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SEMIGROUPS IN WHICH THE RADICAL OF
EVERY IDEAL IS A SUBSEMIGROUP

StoiaN Boepanovid anD Mirosnav CIRIG

Abstract. In this paper we consider semigroups S in which VA = {z e
S| (3neZt)z™ € A} is a subsemigroup of S for every ideal A of S.

1. Introduction and preliminaries

Throughout paper, by Z1 we denote the set of all positive integers. If a,b€ S,
then « |b iff b= =rzay forsome z,y€ S', a|b iff az =01 for some z € 51,

a|b il za=0b forsome z€ S5, a|b il a|b and a|b, a— b iff a|b for
I t 7 i

some i€ Zt and a—=b iff a | b forsome i€ ZT, where h is r, 1 or {. A
h
semigroup S s Archimedean (right Archimedean, t-Archimedean, power joined)
ifforall a,b€S, a—b(a—5b a—b, (a) ﬂ\/(ﬁ} # (). By the radical of
the subset A of a semigroup S we mean the set VA defined by
VA={ze S| (3neZt)z” e A}).

If S is asemigroup with the zero 0, lhen an element a € S is a nelpetent if
there exists n € ZF such that «” = 0, and the set of all nilpatents of S5 we
dencte by Ni(S).

T.Tamura and N.Kimura [12] showed that every commutalive semigroup is a
semilattice of Archimedean semigroups. This well known result has since been gen-
eralized by many authors [2-13]. Semigroups which are semilattices of Archimedean
semigroups are completely described by M.S.Putcha [7], T.Tamura [10] and by
M.Cirié¢ and S.Bogdanovié [4]. M.S.Putcha [7] has proved the following

THEOREM P. A semigroup S is a semilallice of Archimedean semigroups if
and only if
alb = a®—b
forall a,be 5. O
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These semigroups are, also, completely described by M.Ciri¢ and S.Bogdanovié
in [4] by the following

THEOREM CB. The following conditions are equivalent on a semigroup S:
(1) S is a semilattice of Archimedean semigroups;
(i1) (Ya,b€S) a? — ab;
(74i) the radical of every ideal of S is an ideal of S. O

JI.H .IMlespun [14] showed that the equivalence (i) <= (i) of Theorem
CB. holds if S is completely m-regular (Va € S)(Fz € 8)(In € Zt) a” =
dra?, ate=wd"}.

In this paper we characterize semigroups in which the radical of every ideal
(right ideal, bi-ideal, subsemigroup) is a subsemigroup (or ideal or bi-ideal or right
ideal).

For undefined notions and notations we refer to [1].

2. Main results

THEOREM 1. The following conditions on a semigroup S are equivaleni:
(7) the radical of every ideal of S is a subsemigroup of S;
(1) in every homomorphic image with zero of S the set of all nilpotent
clements is ¢ subsemigroup;

(i) (Ya,be S)(Vk,leZt)a* —ab Vv b — ab.

ProoF. (i) = (id). Let a,b€ S, k,1€ ZT. Since A = S{d*,b'}5 is
an ideal of S and a,b €+/A we then have by hypothesis that ab € v/A. Hence,
there exists n € Z* such that (ab)" € S{a*,b'}S. Thus a* — ab or &' — ab.

(111) = (if). Let T be a semigroup with the zero element and let T
be a homomorphic image of S. Then the condition (i#¢) holds in 7. For
every a,b € Nil(T) there exist m,l € ZT such that o = &' = 0, and thus
(ab)* € T{0,0}T = {0}, forsome n € Zt. Therefore, Nil(T) is a subsemigroup
of T.

(i) => (¢). Let A be an ideal of S. Let ¢ be a homomorphism of
S onto S/A. Let a,b€+/A. Since @(a),p(b) € Nil(S/A) we then have that
wla)p(b) € Nil(S/A), ie. ((ab) € Nil(S/A) and thus (ab)™ € A for some
n€ Zt. Hence ab€ /A, ie. VA isa subsemigroup of S. O

In a similar way as in the previous theorem it can be proved the following

THEOREM 2. VR isa subsemigroup of S, for every right ideal R of S if
and only if

(Va,b e S)(Vk,lcZt)a* 5ab v ¥ sab.O

THEOREM 3. The following conditions on a semigroup S are equivalent:
(1) S is o semilattice of Archimedean semigroups;
(1) (Va,b€e8)a|b = a® —b;
£
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(it1) V/SaS is an ideal of S, for all a€ S;
(iv) in every homomeorphic image with zero of S ihe sel of all nilpotent
elements is an ideal.

ProOF. By Theorems P. and CB. O

THEOREM 4. The radical of every right ideal of a semigroup S is a bi-ideal
of S if and only if
(1) (Va,b,c € S)(Vk, 1€ Zt) a* Tsabe Vv & Tsabe.

Proor. Let a,b,c €S andlet k,I € Z+. Assume that R = {a*,c'}S. Since
a,céE VR and 3/R is a bi-ideal of S we then have that abe € VRSVERE C VR,
i.e. there exists n € Z* such that (abe)” € R = {a*,¢'}S. Thus a* — abe or
¢ - abe.

Conversely, let R be a right ideal of S. For a,¢ € VR there exist k,lc Zt
such that a*,¢' € R. Now by (1) we have that

{a*,{'}SCRSCR

for some n € Zt. Tence, abec € VR. Therefore, VR isabiideal of §. O

THEOREM 5. The following conditions on a semigroup S are equivalent:
(i) S is a semilaitice of righi Archimedean semigroups;
(i) (Ya,be€ S)(Vk € Zt) b* - ab;
(711) the radical of every right ideal of S is a lefl ideal of S.

ProoF. (i) = (i1). Let S be a semilaitice Y of right Archimedean
semigroups Sy, o €Y. Then for a € 54, b € S3 we have that ab,b*a € Sap,
for all k& € ZT, and there exists n € Z1 such that

(ab)™ € b*aS,s C b*S .
Thus b* — ab.

(#4) = (7). This implication follows by Proposition 1.1.[2].

(1) => (iii). Let R be a right ideal of 5. Assume that e € S, b € VR.
Then b* € R, for some k€ Z*, and we have that

(ab)" eb*SCRSCR,
for some n € Z+. Thus ab€ VR, ie. VR isaleft ideal of 5.

(3ii) = (i). Let a,b€ S, R=15S. Then b€ VR Since VR isa
left ideal of S we then have that ab € VR, i.e. there exists n € Z+ such that
(ab)® € R = bS, whence by Proposition 1.1.[2] we have that the condition (i)
holds. O

THEOREM 6. The following conditions on a semigroup S are equivalent:
(i) (Va,b€8)alb = a®-5¥;
r

(i3) (Ya,b € S)(Vk € Zt) a* s ab;
(iii) (VYa,b€8) a® 1 ab;
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(7v) VaS is a right ideal of S, for every a € S;
(v) VR is a right ideal of S, for every right ideal R of S.

ProoF. (i) = (iii). Since ab€ aS for every a,be S, we then have that
(ab)" € a®S. Thus a® = ab.

(i47) = (#i). By induction.

(i7) = (7). Let b=au forsome u€ §. Then there exists n € Z* such
that " = (au)” € a®S. Thus a® > b.

(i) = (). Let 2 € VoS and let b€ S. Then z*F € aS for some
ke Z*T. Since

(zb)* € 2*S C aSS C a8 , for some n € Tt

we then have that zb € v/aS. Thus va$S is a right ideal of 5.

(iv) = (#ii). Let a,b€ S. Then a€Va?S. Since Va2S is a right ideal
of S, then ab€ va25, and therefore (#1) holds.

(v) = (iv). Since aS is a right ideal of S, by (v) we then have that
+/aS is also right ideal of .

(1)) = (v). Let R be aright idealof S. Let o € /R, b € S. Then
a* € R forsome k€ Z*. Now,

(ab)" €a*S C RS C R for some n € Z+

and thus ab € VR, ie. VR is a right ideal of S. O

THEOREM 7. The following condilions on a semigroup S are equivalent:
(i) S is a normal band of t-Archimedean semigroups;
(i) (Ya,b,c€ S) ac — abe;
(#ii) for every a,b,cE S,
ale Able = ab-Lsec.
r 1
PROOF. (i) <= (i1). This equivalence is from [3].
(i) = (iid). Let a | ¢, b]c then there exist w,v € § such that
T I

= au = vb, whence ¢? = auvh. Now, there exists n € Z+ such that

c
¢® = (auvb)® € abSab, ie. ab—sc.
(#i) = (7). It is clear that a« | abe, ¢ ] abc, for every a,b,c € S. By

(#i?) there exists n € Zt such that abc)” € acS’ﬂSac Hence, (i) holds. O

THEOREM 8. The following condilions on a semigroup S are equivalent:
(1) (Ya,b€S) a®b — ab;
(1) for all a,b,c€ S,
aleAb|le = ab-Tsc.
T T
PrROOF. (f) = (4). Let ¢ = au = bv for some wu,v € S, whence
¢ = (au)®. Now, there exists i € Z* such that
¢® = (a(uan)) € a’uaus C a*us = a(au)s = a(bv)S C abs .
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Thus ab —— ¢.
(1)) = (i). Itis clear that a | ab, ab | ab, for all a,b€ S, and by (i1)
r r

we have that a(ab) = a?b s ab. 0O

THEOREM 9. The following conditions on a semigroup S are equivalent:
(1) S s a semilallice of t-Archimedean semigroups;
(é1) (Ya,b € S)(In € Z1) (ab)™ € bSa;
(#it) the radical of every bi-ideal of S is an ideal of S.

PROOF. (¢) <= (i1). This equivalence is from [2].
(i1) = (#d). Let A be a bi-ideal of S and let e € VA, b€ S. Then
a* € A forsome k€ Z*t, whence

(ab)™, (ba)” € a*bSba* C ASA C A,
for some m,n € ZT. Thus ab,ba c \/A_‘, ie. VA is an ideal of S.
(itt) = (i1). Let a,b € S. Assume that A = aSa, B = bSb. It is clear
that @ € v/a, b € VB. Since VA and VB are ideals of S, we then have that

ab € VANVB, ie. there exist m,n € Z+ such that (ab)™ € aSa, (ab)™ € bSH,
whence (ab)™t” € bSbaSa C bSa. O

3. More on bi-ideals and radicals

The Theorems 10.-22. can be proved as some of the previous theorems and the
proof of any of its will be omitted.

THEOREM 10. The radical of every ideal of a semigroup S is a bi-ideal of S
if and only if

(Va,b,e € S)(Vk, i€ Zt) a* — abe V ¢ — abe. O

THEOREM 11.  The radical of every subsemigroup of a semigroup S is a
bi-ideal of S if and only if

(Va,b,c € S)(Vk,l € ZT)(3n € ZT) (abe)” € (a*, ¢y O

THEOREM 12. The radical of every bi-ideal of o semigroup S is a bi-ideal of
S if and only if

(Va,b,c € S)(Vk,1 € Z%)(In € Z7T) (abe)™ € {a*,}S{a*, ). O

TueorEM 13.  The radical of every subsemigroup of a semigroup S is a
subsemigroup of S if and only if

(Va,b € S)(Vk,l € Z+)(3n € ZF) (ab)” € (a*,¥). O

THEOREM 14. The radical of every bi-ideal of a semigroup S is a subsemigroup
of S if and only if

(Va,b € S)(Vk,1 € Z1)(In € Z%) (ab)" € {a*, '} 5{a*, }'}. O
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TueorEM 15. The radical of every subsemigroup of a semigroup S is a left
ideal of S if and only if S is a right zero band of power joined semigroups. [

TurorEM 16. The radical of every subsemigroup of a semigroup S is an
tdeal of S if and only if S is power joined. O

THEOREM 17. The following conditions on a semigroup S are equivalent:
() (Va,b,c,d€ 8) b —s abed V * — abed;
(i7) for all a,b,e€ S,
able = *—e v ¥ —eO

THeEoREM 18. The following conditions on a semigroup S are equivalent:
(t) (Va,b,c€ 8)a® Tsabe VvV b " abe;
(1) for all a,b,e€ S,
able = a® e v ¥ e O

"

TueoreM 19. The following condilions on a semigroup S are equivalent:
(i) (Ya,beS) a® L, aba;
(i) for all a,be S,
alb = a2 -5.0
i
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