRACT. [In this paper we characterize relatively complete finite exiensions
of Boolean algebras by the independent sels of ils generators. Particularly, we con-
struct @ minimal sel of generators for a given finite rc-extension.

0. Introduction

Let €' be a subalgebra of B. We say that ¢ € Ult C' splits in B if there are
distinet p,p’ € Ult B which extend g ie. pNC =p'NC =¢q . Let C and B be
Boolean algebras. C' is relatively complete (r¢) subalgebra of B if for each b € B
there is a greatist element ¢ € C such that ¢ < b . We denote that element by
pre(b). We also denote by indps(b) = —(pr(b) +pr(—5)). It is a clopen set in Ult C
consisting of points that have at least one extension to an ultrafilter of B containg
a, and at least one containg —a. B is a 2-extension of C if every ultrafilter in Ult C
has at most two extensions to an ultrafilter on B. B is an res extension of C if it is
a relatively complete simple extension, i.e. extension by one element. B is a finite
extension of ¢ if there exist uq,...,un € B, such that B = C(uq,...,us).

In the following proposition we list some known facts. Proofs could be found
in (2).

ProrosiTioNn 0 Lel B be an rc-extension of C.
1) If B is an rcs-exlension of C' then it is a 2-exiension .
i) Let U = {q € UltC | ¢q splits in B}. Then U = U{s(3) | 7 € J} where
5:C — ClopUlt C is the Stone isomorphism. In particular U is open in Ult C.
i) J = {indpe(z) | # € B} is an ideal in C, in fact the ideal dual to U € UL C.
iv) Let e, 8,7 be pairwise disjoint elements of C such that « + 3+ v = 1 and
o € J. Assume ¢ € A and indp(z) < o. Then there is some z € A such that
indp(z) = a, pr(z) = B, pr(—z) = v and z € C(2).
v) Let indp(a) = C. Then Cla) = C ®4 .
vi) Let C be a Boolean algebra and o € C' . There exists an rcs ezlension B = C(a)
of C such that indp(a) = a.
vil) If b € C(a) then indp(b) < indp(a) and the equality holds iff C(b) = C(a).
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viii) If C(a) and C(b) are lwo res extensions of C' such that indp(d) = indp(a) then
there is an isomorphism f : C(a) — C(b) such that f|C = idc and f(a) = b.
ix) If B is an res-extension of C then UZ is clopen.
x) Canonical mapping f: Ut B — Ult C is open .

1. Dual atom rc-extensions

DEFINITION. B is a dual atom extension of C' if C' is a dual atom subalgebra of B
1.e. there exists b € B such that C is the maximal subalgebra of B which does not
contain b .

In the following proposition we give another proof of a well known fact that
dual atom extensions are simple for the special case of rc-extensions. It is much
shorter than the proof in general case.

ProroSITION 1  Dual atom rc-extension is an rcs-exlension.

Proor. Let C < B and let b € B so that € is the maximal subalgebra of
B not containing b. indp(b) # 0. Let ¢ € B\ C. Since b € C(e), indp(b) <
indp(e). indp(c) < indp(b) since otherwise for d € B such that indp(d) = indp(c) —
indp(d), C(d) would be a proper subalgebra of B properly containing C (Proposition
o.vii)) and not containing b . Hence C(b) = C(c) (Proposition 0.vii ) , so ¢ € C(b).
Since ¢ was arbitrary, C(b) = B .

PROPOSITION 2 Let C <, B and let B be a dual alom exiension of C. B is
an eriension by an element whose independent part is an alom of C. Any such rc
extension 1s a dual atom eziension.

Proor. We use notation from the preceeding proposition. We prove that
indp(b) is an atom of C. Let @ € C and 0 < & < indp(b). Choose a € B so
that indp(a) = « (Proposition 0.iv ). Then C{(a) is a proper subalgebra of B , and
proper extension of €', but not containing b. Contradiction.

For the other direction, if indp(b) is an atom of €, then for every element a €
C(b), indp(a) < indp(b), hence it is 0 or indp(d). Hence C(a) = C or C(a) = C(b).
So we have that b ¢ C, and for every a € B\ C, b € C(a).

CoRrROLARY (' has an rc dual atom extension iff it has atoms.

2. Finite rc-extensions

Let B = C(uy,...,uy). Set of generators F' = {uy,...,u,} is reduced if they
are partition of one and for every u # v € F,u € (CUF\ {u,v}). J* = {a €
C | au; = 0}, i < n . These principal ideals make an extender meaning that their
intersection contains just 0, and if a € € belongs to one of them then —a does not
belong to any of them.

PRroOPOSITION 1 Let B = C(uy,...,un) be an re-extension, (uq,...,u,) reduced,
e

i) pr(ui) = Aaj | 7 # i}

i) indp(u;) = 1—a; — A{e; | # 1} -
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ProprosiTioN 2 Let B = Cluq,...,uy) be an re-extension, {uy, ..., us} disjoint,
nonreduced. There erisis a reduced set of generalors for B over C, of smaller
cardinality.

Proor. Suppose g € (CU{us,...,u,}). Then uy = agus + -+ apu, +
a(ui+us), and similarly us . Hence {u;+us, ..., u,} isstill disjoint set of generators
for B over C having n — 1 elements. If it is still not reduced we repeat construction
untill it finally stops, when we get a reduced set of generators.

The following proposition is Theorem 3.1 from (1):

ProrosiTION 3.

1) Let (u; | i <m) be reduced in C(uq,...,un). Then (J|i< n) make an
extender,

1) Conversely, let (K;|i<n) be an ealender. Then there is an extension
B of C and o reduced sistem (u; |1 <n) in B such that B = C(u1,...,u,) and
JE = Ki,i <n If A= Cler,...,v,) with (v; | i <n) a partition of unity and
JY = K;,i < n, then there is an isomorphism g of B onte A such that g|A = id
and g(u;) =v; , 1< n .

ProposITION 4.

(i) Let B = C(u1,...,un) and A = C(v1,...,vn), (u1, ..., un) and {v1,...v5)
reduced and indp(u;) = indp(v;), ¢ < n. There caists an isomorphism ¢ : B — A
such that @|A =id. More precisely,

(ii) There exist {(uy,...,ul) reduced , and (vi,...,v)) reduced, such that
indp(u}) = indp(w;), indp(v}) = indp(v), ¢ < n, B = C(u},...,u,), A =
C(vh,...,v) , and isomorphism ¢ : B — A such that p|A = id and ¢(u}) = p(v}).

ProoF. Let w} = w; —pr(u;), ¢ # 1, and v} = wy + ) {pr(w) | i >
2}. v} are constructed the same way from v;. Tt is obvious that u},...,u; and
vy,...,v,, are reduced and indp(u}) = indp(u;),indp(v}) = indp(v;), i < n, B =
Cluf,...,ul), A= C(v,...,v,). Let J! = (o;) and J! = (F;). Then, since
pr(u;) = pr(vi) = 0, i > 2, we have a; = 1 — indp(u}), § = 1 —indp(v), i > 2,
so a; = fB; for i > 2. Since pr(u}) = A{e; | i > 2}, and pr(v]) = A{G;i | i > 2}, we
have pr(u}) = pr(v}). Henceforth oy = 1 — pr(u}) — indp(u}) = 1. Therefore by
Proposition 3 there exists an isomorphism from the statement.

PrROPOSITION 5. Let B = Cluy, ..., un), ui, ...,y disjoint. If indp(w;) indp(u;)
£0 forl<i<j<n, (ui,...,un) is reduced.

ProoF. It is enough to show that (J¥ | 1 <i < n) is an extender. But if for
a € C,a € J! and —a € J}' , then indp(u;) < —a and indp(u;) < a, contrary to
agssumption that they are not disjoint.

DEFINITION. Let B = C(u1,...,uy), {u1,...,uy,) reduced. For p € Ult C, h(p) is
the number of extensions of p in Ul B,

ProrosiTioN 6 Let C and B be as in defintlion, and let for p € Ult C' which splils
in B, M, ={i|i < n,p€indp(w;)} . h(p) = |Mp| .

Proor. Let (p)ﬁ denote a filter of B generated by p, B, = B/ (p)ﬂ, and
@ : B — B, the canonical mapping. Since {u;,...,u,} make a partition in B,
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fug/ (0)7,. .., un/ (p)'} make a partition in B, . Nonzero ones are atoms of
Bp since for any b € B , if b = aquy + - + antn then @(b) < w(w;) implies
0(b) = wlai)p(us) ie. @(b) is (u;) or 0 depending on wether a; € p. On the other
hand , since extensions of p to B are in one-one correspondence with Ult B,,

h(p) = |Ult By| = | AL(B,)| = [{i| i < m, () # 0} = M)
CORROLARY Let B = C(uy,..., Un), (U1, ..., un) reduced. hip) < n.

DEFINITION.  Let B = C(uy,...,u,). F€ = {pc Ut C | h(p) =k}, k < n.

PROPOSITION 7 F2 is clopen in UL C i.ec. FEeC, and VIFZ | kgad)=1.

PrOOF. Let p € FZ. Let F = {i < n | p € indp(w;)}. |F| = k. Then
p € (Windp(u;) | i € F} n[indp(w;)' | i ¢ F} C FP . Hence FF ’s are open.
Since their union is Ult C, they are all clopen.

ProrositioN 8 Let C <,. A <,. B be finite extensions.
(i) ha(p) < hg(p), for cvery p e Ut C
(i} A= B iff equality holds for every p c Ult C.

Proor.

(i) Let w4 : Ult A — Ult C and g : Ult B — Ult C' be canonical mappings. Let
ha(p) = k. Then p extends to k ultrafilters in Ult B. But each of them extends to
at least one ultrafilter from Ult B, which are extensions of p also, hence hp(p) > k.

(ii) Suppose A # B . Then there exists an ultrafilter r € Ult A which extends
to two different ultrafilters ¢o,q; € Ult B. Let p=rndC. pe UtC. Suppose
ha(p) = k. Then there exist & ultrafilters r = T,..,7 € Ult A which extend
p. Lach of ultrafilters ra, ..., 7 has an extension to Ult B. Let it be 02y vy ke
Ulirafilters qo, ..., q; are different extensions of p to Ult B, hence hp ()= k+1.
Contradiction, Hence A = B .

THEOREM 1 et {ax € C | k < n} be o disjoint family having wnion 1,
an # 0. There exists an exiension B = Clug, ...y un), (ug,. oy Up) reduced such
that}"f:ak, k<n.

ProoF. Let o = V{a; | i < k}, 1 <k < n, and K = (ar),
1 <k < n. It is obviously an extender. By Proposition 3, there exists an ex-
tension B = C(uy,...,upn), {u1,...,u,) reduced, such that J¢ = Ki, & < n. By
Proposition 1, pr(u;) = @y, hence indp(u,) = 1 —ay. For k > 2 we have pr(ug) =0,
and indp(uy) = 1 —ay. Hence we have for k > 2, p€ai, peindp(y;)iff Ll <i< k.
Henceforth J"—";? = W

Before we proceed to the second theorem we will prove a few lemmas.
LemMAa 1 LetC <, B, a €C, u,ve B
i) indp(au) = aindp(u)
it) indp(u 4 v) <indp(u) + indp(v) .
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Proor. ) ]
(i) Forp€w, auf (p))ea = u/ (p)f', and for p € o’ both sides become 0.
(ii) For p ¢ indp(u) + indp(v), if both u/ (p)ﬁ and v/ {p)’* are 0 then u +
v/ (p)ﬁ is also 0, otherwise one of them is 1 and u + v/ (p)ﬁ is also 1, hence
p & indp(u + v).
LemMMa 2 Let C <. B, u,v € B, pr(u) = pr{v) = 0.
(i) (indp(u) — indp(v)) + (inpd(v) — indp(u)) < indp(u + v).
(if) indp(u)indp(v) = 0 = indp(u + v) = indp(u) + indp(v).
Proor.
i)If p € UltC , and p € indp(u) — indp(v) , then v/ {p)ﬁ = 0, hence u +
v/ (p)f Py (p)f *, hence p € indp(u + v) . The other case is considered similarly.
il) Follows from (i) and Lema 1, (ii).

THEOREM 2 Let B be a finite rc extension of C, such thai max{h(p) | p € Ut C} =
l. There exzists (vi,...,v) reduced, such that B = C(vy,...,w). B cannot be
generated by a smaller reduced sel over C. If M is a generating sel for B over C
then 21M1 > 1

Proor. Let B = C(u1,---,ua), {t1,--..,u,) reduced. Wlog we can sup-
pose that pr(w) = a1, and pr(y;) = 0 for 2 < i < n. For FF C {1,.._,n},
ap,r = ap A A{indp(u;) | i € F'} , and for 1 <i < k&, F(i) will denote the i’th ele-
ment of I ordered increasingly. ¢(n, k) will denote the set of all subsets of {1,...,n}
of power k.

1
vy =ag + Z Z ap FUR((1)

k=2 Fege(n,k)
]
V= Z A, FUF(:), 2<i<l
k=i Fee(n,k)

v}s are disjoint since for different k’s or F’s , ag r’ s are disjoint , and for the same
k, F, Upgy’s are disjoint.
By Lemmas 1,2:

! !
indp(v;) = indp (Z Z ak'quﬂ)) :Z E Rknpilldp('up(lj)

k=2 Fee(n,k) E=2Fge(n, k)

I !
= 5 § ag F = E ag.
E=2

k=2 Fec(n,k)

Similarly indp(v;) = Yk_; ax, 2<i <1 .
Let 4 = C(vy,...,v). Obviously C < A < B. Sincefor 2<i <1, v,...,14
are disjoint and their independent parts include a;, we have ha(p) > i for all
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p € a;. Since hy(p) < hp(p) for all p € Ult C and hp(p) = i for p € a;, we have
ha(p) = hp(p), p € Ult C. Now, by Proposition 8 , we have A = B. (v1,...,v)
are reduced since indp(v;) indp(v;) > a; (Proposition 5).

B cannot be generated by a smaller reduced set since reduced set should provide !
atoms for B/ (p)fz, forp€a .

For the last statement, let M = {w,...,wn} be a set of gencrators for B over
C. Then for A C {1,...,|M|} let uyq = w‘f(l)...wﬁ‘l(m), where A(i) s’ if: ¢ A
and nothing if ¢ € A. It is obviously a disjoint set of generators for B over C,
of cardinality at most 2. Therefore it could be reduced. Let {zq,...,z,} be
its reduced form (Proposition 2). By the second part of this theorem we have
I<s<2™.

CORROLARY  Finile rc2-eztensions are stmple.
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