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RIGHT »-INVERSE SEMIGROUPS AND RINGS

SToiaN BogpanNovié anDp Mirosrtay Ciric

ABSTRACT. In this paper we consider semigroups and rings whose mulliplica-
tive semigroups are completely w-regqular and right m-inverse (for the definitions see
below).

Throughout this paper, Z% will denote the set of all positive integers. A
semigroup (ring) S is w-regular (lefi m-regular, right w-regular) if for every a € S
there exists n € Zt such that a® € a"Sa” (a" € Sa™*!, a® € a"*'S. A
semigroup (ring) S is completely 7-regularif for every a € S there exists n € Z+
and z € § such that o" = a®za™ and a"z = 2zq™. A semigroup 5 1is 7-
inverse (complelely w-inverse) il it is w-regular (completely wregular) and every
regular clement has a unique inverse. A semigroup S is right (leff) m-inverse if
it is m-regular and @ = aza = aya implies za = ya (ax = ay). By Reg(S)
(Gr(S), E(S)) we denote the set of all regular (completely regular, idempotent)
elements of a semigroup S. If e is an idempotent of a semigroup (ring) S,
then by G, we denote the maximal subgroup of § with e as its identity. By
MR we denote the multiplicative semigroup of a ring RE. A semigroup S isa
nil-semigroup if for every @ € S there exists n € Z* such that ¢™ =0. An ideal
extension S of a semigroup S is a nil-exlension ol T if S/T is a nil-semigroup.

M.S.Putcha [5] studied completely w-regular rings which are semilattices of
Archimedean semigroups. Right minverse semigroups are studied in [2]. In this
paper we consider semigroups and rings whese multiplicative semigroups are com-
pletely w-regular and right m-inverse, called right completely 7-inverse. As a con-
sequence we obtain a result of J.L.Galbiati and M.L.Veronesi [3] for completely
T-inverse semigroups. Furthermore, we prove that in rings the notions of right com-
pletely a-inverse and right r-inverse coincide and in this case we have a ring in
which multiplicative semigroup is a semilattice of nil-extensions of left groups.
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THEOREM 1. A semigroup S s completely m-regular if and only if S is
w-regular and left (or right) w-regular.

Proor. Let S be a m-regular and a left m-regular semigroup. Then for every
a € S thereexists £ €S and 7 € Zt such that a” = za™!, whence

(1) akr — Eakr—!—l

forall k € Z*. Since S is m-regular we then have that for a" there exists y € S
and m € Zt such that

(@)™ = (a")™y(a")™ ,
so by (1) we obtain that
a’™ — army(marm+1) — a’myza”“""l .
Therefore, a™ € a™™Sa™™ !, and by Theorem 1V 2. [1] we have that S is
completely m-regular.
The converse follows immediately. O

DEFINITION. A semigroup S is vight (left ) complelely w-inverse if 5 is
completely w-regular and for all a,z,y € S by a = aza = aya it implies that
ra = ya (ax = ay), ie. if it is completely m-regular and right m-inverse.

Right completely n-inverse semigroups we describe by the following theorem:

THEOREM 2. The following condilions on a semigroup S are equivalent:
(7)) S is right complelely w-inverse;
(it) S is w-regular and

(2 (Va € S)(VS € E(S))(En € ZF) (af)* = (faf)™;
(#7) S is w-regular and
(3) (Va € Reg(S))(Vf € E(S))3@n € Z%) (af)” = (faf)" .

PROOF. (i1i)) = (i). Let we prove that S is completely w-regular. Let
@ = azxa for some z € S. Then by (3) it follows that there exists r € Zt such
that

a” = (a(za))” = ((za)a)" = (za®)" = za™! .
Therefore, every regular clement of S is right 7-regular. Since § is m-regular,
then for every a € S there exists m € Z* such that a™ € Reg(S), whence
it follows that there exists 7 € Z* and z € S such that (a™)" = z(a™) !,
so @™ € Sa™ . Hence, S is m-regular and right m-regular so by Theoremn 1.
we obtain that S is completely m-regular semigroup. That S is right m-inverse
follows by Theorem 1. [2].

() = (#). Let S be a right completely m-inverse semigroup. Assume
a€S and f € E(S). Then there exists k,m € Z%* such that (af)* € G, and
(faf)™ € Gy for some g,h € E(S). By Lemma 1. [4] it follows that there exists
n € Z* such that (af)" € G, and (faf)" € Gh. Now

9= ((af)" )" af)" = ((af)*) (af)"f = 9f .
Similarly we obtain that h = hf = fh. Since
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J(af) = (fa)"f = (faf)

for all r € Z1, we then have that

faf)” = (faf)" = h(faf)" = hf(af)* = h(af)" .

Thus

ie.

flaf)*((ef)™)~! = h(af)* ((af)") ™

fa=hg, so g(fg)=g(hg). Hence, g = ghg = g* (since gf = g). Since S

is right m-inverse, then we obtain that hg = g. Therefore

(4)

fg=hg=g.

Moreover,

By this and by (4) we obtain that ¢ = h. Thus {af)® and (faf)™® lies in the

hf = ((faf)")~ (fﬂf) f=
((faf)* )" Flaf) g f = ((Ja
=hgf=hg .

((Jaf)" )" f(af)" ]
) (Faf) g f

Il I!

same subgroup &, of 5, so

(faf)" = g(faf)* = gf(af)* = g(af)" = (af)"

since gf = g¢.

(i7) == (iii). This follows immediately. O

CoROLLARY 1. [3] The following conditions on a semigroup S are equivalent:

(i) 5 is complelely m-inverse;
(1) S is w-regular and
(Va e S)(Vf € BE(S)(An e ZT) (af)* = (fa)" ;
(ii1) S is w-regular and

(Ya € Reg(S)(Vf € E(S))(Fn e Z%) (af)* = (fa)"

By the following theorem we describe rings whose multiplicative semigroups

are right w-inverse.

TueoreM 3. The following condilions on a ring R are equivalent:

(i) MR is a right T-inverse semigroup,

(it) R is w-reqular and ae =eae for every a € R, ¢ € E(R);

(itd) I is w-regular and (E(R),-) is a right regular band;

(v) MR 15 a semilattice of nil-extensions of left groups;
(v) MR is a right completely m-inverse semigroup.

Proor. (i) = (ii). Let a € R andlet ¢ € E(R). Then g = e+ae—ecae €
E(R). Itisclear that ge =g and eg =e. Now g = g(eg) = g(gey),

By this it follows that ¢ = g, so ae = eae.

(i1) = (#f). This follows immediately.
(12¢) == (¢). This follows by Theorem 1. [2].

(i) = (). Let a € Reg(R), i.e. let a=aza forsome z € R. By (ii)

it follows that

a = a(za) = (za)a(za) = za? ,

80 eg = geg.
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whence |
a = aza = azx’a® € Gr(R) .
Hence, Reg(R) = Gr(R), so by Corollary 3. [2] we obtain that MR is a
semilattice of nil-extensions of left groups.
(iv) = (i). This follows by Theorem 1. [3] and by Corollary 3. [3].
(iv) = (v). This follows by Theorem 1. [2], by Corollary 3. [2] and by
Theorem 2.

(v) = (i). This follows immediately. [

By Theorem 3. we obtain the following;

CoROLLARY 2. The following conditions on a ring R are equivalent:
(1) MR is a m-inverse semigroup;
(i7) R is m-regular and ae =ea for every a € R, e € E(R);
(1) R s w-regular and (E(R),-) is a semilatiice;
(iv) MR is a semilatlice of nil-exlensions of groups;
(v) MR is a completely m-inverse semigroup. O

REMARK. If aring R has an identity clement, then by Theorem 12. [5] it
follows that all of the conditicns from Theorem 3. and Corollary 2. are equivalent.
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