Zbornik radova Filozofskog fakulteta u Nisu
Serija Matematika 6 (1992), 151-155

FILOMAT-20, Ni§, September 26-28, 1991

INCIDENCE STRUCTURES WITH -METRICS

Donco DIMOVSKI AND ALiJA MANDAK

ABSTRACT. [n this paper we define and ezamine structures (V, B, €,d), where
(V,B,€) is a t-design or [n,n+m]-net, d is @ mapping from V' {o R\R™ which
salisfirs certain arxioms analogous to the avioms of usuval meirics. The mapping d
ts a generalization of the usual meirics so we call it n-metric funciion and we call
the slructure (V, B, €,d) n-melric space. Then we define a t-induced topology and
exa mine l.

An ancidence structure is a triple D = (V,B,I), where V and B are
disjoint sets and [ C V x B. The elements of V' will be called poinis, those of B
blocks. If A is any point, (A) will denote the set of blocks incident with A, i.e.

(Ay={te B|ATLb},
and more generally for any subset {4, 4,,..., A,} of point set
(Ai;A45,... , Ap)y={be B [ Ay I b foreach i=1,...,n}.
Similarly we write
(by,b2,...,bn)={A€V |AIb; foreachi=1,...,n}.
We will consider incidence structures where distincl blocks have distinct point sets.

We can identify each block b with the corresponding point set (b) and the
incidence relation I with the membership relation.

DEFINITION 1. A finite incidence structure D = (V,B,I) is called a block
design with parameters v, k, X (v, k, X € N) if it satisfies the following conditions:
a) |V]=v;
b) |(P,Q)|=A forall {P,Q}CV, ie. anytwo distinct points are joined
by exactly A blocks;
¢) |(b)] =k for any block b.
A finite incidence structure D = (V, B,I) is called {-design (S\(1,k,v) ) ifit
satisfies conditions a), ¢) and b'), where
V) any t distinct point are joined by exactly M\ blocks. In the case
A =1, at-design is called a Sieiner system S({,k,v). An S5(3,4,v) is called a
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Sleiner quadruple system.

"The following result is proved in [1].

THEOREM 1. Let D be at-design and let s <t be a positive integer. Then
D is also an s-design. If D has parameters v,k and ) (where A; s lhe
number of blocks through a t-set), then the parameler M, (the number of blocks
through an s-set) is given by

=n(20 /(G2
t—s t—s
DeriNiTiON 2. Let V and B be nonempty sets, let B=DB1 U -UDBpyp,
be a partition of B, where n >2 m > 1, andlet [ C V x B. The structure
(V,B,I) is called an [n,m 4 n]-net if the following conditions are satisfied:
i) if P €V, then there exists exactly one sequence by by, ... ,bpym € B
such that P Ib,, b, € By, for all s € Nyym;

i) if @ : Ny — Npim s an injection and b, € By(s), then there exists
exactly one P €V such that P I b, forall s € N,.

The sets B;, Ba, ..., Buim are called classes of parallel blocks.
The following result is proved in [2].

THEOREM 2. A) The classes of parallel blocks have the same cardinality
|Bi|=q, i=1,...,n4m.

b) If bi,ba,... b, are r-blocks from r-diferent classes where 1 < r <
then |(by,ba,... ,b,)| = ¢ ".

In the following definition V may be any nonempty set, but we take V to
be the set of points or the set of blocks of an incidence structure.

DEFINITION 3. Let D = (V,B,€) be an incidence structure. The mapping
d: V' — R\ R~ (B' - R\ R") is called t-metric function if it satisfies the
following axioms:

Z) d(Al,Ag,... ,At):O <~ ALIAQE"':A“'

i) d(A;, As,...,A) = d(Aays Aay, ..., Ag,), for every permutation o on 1
elements, o« € T;;

ZH) d(/l]_, B ,_At_g, X, Y—) = d(Al, 2 et ,A-g_Q,X, Z) -+ d(Al, L ,At_g, Z,},).

For n =2, d is the usual metric. We call the structure I — (V, B, g,d),
i-meiric space.

THEOREM 3. Let D = (V,B,€) be an [n,m + n]-nel. The mapping d :
B' = R\ R™, 2<t<n defined by:
. d(bl)b%-" 761):|(bi)]_|(511527-" sbt)! 3
for every (V)€ BY, i=1,...,t, is a t-metric function.
Note. (b]) denotes the sequences (b1, bs, ... , bt).

PROOF. For any block b€ B, |(b)| = ¢"~!. So, it follows that d is a well
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defined mapping. If by = by =...=b;, then d(by,by,... b)) = |(b;)] — [(b:)| = 0.
If b; # b;, then '
[(6:)] > |(by, b2, ..., ba)], d(by,ba, ... be) = [(B)] — |(b1, b2, , )| > 0,
and condition 7) holds. The condition i) is obvious so it remains to prove the
condition ¢if). If b; || b; for some i +# j, then
d(by, ... be—y,2) = d(by,. .., bi—1,y) = |(bs)] ,
and i7) holds. Bacause of the above we may suppose that b; Jf b;, for every
i#g, 4L,i=1,...,t. If 2=y then
(I(bl, v ,b¢_1,:ﬂ) = d(bl, - ,b,g_i,y) .
If x|y then d(by,...,bi—9,2,y) = |(8:)] so that
d(by, ... by, @) = |(ba)] = |(by, .., b, 2)| S |(B)] = d(by, ... bis, 2, 0)
<d(by, ... bimg,z,y) +d(by, ..., b1, y) .
In both cases the condition i) holds. We may suppose that « # y and 2z} y.
If y| & forsome i=1,...,t—1, then
d(by, ... b, y) = ()] —d(ba, ..., by, ®) |(80)] = d(by, ... b1, 1)
<d(by, ... bi—1,y)+d(br, ... b9, 2,Y) .

In the case, when . || & for some ¢ =1,...,1—1, and y }f b; for every
i=1,...,1 =1, we have

d(by ...y be-1,9) > ¢* =g, d(by, . byg, 2, y) > g = P2

d(bls coey by, T) = gn—L < 2({1n“1 = qﬂ*g)
<d(bry ..oy b,y +d(by, o hg, 2 Y)
So we are lelt with the case z b, y W b; forevery ¢ =1,...,1—1. If =z =1
for some i=1,...,t —1, then
d(ba,. .. be—1,2) £ ¢*F — gt < P97 — )
<d(by, ... bimr, )+ d(by, ... bg, 2, )
If z+#b; forevery :1=1,...,t—1 then
by, by, w) <@ = g < 2(g T — g R)

<d(by, ... bi—1,y) +d(by,... ,bi—g,z,y) . O

?

From Theorem 3. it follows that the structure D = (V, B, €,d) where (V, B, €)
isan [n,n+m]-net and d is a {-distance function for every t € N, 2 <t < n, is
a t-metric space.

The following theorem proves that every t-design D = (V, B, €) produces an
n-metric for every 2 < n <f.

THEOREM 4. Lel D = (V,B,€) be at-design Sy(l,k,v). The mapping
d: V" — R\ R~ defined by:
d(As, ..., An) = [(A)] = [(As, ., An)]
2<n<{, n€N, isan n-metric function.
Proor. For any point A; € V, |(A;)] = r, and for any n € N with

2<n <t A=A =24 where A, = |(Ay,...,4,)|. Soit follows that d is a
well defined mapping. If Ay = Ay =.-.= A, = A then
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(AL, ...y do) = dlA, o o (A = [TAY] (A s A =(A)] - |[(A)|=0.
On the contrary, if A; # A; for some i # j, (then (A1, ... An)| < [(A4D)],
d(A1,..., An) = (4]~ (A1, . .. , An)| > 0 and condition i) holds. The condition
it) is obvious so it remains to prove the condition i1i). Let Ay,..., 4,1, Y, Z€ V.
If ¥ =2Z then
d(Ay, .o An_1,Y)=d(Ar,... 451, 2), d(A1,..., Aps, Y, Z)> 0,
d(Aryo A1, V) S d(Ay, .. Anes, )+ d(Ay, ..., Ap_n, Y, Z) ,
and the condition #i#) holds. Because of the above, we may suppose thal, ¥ %+ 7.
I Y=A; forsome i=1,...,n—1, then
Ao o Mimy; BAipriine wBat, ¥, 2) = A A5y oy Az
d(A1, ..., Ans,¥,2) >0,
and
d(Al, R Y) < C[(Al, .~ ;-Ai—lan'-fl)_- ik ,A,]AL,Y, Z)
= d(.r‘h, o ;An-—l; Z)
S- (I(Al, e ,An‘l,Z)_ + (I(Al, - ,An_g,},, Z) .
If Z=A; lorsome i=1,...,n—1 and Y #£ A; forevery i=1,...n—1, then
(A1, A1, Z)| 2 [(A1, ... Apen, Y, Z)]
d{;‘h, S :An-—Q;Y'; Z) S d(/jllz S ,An_l, Z) .

M s At )< M A, <M = Ao) < d(Ar, ..., An_s,Y, Z)
= d(Al, C ,An_g,‘}”, Z) = d(Al, s 2 ,Aﬂﬁl,Z) 2
Inthecase Y # 2, Y £ A;, Z#A; forevery i=1,... ,n— 1, we have
d(Al,.. . ,Au,‘l,}’) = CJ(Ah s a ,jln_l,Z) ,
d(A1,..., Apen, Y, 2) >0,
and
d{A1,y v or s Apet ¥) S dlA1; o, Aper, B) +d(By,. .., Ans, Y, Z).O

Dermition 4. Let D = (V,B,€,d) be an n-metric space, (A}) eVt te
N, 1<t<n, ee RY. Thesubset B(A}™" ¢) of the set V! defined by
BAT™, ) = {(Y!) | (V}) € V!, d(AT™,¥]) < ¢}
is called an open € — (n = t,t)-ball with the center (A"~} and radius c.

DEFINITION 5. The topology generaled by the sel of all open ¢ — (n—t,t)-balls,
B(AT™ " ¢), is called a topology t-induced by the n-meiric funciion.

The following example shows that there exists a finite n-metric space so that
the {-induced topology is not discrete.

ExaMPLE 1. Let D = (V,B,€) be a Steiner quadruple system 5(3,4,8),
V={1,2,3,4,5,6, 7,8},

1 1 ?

- {1234}, {1,256}, {1278}, {1,357}, {13638} {1,458}, {
T {5678}, {3478}, {3456}, {2468}, {2457}, {2387}, {2

The 4-metric d: V* — R\ R~ from Theorem 4. is defined by:for X #Y £ 7 £ 1,
dX, XX, X)=0, dX, X, X,Y)=7-3=4, dX,X,Y, Y)=7—4=3,
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d(X,X,2,Y)=T—-1=6, d(X,Y,X,Y) =4

7 if points X, Y, Z, T are not incident with the same block

6 if points X, Y, Z, T are incident with the same block

We may define open € — (3, 1)-balls, open ¢ — (2, 2)-balls and open ¢ — (1, 2)-balls.
The open € — (3, 1)-balls are:

B(X,X,X,1)={X}, B(X,X,Y,5) ={X,Y},
B(X,X,X,5)=V, B(X,X,Y,7) =V,
B(X,Y,2,7)={X,Y,Z,T | X,Y, Z,T are incident with the same block}.

For every X € V' the subset {X} is open, and so, the 1-induced topology is

discrete.
The open € — alls are:

(2,2)-b
( )g(%é{(XX)} B(X, X,5) ={(X,Y) | Y e V},
(X,

d(X,Y,Z,T) = {

)=V, B(X,Y,5) = {(X,X), (", V), (X, 7)),
X),(Y,Y),(X, 2),(Y, 2),(U,T)
| Z €V, X,Y,U,T are incident with the same block }.
B(X,X,5)NB(Y,Y,5) = {(X,Y)}. Forevery X #Y thesubsets {(X,Y)}, X #
Y, are open sets, and so the 2-incident topology is discrete.
The open € — (1, 3)-balls are: B(X,1) = {(X, X, X)},
B(X,5) = {(X, X, X),(Y,Y,Y), (X, X,Y),(X,,Y) |Y €V, Y £ X}
B(X,7) ={(X,X,X),(y,Y,Y),(X,X,Y),(X,Y,),(Y,Y, 2),(X,Y, Z)
| Y\ZeV\Y#X, Z4+X, Z#Y}.
The basis 7 of the 3-induced topology @ is:
I={B(X,1), B(X,5), B(X,n,{(U,0,U) |U eV},
{(U,u0,0),(X,X,Y),(X,Y,Y) | U eV},
{(0,0,0),(X, X,Y),(X,Y,Y),(W,W,T),(X,Y,T)
| WU, TeVW#T,T+X,T+Y}}
forall X, Y €V, X #Y. The subsets {(X,Y,Z)}, X #Y # Z, are not open
and so the 3-induced topology is not discrete.

B(X,Y, 7) =
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