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AN EXTENSION OF THE SION’S MINIMAX THEOREM
IvaN ARANDIELOVIC

ABSTRACT. [In this paper we extend the Sion’s minimaz theorem, omitiing
hypotheses of convezity for coordinate functions.

Let X and Y are non empty sets. A function f: X x Y — R has a saddle
point (zg,y0) € X x V ifs

max min f(z,y) = ly'lélllgggif(r, y) = f(zo, vo) -
Theorems about existence of saddle points, so called minimax theorems, are
especially important in games theory. Sion [3] has proved one of the most general
theorem, of this type. Taskovié [4] has got a new proof of Sion’s theorem.
For a nonempty set X, function ¢ : X — R and real number r € R set

Ligry={re X 1 gx)<r} and L(g,r)={zc X :g(x)>r]}.

If X is a topological space, then g is a lower ( upper ) semicontinuous if L(g,r)
( L(g,7) ) is open set for each r € R. If g is a lower ( upper ) semicontinuous
function, than g has a minimum ( maximum ) on compact sets. If X is a convex
subset of some topological vector space, then g is quasi-concave ( quasi-convex ) if
L(g,») ( L(g,7) ) is a convex set for each r € R.

Sion [3] lias proved the following minimax theorem.

THEOREM 1 Let X C F and Y C F are nonemply compact convez sels in topo-
logical veclor spaces F and F. If f : X xY — R is a real-valucd Junction such
that:

a) y = fz,y) is lower semicontinuous and quasi-convez on'Y for cach z € X 2
b) z — f(z,y) is upper semicontinuous and quasi-concave on X foreachy eV,
then f has o saddle point.

The aim of this note is to prove Theorem 1, without the assumption of convexity
for coordinate functions. ( See also Simons [2] and Taskovi¢ [4] ).
Recall that Ky Fan [1] has proved the following coincidence theorem.

THEOREM 2 Let X C F and ¥ C F are lwo nonemply compact convex sels in
topological vector spaces E and F. Let A, B : X — 2Y satisfy:
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a) A(z) is open and B(z) is nonempty convez sel for x € X ;
b) B~1(z) is open and A~L(y) is nonemptly conver set foreachye?.
Then A(zo) N B(zo) £ 0 for some x5 € X.

Now we prove our

THEOREM 3 Let X C E and Y C F are nonempty compact conver sets in topo-

logical vector spaces E and F. If f : X XY — R is a real-valued Sfunction such that

a) there is T C R such that a,b € f(X x Y), a < b implies T N (a,b) £ 0;

b) function f.(y) = f(z,y) is lower semicontinuous on Y, and L(fz,1) is conves
foreacht €T,z e X ;

¢) function fy(z) = f(z,y) is upper semicontinuous on X, and L(fy,t) is convez
foreachteT, yev,
then f has a saddle point.

PROOF. Since f is upper and lower semicontinuous, then mi)l} flx, ) = p(z)
yE
and q(y) = majz_cf(:r,y) exist for each z € X and y € Y. Also, since p is upper
z€
semicontinuous on X and ¢ is lower semicontinuous on Y, we know that maxp(r)
zeX
and min exist.
* yey q(y)

Inequalities,

p(z) < q(y) foreach z€ Xand yeVY,

implies
< mi .
max p(z) < min ofy)
It

géagp(w) < min ()

then there is £ € T', such that
i i :
maxp(z) <t <ming(y)
We define mappings A, B : X — 2Y by

A(z)={y :t < f(z,y)} and B(z)={y: f(z,y) <t}, ze€X.

Since f(z,y) is lower semicontinuous, we have that A(z) is open for each z € X.
Further, since max p(z) <1, it follows that B(z) is convex and nonempty for each
z € X.

A YY) ={=z : t < f(z,y)} and B~1(y) = {z : f(z,y) < t} implies that
A~1(y) is nonempty and convex, and B~1(y) is open. By Theorem 2 there is z € X
such that A(zg) N B(zg) # W. This is a contradiction with f(zo,0) <t < f(zg,b),
for each a € A(xo) and b € B(z), and so the proof is complete.

REMARK. We see, that in Theorem 1, we have T' = R.
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