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INFLATIONS OF A BAND OF MONOIDS

Mirostav Cirié aND ST0IJAN BogDaNOVIS

Abstract. In this paper consiruclions of inflafions of bends of monoids by
systems of homomorphisms are given.

Using the method from [3] we give constructions for inflations of bands of
monoids in the general case, and also in some special cases (inflations of Reédei’s
bands of monoids). Moreover, some characterizations for inflations of bands of
groups and for a Rédei’s bands of groups are given.

Let T be asubsemigroup of a semigroup S. A homomorphism ¢ of 5 onto
T isa retraction if p(t) =1 forall 1 €T. A semigroup S isan inflalion ofa
semigroup T if T is a subsemigroup of S, S* C T and there exisls a retraction
of S onto T. By G. we denole the maximal subgroup of a semigroup S5 with
the identity e. A band E is a Rédei’s band if ef € {e,f} forall e,f € E.
Let < be a quasiorder (i.e. reflexive and transitive binary relation) on a set X.
Then 2 <y <= z<yAz#y z,y€X. Let 5;, i €1 be a family of
semigroups with pairwise disjoint sets of elements and let < be a quasiorder on
the index set I. A system ¢;; of homomorphisms of S5; into S; defined for all
i,j € I such that i <j we call the syslem of homomorphisms over the quasiorder
<. If, besides that, the following properties hold:

(i) i is the identical automorphism of S; for every 1 €1,

() ij o @ik = Pik if i<ji<k,
then the system (;; we call the transitive sysiem of homomorphisms over <. In
this paper we will use the following quasiorders defined on a band I:

i<i1j &= ji=t, il,j & ij=1, L,jEI.
If I is a Rédei’s band and a relation <3 is defined on I by
1533 — isljvi§2js ivjEIu

then by Lemma 1. [8] it follows that <3 is also a quasiorder on I.
For undefined notions and notations we refer to [1] and [7].
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142 M. Cirié and 8. Bogdanovié

THEOREM 1. Let I be a band. To each i€ I we associaie a semigroup S;
such that 5;NS; =@ if ¢ £ j. Let S; be an inflation of a monoid G; with
the identity e;, 1 € 1. Lel p;; and ty; be systems of homomorphisms over <4
and <s, respectively, for which the following properties hold:

(1) wi; and p;;  are the identical automorphisms of S;, for every 1€ I;
(2) pij o wik(sk) = pic(sk)pii(e;) , iijsik,

(3) Vi o Yik(se) = tuj(e)bin(on) . i<2j<ak .

Let (aj;) be an Ix I-mairiz over S =U{S; |i€ I} such thal a;; € Sij, as = e
and

(4) Pijk,ii (@i ¥i7,5 (55)) 05,6 = i getbiinin(Pin 5(si)ask) 5

for cvery i,j,k € I. Define a multiplication * on S=U{S; |i€ I} by:

(5) ° si *8j = @iji(si)aiYii(s;) . s €S, 55 €8 .

Then (5,%) 15 an inflation of a band of monoids.
Conversely, every inflation of a band of monaoids can be so constructed.

Proor. Let the conditions of this Theorem hold. Then by Theorem 1. [3]
(G,#) is a band of monoids, where G =U{C; |i € I}. That (S,*) is asemigroup
we prove in a similar way as in the proof of Theorem 1. [3]. For s; € S;, 5; €5
we have that s; * s; = @5j=5(85)agj¢1:j,j(5j) = Sz'jS.ng.ij - Gij: so 5% = G. Lket
¢i 1 S; — Gy, ¢ € I, be a retraction. Then for s; € S;, ¢:(s;) = eis; = s;e5.
Define a mapping ¢:5 — G by: .

é(z) = di(z) if z€8;,iel.
Let s; € S;, s; € S;. Then
B(si) x 4(s7) = di(s:) * d;(s5)
= @ij,i(9i(si))aij ij i (65 (s;))
= piji(siei)ai iz i(ejs;)
= ig,i(8i )i ilei)aij iz, (e )i 5 (57)

= iji(si )aijbij ;(s5) by (2) and (3),
= 5; %85 = ¢i;((s: % 35) since s; % 5; € Gy,
= qﬁ(s, * Sj) z

Therefore, ¢ 1is a retraction of § onto G, so S is an inflation of a band of
monoids G. -

Conversely, let S be an inflation of a semigroup &, let G be a band [ of
monoids Gj, i €I, and let ¢ : S — G be a retraction. Let S; = ¢=1(G;), i € .
Then S isaband I of pairwise disjoint semigroups S;, i € I, and for every 1 € I,
S; is an inflation of a monoid ;. Clearly, ¢(z;) = e;z; = vie;, 2; €5;, 1 € 1.
Define mappings ¢;; and v;; of S; into S; over <; and <, respectively, by

5 if i = j 5 ifi=j
‘PU(SJ)*{SJ_ETA i ! ‘pu(sf)—{eisj it
Immediately we show that ¢;; and t;; are homomorphisms. It is clear that
a;; = eje; € Gy aud that a; =e; forall 7,7 € I. Using the fact that
pij(si) = sjei = ¢(s5)d(e:) = sjejes = @ij(sie;) = iz (d(s;))
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and, analogously, thal ;;(s;) = 1¥(#(s;)), then by Theorem 1. [3] we have that
the conditions (2),(3) and (4) hold. For s; € S;, s; € S; we obtain that

sis; = ¢(5:)0(55) = uj.i(@(si))asiwij ;(d(s5))
= @ija(s:)aisihizi(s;) . O

ExaMpPLE 1. The semigroup given by the following table

| &4 &Ly €5 €y
€f €y €4 ej Cj
Ty 4] €; £j &;
€4 = €; cj €5
xg ey €4 €j €;

is an inflation of a band of groups and the multiplication on S is determined by
the [ollowing homomeorphisms

pij = (:’: fi) v Wi = (Z j:) , (xig<gif,
and a; = aj; = €;, aj; = az; = ¢;. Clearly, this representation of homomorphisms
wij and j; is different to the representation of its in Theorem 1. Therefore,
systems of homomorphisms are not determined uniquely.

By the following theorem we give the construction of an inflation of a band
ol monoids different to the construction from Theorermn 1. This other construction
give the connection between systems of homomorphisms and retractions.

THEOREM 2. Let I be a band. To each i €1 we associale a semigroup S;
such that S;NS; =@ if i#j. Lel S; be an inflation of a monoid G; with
the identity e;, 1 € I. Let i and vy; be syslems of homomorphisms over <,
and <s, respectively, for which the following properiies hold: '

G forevery 1 €1, w; =i is a relraction of S; onto Gy;
! 7 i

(7) Piz © Pij = Pij 0 Qi = iy , i%17,
(8) Yii o iy = by o thi; =y i<s 7,
(9) pij o pin(se) = pin(se)eii(e;) ,  i<ij<ak,
(10) Vi o hin(se) = tij(e;)bun(sn) ,  i<aj<ak.

Let (ag5) be an Ix I-matriz over S =U{S;|ie I} such that ayj € Sij, @i = €
and

(11) Pigk,ij (@i %ij i (55))aij e = aijkbije ik (Ping(s5)ajn) |
Jor every i, 5,k € I. Define a mulliplication * on S by:
(12) si%5j = pijalsi)aiigi(s;) , s €S, 55 €85 .

Then (S,#) is an inflation of a band of monoids.
Conversely, every inflaiion of a band of monoids can be so constructed.
Proor. Let conditions of this Theorem hold. As in the proof of Theorem 1.
we obtain that 5? = G = U{G; | i € I}, thal (5,%) is a semigroup and that
(G,*) is a band of monocids. Define a mapping ¢ : .S — G by:
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For s; € 5;, s; €.5; we have that
$(5:)$(s;) = wii(s:)v5; (5)
= @iji o pii(si)aijYij; © ¥55(s5)
= piji(s:)aiiiy,i(si) = si * 5
= @ij,ij(si* 55) = d(si % 55) -
Therefore, ¢ is a retraction of S onto G, so S is an inflation of a band of
monoids .

Conversely, let S be an inflation of a band I of monoids G;, i€ [. Ina
similar way as in the proofl of Theorem 1. we determine semigroups S;, i € I. If
we define mappings y; and 2y over <; and <3, respectively, by

pij(si) = sjejei . Yij(s;) = eiejsj
then easily we prove the statements (6)-(12). O

TuroreM 3. Let I be a band. To each i €1 we associale a semigroup S;
such that S;NS; =@ if i#j. Let S; be an inflation of an unipolent monoid
Gi. Let @i and vy be transitive systems of homomerphisms over <) and
<,, respectively. Let (ai;) be an I x I matriz over S =U{S; |1 € I} such
that a;; € Si;, ay s the identity of Gi and the condition (4) holds. Define a
multiplication * on S by (5). Then (S,*) is an inflation of a band of unipolent
monoids.

Conversely, every inflation of a band of unipoteni monoids can be so con-
structed.

THEOREM 4. A semigroup S is an inflalion of a band of groups if and only
if
(18) ab € a®bS N Sab? |
forall a,be S.

Proor. Let S be an inflation of a semigroup T with a retraction ¢ of
S onto T, andlet T be aband I of groups Gi, i € I. Let a,b€ S, and
let (a) € Gi, ¢(b) € G, for some i,j € I. Since ab, a®bh, ab® € T, we then
obtain that ab = @(ab) = @(a)e(b) € Gij, a* = ¢(a®b) = (p(a))®p(b) € Gi; and
ab? = p(ab?) = p(a)((b))? € Gi;. Therefore,

ab € a?bGy;ab? C a?bSab? .

Conversely, let (13) holds. Then by Theorem 1. [3] it follows that S is an
inflation of an union of groups T. Let a,b €T andlet a M e, bH f, for some
e, € E(S), where H isthe Green’s relation on T. Then

ab = a’a~'b € a?(a"1)%bS = ebS = efbS C ef T,
ab = ab~'b* € Sa(b~1)%b* = Saf = Saef C Tef ,
ef =alaf ca~'a’fS =afS =ab~'bf5 C ab b2 fS = abfS C abT',
ef = ebb™! € Seb?b~! = Seb = Seaa™'b C ea’ab = Seab C Tab .
Therefore, ab H ef, so H is a congruence. Hence, T is a band of groups. [J
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Rédet’s bands of semigroups are the interesting class of semigroups, with very
important applications. For one of its see [7,Chapter V]. Here we consider inflations
of Rédei’s bands of monoids and inflations of Rédei’s bands of groups.

THEOREM 5. Lel I be a Rédei’s band. To each i € I we associate @ monoid
Si with the identily e; such that S;NS; =@ if i#j. Let @5 and ;; be
systems of homomorphisms over <1 and <o, respectively, for which the following
properiies hold:

(14) wij and ;; are the identical aulomorphisms of S;, for every i€ I;
(15) vij o pik(se) = pun(su)pijle;) ,  i<ii<ik,

(16) Wij o Yik(sr) = Yij(e; Wir(sk) , 1<37 <2k

(17) Yij o wir(se) = Yir(se)i(ef) | i<sj <ok, i<lsk,

(18) wij o Pin(sr) = pij(ej)pin(se) iiis ki k.

Define a multiplication * on S=U{S; |i€I} by:

(19) & * sy =il Wi a(8) ; 5iE€S;, s;€S8; .

Then (S,%) is a Rédei’s band of monoids.
Conversely, every Rédet’s band of monoids can be so consirucled.
PRrROOF. Let s; € 5;, s; €S; and sp € Sk. Then
(si % 85) * sk = (ij,i(8:)i5,5(55)) * sn
= ik, i3 (pig,i (5:)¥ij,5 (55))bije i (sx)
= @ijk,ij © Piji(80)Pijk,ii © Pij i (55 )%ije k(sk)
= ijk,i(8:)Pijh,ii (€13 )Pijh,is © Yij i (55)Wijn k(58)
= @ij,i(5:)ijk,ij © Yij; (5; )isek(sk) ,
si % (85 % 5x) = si * (pj5,(55) ¥k, (5%))
= ijk,i(50)Pijk, i (2ik,5 (55 %5k £ (58))
= Pijr,i(5i)bije,ix © Pik,i(8i Wiz ik © Yikk(s8)
= @ijk,i(8:)%iik,5k © @ik, (55 )Wije,je(ejr)Yisn x(5x)
= @ijk,i(5:) ik ik © ik, (55 )Visk,k(58) -
Now we distinguish the following cases:
() i Wi =k, then Gh=H=1 =
Pijkij © Vij,i = i © Vi = Vij © @i5 = Vijkjk © Pikj ;
(i) if ij =4, jk =k, then ijk=jik=F%, so
Pijkii © Yij; = Prj © Vi = Yk © Pk = Yijk ik © Pik s ;
(7i1) ifij =4, jk =4, then ijk =1ij = i, SO
Pijk,ij © Vi, = Pii © Yij = Yij 0 05 = Vijkjk © Pik,j 3
(fv) if ij=14, jk=Fk, tk=14, ie. i<y, i<ak, k<yj, then ijk=ik=1, so
by (17) it follows that
ik © Vi (5) = pii o $ij(s3)
Pijh ik © Pik,i(57) = Yin 0 @rj(s5) = ij (s5) i (ex)
whence

(81 % 85) * sk = sivi; (5 )ik (sk) = 5935 (5)7)in (ex)Wir (5k)
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=s;*(5; #5;) ;
(v) if ij=1i, jk=F, ik = k, ie. i<3j, k<, k <1 ¢, then ijk =ik =k, so
by (18) it follows that

Piskij © ¥iji(85) = @ri o ¥ij(s5) = prile)ori(s;)
Vijkik © @jr(si) = rr 0 0ri(s;) = r(s5)
whence
(52 % 57) * 3 = pes(s:)priles)pei (s)se = pri(si)or;(s; )5

= 5; % (55 *51) .
Therefore, (S,+) is a semigroup and, clearly, S is a Rédei’s band I of monoids
Si, i€ 1. Let e; be the identity of S;, i € I. Define mappings ¢;; and thij
over <; and <3, respectively, by:

wii(s;) =sjee . hij(si) = eis;

Then by the proof of Theorem 1. [3] we have that ®ij and ;; are homomorphisms
and that (14),(15) and (16) hold. In a similar way we prove (17) and (18). Finally,
SiSj = Si€i8j = Si€;;js; = siezjei;s; , ifij =1,

Sis; — S,‘ijj = ng_'ngj = S,'E,'je,'ij 3 il Zj = ] 3

80, In any cases,

%i8j = Si€ijeijs; = @iji(si )i 5(s5) (= si+55) .0

THEOREM 6. Let I be a Rédei’s band. To cach i € I we associale a
semigroup S; whick is an inflation of @ monoid G; with {he tdentily e;, sueh
that S;NS; =0 if it j. Let ©vij and Py be systems of homomorphisms over
<t and <s, respectively, for which the following properties hold:

(20) Jor every i€ 1 @i; =y; is a retraction of S; onto Gi;

(21) Pii © Pij = @ij o i = pij , i<37,

(22) Yii © Yij = Pij o ;= i 1527,

(23) wij o pielse) = eu(se)pijle;) ,  i<ij<ik,
(24) Yij o ¥ix(se) = dij(e;)ir(se) , 1<2j<a k.
(25) Yij o win(se) = dir(se)vij(e;) , 1<) <ok, i<ak,
(26) vij o Yie(se) = pij(e;)pir(se) , i1k ik

Define e multiplication * on S=U{S;|ic I} by:
si*5; = @ialsi)iii(s;), s €8, s, €8 .
Then (S,+) is an inflation of a Rédei’s band of monoids.
Conversely, every inflation of @ Rédei’s band of monoids can be so construcied.
Proor. Let s; € 5;, 55 GSJ' and s; € 5. Then
(53 * 53) * 51 = ijeij © @i i(s:)ijuij 0 Yij (55 )ijek(s1)
= ijk,i(5)Pise i(eii ) Pijrij © $ij j (55 )ije 1 (s1)
= 2ijn,i($:)Piik,ij © Piji5 © ¥ij,i (55 Wijk i (sk)
= pijr,i(s0)pijn,ii © ¥ij 5 (s Vujn e (sx) |
si % (55 % 51) = @ijealsi)¥isn i © @ie i (5:)bije x(58)) -
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Now we have the same cases as in the proof of Theorem 5. and in cases (), (ii)
and (i77) we have similar proofs. Let we consider the case (iv). Then
Wijk,i5 © Vi 5 = @i 0¥ = Wij
Vijk,jk © Pik,j = Yik © Pkj ,
whence
* (55 % 51) = @ii(8:) Wik © @i (55)%in(sk)
= "101.1(52)‘,/)13(5] szl ﬁlc)'(pz.k (Sk)
= @iilsi )Wi; (55 )ik © rr(sr)
= Sﬁ’u\%)%;(‘?a)vu (sk) = (5! * SJ) * S .
The similar proof we have in the case (v). Thus, (S,#) is a semigroup. Let
G = U{G; | i € I}. By Theorem 5. it follows that (G,#) is a Rédei’s band of
monoids. In a similar way as in the proof of Theorem 2. we shows that S is an
inflation of G.
Conversely, let S be an inflation of a band I of monoids &y, i € I, with
the retraction ¢. Using methods and definitions from the proof of Theorem 2, we
easy prove that conditions (20)-(26) hold. Let s; € S;, s; € S;. Then

5i5; = @(s:)P(s5) = s;eiejs;

{se,e €5 8] = 51€4€i§6i;€; 55 if 19 =4,

8;€1€; €585 8 = Bi€i€ij€;;€;5; ifij =73,
= @ij,i(si)¢i5,5(s5) (= si%s5). O

REMARK 1. I[ @y and wi; be systems from Theorem 6. and we put that
ag =viile) fi<a7, a;=gpula) ifj<d,
then we can prove that systems ¢;; and ;; and the matrix (a;;) satisfy the
conditions of Theorem 2, so Theorem 6. is a special casc of Theorem 2. In this
way we obtain, also, that Theorem 5. is a special case of Theorem 1. [2].

REMARK 2. If ¢;; and 1);; be systems from Theorem G. then in the case
i<1j and i<y j we obtain that ¢;; = ¢;;. Clearly, that holds also for systems
of homomorphisms [rom Theorem 5.

Tueorem 7. A semigroup S s an inflation of a Rédei’s band of groups if
and only if for all a,b € S5 one of the following conditions holds:
(27) ab € ®Sa® A a® € Sh;
(28) ab € 6256 A b2 €as .

Proor. Let S5 be an inflation of a semigronp T with the retraction ¢ of
S onto 7' and let 7' be a Rédei’s band [ of groups Gy, i€ 1. Let a, b€ S
and let ¢(a) € Gi, ¢(b) € G; forsome i,j€I. If ij =4, then
ab = p(ab) = p(a)e(h) € Gij = Gi

a’ = p(a*) = (p(a))* € G;
whence '

ab € a’Gia? and a® € abGiab
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so (27) holds. If ij = j, then in a similar way we prove that
ab € b*G;b* and b’ e abGiab ,
so (28) holds.

Conversely, let for all a,b € S one of the conditions (27) and (28) holds.
Then a® € a®Sa®, ie. a® isregular for all a € S. By hypothesis and by Theorem
3.1. [4] we have that S is a semilattice Y of semigroups Su, o € Y, and for every
a €Y, S, is anil-extension of a left or a right group K,. Let ¢ € 5,, be Sp
for some o, f €Y, andlet a® € G, b? € G for some e, [ € E(S). Assume
that (27) holds, i.e. that ab = a?ua® and a® = wb for some u,v € S. Then it
is easy to verify that aff = fo = «, so by Lemma 1. [5] it follows that

ab = a*ua® = eq?uae € eSye = G, .
and a?b = a(ab) € G., so

e € Sa’b = Svb? |

whence ef = e. Therefore,
(29) abe Gey .
In a similar way we show that by (28) it follows that (29) holds and ef = f.
Hence, S? is a Rédei’s band E(S) of groups G, e € E(S). Define a mapping
w:8—8% by:

o(z) = ze if 22 € Ge, e € E(S) .
Let a,be S, a?2 €G,, b € Gy. Then by (29) it follows that ab € G, so by
Lemma 1. [6] we obtain that

w(ab) = abef = cabf = aebf = p(a)p(b) ,
if abe G, (for ef =¢), and
p(ab) = abef = efab = eabf = aebfp(a)p(d) ,

if ab€ Gy (for ef = f). Therefore, S is an inflation of a Rédei’s band of groups.
O

CoroLLanry 1. A semigroup S is an inflation of a Rédei’s band of periodic
groups if and only if
ab € (a)* U (b)?
forall abe S. 0O

COROLLARY 2. Let I be a Rédei’s band. To cach i € I we associate a
group S; such that S;NS; =@ if i #j. Let gy  bea transitive system
of homomorphisms over the quasiorder <3. Define a multiplication * on § =
U{S; | i eI} by: .
si % 5j = @iji(si)pij j(55) , s €Si, 8 €8 .

Then (S,%) is a Rédei’s band of groups.
Conversely, every Rédei’s band of groups can be so constructed. O

CoOROLLARY 3. Lel I be a Rédei’s band. To each i € I we associale an

inflation S; of a group G; such that S;NS; =@ if i#j. Let wij be a system
of homomorphisms over the quasiorder <3 for which the following properties hold:
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i) Jor every i €1 @i is a retraction of S; onto Gy;
i
(39) Pij © Pik = Pik , 1<3j<sk.

Define a multiplication * on S=U{S;|icI} by:
$i % 55 = 0ig,i(8:)ij,i(85) , s €Si, 55 €5 .
Then (S,*) is an inflation of a Rédei’s band of groups.
Conversely, every inflation of a Rédei’s band of groups can be so construcled.

Proor. This follows by Theorem 6, Remark 2. and by the fact that homo-
morphic image of an idempotent is an idempotent. O

REFERENCES

[1] S.BoGpaNOVIC, Semigroups with a system of subsemigroups, Inst. of Math.
Novi Sad, 1985.

[2] S.BoGpaNoVIC, Inflation of a union of groups, Matematicki Vesnik, 37 (1985)
351-355.

[3] S.BoapaNovIié AND M.CIRIE, Bands of monoids, Matematicki bilten Skopje,
9-10 (XXXV-XXXVI) (1985-1986), 57-61.

[4] S.Bocpanovié aND M.CIRIG, Semigroups of Galbiati- Veronesi 111 (Semilat-
lice of nil-extensions of left and right groups), Facta Univ. Nis, Ser. Math.
Inform. 4 (1989), 1-14.

(5] S.BoGpANOVIE AND S.MILI¢, A nil-extension of a completely simple semi-
group, Publ. Inst. Math. 36 (50), (1984), 45-50.

[6] W.D.MuNN, Pseudoinverses in semigroups, Proc. Camb. Phil. Soc. 57
(1961), 247-250. ‘

[7] M.PETRICH, Lectures in semigroups, Akad. Verlag, Berlin, 1977.

[8] B.M.ScuEWN, Bands of monoids, Acta Sci. Math. Szeged 36 (1974), 145-154.

3

Department of Mathematics Faculty of Economies
Philosophical Faculty 18000 Nig, Trg JNA 11
18000 Nis, Cirila i Metodija 2 Yugoslavia

Yugoslavia

CURRENT ADDRESS: ST0JAN BocgDanovié, Facurty or EcoNomics, 18000
Ni§, YucosLavia




	1.pdf (p.1-30)
	2.pdf (p.31-60)
	3.pdf (p.61-90)
	4.pdf (p.91-122)
	5.pdf (p.123-152)
	6.pdf (p.153-182)
	7.pdf (p.183-196)



