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THE CARLESON MEASURE AND DIFFERENTIABLE
FORRMS IN THE UNIT DISC

Novo Lasubpovid

ABsTRACT. Reling on the results given in [1,2,4,8 and 9], we have investi-
gaied the Carleson measure and differentiable forms and we give sufficient condilions
for uniformly bounded Nevanlinna-Ahlfors-Shimizu characteristics. Also, we give a
new characterisation of the class BAMOA, .

1. Let g(z) be a measurable function defined in the unit dise D : |z| < 1 in
the complex z-plane | and let g(z) > 0 for any z € D . Tor a point w € D, we put

puw(z) = (2 +w)(1+ ﬁ’:)_l and g4 (2) = g(pw(2)) - le'w(2)] ;2€D.

We intzoduce the characterislic function (g, r) for the function g(z), as follows

P(g,?"):/ #’”)n’t, 0<r<l
0

£ = ;j/ WA desly, 2=k B

j2|<t

where

Let f(z) be a meromorphic function in D and let f# (z) denote the spherical
derivate of f(z) ; that is /# (2) = [F'(2)[(1+ [F(2)) ", 2 € D. If glz) = F# (2),
then P(f# (z),7) = T(f,r) become the Nevanlinna characteristic function in the
form of Ahlfors-Shimizu for the meromorphic function [{z).

The function P(g,r), 0 < r < 1, is called the Nevanlinna-Ablfors characteristic
function for g(z).

The following result is proved in [1].

THEOREM A. [fS(g,r) < oo foranyr, 0 <r <1, then

Plg,ry=— // lg(= ln rh,dy, z=z+ 1y,

l [<r

foranyr, 0 <r <1,
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We say [or a measurable function g(z) > 0 in D to have uniformly bounded
Nevanlinna-Ahlfors-Shimiza characteristic if sup P(gw, 1) < o0
wel
2. A measure A defined in D is called the Carleson measure, if (here exists a
constant ¢ = ¢(A),0 < ¢ < oo, such that A(S) = ¢/ for any set S = {z = ret? ¢
Dil—h<r<l1,]0—0y|<h}, 0<h<l.
The following result is contained in [2].

ToeoreM B. A measure A in D is the Carlesan measure if and only if

sup // T \wl T dA(z) = M < co.

weD ?;Zl
fz]<1

3. For a measurable function g(z) > 0 defined in /), we introduce the def-
ferentiable form dA, = (1 — |z[))[g(z))*dzdy, z = x + iy, and the measure
Ay (E) = [[dA, generated by d),, for a Borel set £ C D.

I

TueoreM 1. If a measurable funclion g(z) > 0 defined in I3, satisfies the condi-
tions :
(i) Ay is the Carleson measure in D ;

(ii) sup(1— |3|2) cg(z) = e< oo,
2ED EBRT
then g(z) has the uniformly bounded Nevanlinna-Ahlfors-Shimizu characieristic.
Proor. bSince A, is the Carleson measure, il follows [rom Theorem 13, that

2

(1) sup // (1~ |o)(1 — Jef) [9(2)]? dedy = ¢; < oo.

weD 1~—uz\
Elket

1 ' S ;
Using (1) and the inequality —Int < 2__’-(1 —1*) , which is valid for some
:C9~

eo, 0 < ey < oo ,andanyt, ea <l <1, weobtain

J[ =g
DAV (w,c2) :
2¢q2 /./ 2 = |;UI)L(U:| ] ) . 2(;22

where w € I and A(w,e0) = {z € D; }i—i| <cat.

(2)

Since (1 — |z|*)g(z) < ¢ < o0 , for any z € I , then the estimate

3) ]/ [0 - In | == | dedy < ¢ // (1~ 172 |- | dady,

Afw,ez) Afw,cz)
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z=ux 41y, is valid for any w € D .

: Z—w ..
Setting & = I_tbz,g_u+w in (3) , we get

@  [[ wer ]

Aw,ez) 1€]1< ez

id:cdy<r /](1 €% ln-l—|dudv<t:g<oo

It follows from (2) and (4) , that

wz]d;rdygﬂff<oo
w

® 7 [ m=
D

for any w € D.
It follows from Theorem A, that

) P00 == [[ e W=
D

wz.‘ dedy < M < co
w

z=z 41y .
Combing (5) and (6) , we obtain the inequality sup P(1, g») < M which proves
weD

Theorem 1.

4. The following result is proved in [4].

TueoreM C. The measure Ay = (1 — lzP)g(2)] dedy, z= =z + iy, z € D , is the
Carleson measure if and only if

sup //P(l,gw) : W,’(z)]2 drdy < oo ,z=z+41iy.
wEDl 15y

In particular, if a measurable function g(z) > 0 in D has the uniformly bounded
Nevanlinna-Ahlfors-Shimizu characteristic, then the measure ), generated by the
differentiable form

Dy(2) = (A= |P)g() dady, z€D, z=z+iy,

1s the Carleson measure.

TueoreM 2. Let g(z) > 0 be a measurable function in D. Denote r(a) =
1/5(da—1), a € (1/4,1). Then for any w, a < |w| < 1, the estimale

T(r(”‘)lr.@’w) = ﬁ'j‘é% // lg9(2)] 2 (- ]11_)(_ 1 Il )d.:Ldy, z = =+ iy,
lz|<1
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15 valid for some constanic, 0 <c<oco.

Proor. It follows from Theorem A that

®  1e@ 0= [[er S gy, o
|z]<1

for any w € D.
. . 1 1
Since in In — < ¢ - (1 — |2%) for any |z| > i for some ¢, 0 < ¢ < oo and

|"'I

- 1
1< | === for any z, |z| < r(a), and any w, a < |w| < 1 where ; < a < 1, then
4 1—wz 4
1— 2 1 -z 2 (1= Jw)(1 - |2]})
9 1 <e(l— =
©) =) el o e s

T
for any z, |z] < r(a), and any w, ¢ < |w| < 1, with - < a < 1.
Combining (8) and (9), we get (7) , and Theorem 2 is proved.

6. A meromorphic function f(z) defined in disc D is said to be in the class
UBC of functions with the uniformly bounded Nevanlinna characteristic if

sup T(1, f,) < oo.

weD
This class was studied in [1], [3], [5], [6] . |
Generating the Carleson measure, f(z) belongs to the class UBC.
We note that this result can be obtained from Theorem 1 by setting g(z) =

1 (2).
In [3] 5.Yamashita has posed the problem: Does a meromorphic function f(z)

belong to the class U BC, if the differentiable form dA; = (1— 12|)[f(2)]? dedy, z =

z 4 iy generates the Carleson measure 7 f
The solution of problem in the affirmative was given by Z. Paviéevié in [6].
The solution can be obtained from Theorem 2 and the following result of S.

Yamashita [8].

'II‘HEOREM D. If f(z) is meromorphic function in D, then (1 — |z|*) - [f# (z)]:> &
—(exp(2T(r, fuw ) — 1) forany w €D and any v, 0 < r < 1.
-

7. A holomorphic function f(z) in D belongs to the class B if |f(z)| < 1 for
any z € D.

For function f(z) € B, let f(z) = |f'(2)|[1 - |j"(z)|2]_l be the hyperbolic
derivative of f(z). The function T"(f,r) = P(f* r),0 < r < 1, is called the
hyperbolic Nevanlinna-Ahlfors-Shimizu characteristic function for f(z) € B.

In [9]S.Yamashita applied the function T" (f,r) to define and investigate the
functional class BMOA,. A holomorphic function f(z) € B belongs to the class
BMOA, if sup T*(fu,1) < co.

weD
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THEOREM 3. A holomorphic function f(z) € B belongs 1o the class BMOA, if

and only if the differentiable form d); = (1—|z|2)[ffz (z)]2 dzdy, z = z+iy generates
the Carleson measure.

The assertion of Theorem 3 is a consequence of Theorem 1 and the following result
of 5. Yamashita, [8], p.195.

TuroreM E. If f(z) € B, then inequality

2 1
(1= 1P (2] < (1= exp[-2T" (fu, 7))
holds for any w e D and any v, 0 < r < 1.
Combing Theorem 3 and Theorem C, we get

THEOREM 4. A holomorphic function f(z) € B belongs to the class BMOA, if
and only if
sup // TR, 1) |zp,'w(z)12 dzdy < 0o, z ==z + iy

weD
lz]<1
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