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THE CARLESON MEASURE, THE NEVANLINNA-AHLFORS-
SHIMIZU CHARACTERISTIC FUNCTION AND APPLICATIONS

ZARKO PavIGEVIE

ABSTRACT. In this paper, I have gathered together some resulls I have proved
Jor the Carleson measures in the unit disc |z| < 1 in terms of @ new characteristic
function. In the case of meromorphic functions, the introduced characteristic func-
tion becomes the Nevanlinna characteristic function in the form of Ahlfors-Shimizu.
The new characteristic function is used lo obiain the necessary and sufficient con-
dilions for ¢ meromorphic funclion lo belong to the class BC of functions with the
bounded Nevanlinne characteristic, {o the class UBC of functions with the uniformly
bounded Nevanlinna characterisiic, and for a holomorphic function to belong 1o the
Hardy spaces H?, 0 < p < oo, to the hyperbolic Hardy classes H} ,0 < p < oo, 1o
the classes BMO and BMOA.

1. Preliminaries. Ior a measurable function u(z) > 0 defined in the unit
disc D : |z| < 1 on the complex z-plane, we introduce the characteristic function
P(r,u) in the form

P(r,u):/ —‘S(tt’“) dl, 0<r<l,
0

where
Situ) = %/f [w(2)*dedy, z=z+iy, 0<t<l,
|z|<t
and put P(1,u) = }1_12 P(f, u).

If f(z) is a meromorphic funetion in D and
1 B s
fF@ =5l P IF @I+ ™ 0<p<oo,
1
then P(r, f;"‘& (2)) = P T, (7, ), where T,(r, f) is the characteristic for the mero-

morphic function f(z) introduced by S. Yamashita [5]; for p = 2 we get Ta(r, ) =
T(r, f), the Nevanlinna characteristic function of f(z) in the Ahlfors-Shimizu form.
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Lemma 1. Let S(ru) < oo, forany v, 0 <7 < 1. Then

1 5
P(r,u) = = /f [u(2)]* In ﬁdmdy, z=1x 41y,

|;|<r
foranyr, 0 <r<1.
Lemma 1 is proved in [1].

For the Green potential

z—

1— @
W(w):.//}nl wz|dzdy, z=z+iy, wel),
w
[z]<1
we proved in [2] the following lemma

Lemma 2. If W(w) is @ Green polential in D, then

Wi(w) = %w(l — o), weD.

z 4w
Let fpw(r.) — m,
ug(z) = u(z)-

LEmMMA 3. Lef u(z) > 0 be a measurable funclion in D. The Jollowing assertions
are equivalent:

w € D s fixed, and uy, (2) = u(pw (2))]pw '(2)|; obviously,

O [[a- D dedy <o, 2=z iy

lzl<1

(i) j P el e, w=E i

lwl<1

Lemma 3 is proved in [1].

For a measurable function u(z) > 0 defined in the unit disc D we introduce
the differentiable form dy,(z) = (1 — l::|2)[u(z)]2 drdy, z = r 4 iy, and the measure
pu(E) = [f dpyu(2) generated by dp,(z) on a Borel set £ C D. Let

E

Qpta, w) = 5 pal () - (1= )™,

where R(w) = {z € D; |w| < |z] < 1, |argz —argw| < 7 - (1 — |w]|)} for w # 0,
and R(w) = D for w = 0. The measure s, is called the Carleson measure if
sup Q(ftu, w) < oo(cf. [6]).

welD
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Lemma 4. The measure pi, generaied by the differentiable form duy(z) =
(1—|z])[u(z )] dedy, 2 = &+ iy, z € D,is the Carleson measure if and only if

sup // Puw, 1) - e (w)|dudv < 0o, w=1u+iv
|E|<1|w\<]

Lemma 4 1s proved in [4].

2. A meromorphic function f(z) defined in D belongs to the class BC, if
T(1,f) < oo

TuronrEM 1. For a meromorphic function f(2) in D and for any p, 0 < p < oo,
the following assertions are equivalent:

(i) f(z) € BC;
(i1) // f#) Jdudv < 00, w=u+iv.
Jw|<1

Theorem 1 is proved in [1].

Following 5. Yamashita, (7], a meromorphic function f(z) defined in D is called
a Tunction with uniformly bounded characteristic if sup T'(1, fu) < oo; f(2) belong

wel
to the class 7 BC.

THEOREM 2. For a meromorphic funclion f(z) in D the following asserlions are
equivalent:

(1) f(z)eUBC
(i) The measure py, py generated by the differentiable form duy(z) =
(1= [2")[f* (z)}2 dedy, z =z + iy, s Carleson measure;

(i)  sup f/ T(1, [)ew ' (2)|dady < 0o, 2=z +iy.
ls1<1

weD
Theorem 2 is proved in [3].

3. I f(2) is a holomorphic function in D, we put Ile) = —plf(z)lﬂfl\ (2},

0<p<co. Then 0<f()§ooand Frle) = oo atthezcmsof ).l p=73,
then f3(z) = [£'(2)] (cf. [8] ).

THEOREM 3. For a holomorphic function Jf(z) in D and for any p, 0 < p < oo,
the following asserlions are equivalent:

(1) [(z) belongs lo the Hardy class H?;
(ii) Pl1,f7) <o

(i11) // P(1,(f),)dudv < co, w=u+iv.

lw]<1
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Theorem 3 is proved in [1].

4. Let B denote the class of holomorphic functions f(z) in D for which
|f(2)] < 1 in D. For a functions f(z) € B ,let f"(z) denote the hyperbolic
derivative of f(z); ie. f*(2)=|f'(2)|(1 - |f(z)|)_1 . Consider A(f(2)) = A(f) =
—In(1 - [f(2)])

Following S.Yamashita [9], we say that a function f(z) € B belongs to the
hyperbolic Hardy class HY, 0 < p < oco; if

2r

1 .
sup — (e(f(2)))" db < 00, z=re'?,
0<rel 270

where a(f(2)) = 31n H:ﬁ;

TureoreM 4. For any function f(z) € B and for any p, 0 < p < o0, the fo[!awzng
assertions are equivalent:

@ () € HE;
(i) - PAAMHTIE ) < oo
(iii) f/ 1L HPV2 4 Vduds < 00, w=u+iv.

[w]<1

Thearem 4 is proved in [1].

5. Let f(e?) be asummable function on the circumference I': [z| = 1. We
denote by f(z), z € D the Poisson integral generated by f(e'?). Let Vf(z) denote
the gradient of the function f{z).

THEOREMS. For any summable function f(e'’) on I' the following assertions are
equivalent:

@) f(¢*) e BMO;
(11) sup P(|Vfl,,1) < oo;
welD

(i) sup f/ P(IVF(2)]y, 1) e (w)]” dudv < 00, w = u+ iv.
¢eD

[w]<1
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THEOREM 6. For a helomorphic function f(z) in D the following assertions are
equivalent:

(i) f(z) € BMOA;
(i) sup P(|f'],,1) < 003

(ii) eeD /f it P(f',,1) |gog'(w)[ dudv < 0o, w=u+iv;
(iv) j/ P(laf'l,, Ddudv < cllg|l®, w=u+iv, for any function g(z) in
Jwl<1

w
the Hardy vlass B2 with [lg]* = sup / lo(e®)[* do.

0<r<1 Jo

Theorem 5 and theorem 6 are proved in [4].
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