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Abstract. We consider the starlikeness of Inteqral transform  F(z) =

z
-1
—= [ =% flt)dt, where £ is analytic in !z|<1, £(0)=0, and Re{f'(z)} > O.

1. Introduction and Preliminaries

Let A denote the class of function of the form
32}

f(z) =z + k§2 akzﬁ

which are analytic in the unit disc U= {z : |z| < 1}.
By R we denote the class of functions f € A for which Re{f’(z]} > 0, z € U,
and by S* the class of starlike functions in U, i.e. the class of functions
£ e A such that Re{zf'(z)/f(z)} > 0, z & U. It is well-known that the
classes R and S* are the subclasses of univalent functions in U.

let £ and g be analytic in the unit disc U. The function f is
subordinate to g, written f << g or f(z) << g(z), if g is univalent, £(0) =
g0} and fLU) < g(U).

In their paper [4], R. Singh and S. Singh have proved that if f € R,

*
then F € S , where

z
Fig) = J % dt.
0
Later, Mocanu [3] has proved that the same is true for the transfornm
z
Flz) = 2 [ f(=)dt.

(o}

AMS Subject Classification (1991): 30A32

®) Communicated on International Symposium on Complex Analysis and Appl.,

Herceg Hovl, Yugoslavia, May 23-28, 1888.

75




In this note we show that the same result holds if F is defined Uy

5/2

3/2
z

172

Flz) = t f(t)dt.

OS5 N

We note that we use a different approach as that one given in [3]. In that

sense, we need the following lemmas.

Lemma 1. [2]. Let g be univalent in U and let 8 and ¢ ke analytic in a
domain D containing q(U), with ¢(w) # 0 when w € q(U). Set
Qlz) = zq'(z)¢(q(z)), hiz) = e(q(z)) + Q(z)

and suppose that

(i) Q is sterlike in U (univalent, but the condition Q (0} = 1 is not
necessary);
LIS Rey ET VR g pep RIGUEL) @O XE 4 L5 Lo

0(z) @(q(z)) Q(z)

If p is analytic in U, with p(0) = ¢(0), p(U) ¢ D and

61 8(p(z)) + zp'(z}¢(p(z)) << 6(q(z)) + zq’ (2)¢p(g(z)) = h(z),
then p << q, and g is the best dominant of (1). =

We note that the univalent function g is said to be a dominant of (1)
if p << g for all p satisfying (1). If g is a dominant of (1) and § << g
for all dominants g of (1), then q is said to be the best dominant of (1)
More facts about the method of differential subordination may be found in
[21.

By using Lemma 1 we derive

Lemma 2. If P is analytic in U with P(0) = 1 and if
(2) Re{zpP’(z) + (o+1)P(z)} > 0, =z e U,

for some o, o = 0, then
(3) larg P(z)| < ¥ g, z e U,

where 0 < y < 1 is the root of the equation

2 . ¥
(4) 7+Earctgm— 1.

Proof. Let show that the following implication

(5) zP' (z) + (a+1)P(z) << (o+1) }}; »  Plz) <« (%-’_f;)?,

where o« = 0 and y satisfies the equation (4}, is irue.

In Lemma 1 we choose 8(w) = (a+llw, ¢(w) = 1 and ql(z) = (%;g)7l Then

Q(z) = zq' (z)¢lgl(z)) = zq'(z) = 7 (%;;J?VI AAEEAE
(1==)
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iz starlike because g is a cinvex function in U. The condition (i1) in
Lemma 1 is also satisfied, and by applying (1) we have that if p is
analytic in U with p(0) = q(0) = 1 and
g
(6) (at1)plz) + zp’ (2) << (ar1) (B5T + (2ZH71 _22 - ()
1-z =2 2
(1-z)
then p << g and g is the best dominant of (B).
Now let us show that

(7) (aw+1) 22 << h(z),
1-z
where h is defined in (6). Really, we have
hz) = D7 [e+1) + 22 ] = qlz)h (2)
-z 1-2° 1

where we put
h(z):‘o{_+1+£_
1 2
1-z
The function g maps the unit disc U onto the angle |arg w| < yg ; the
function h1 maps U onto the complex plane minus the half-lines Re{w} = o+l,
Im{w} = y and Re{w} = a+1, Im{w} = -7.

From where we easily obtain

gy -, T iy
larg h(e V)| = ¥ = + arctg BT = (0 = @ = 2u)
which gives with h(0) = a+l that (7) is true. From (2) and (5) we get the

statement of Lemma 2. m

Lemma 3. If P is analytic in U, with P(0) = 1 and
(8) larg [zP'(z) + P(z)]] <9 5, zeU,
for some ¥, 0 < y = 1, then
s

< —
(9) |arg P(z)]| 7
where 0 < 7, < 1 is the root of the equation

2 .

(10) LM Erarctg O O

The proof of this lemma is similar to the proof of Lemma 2.
Lemma 4. Let P be a complex function such that

{(11) ' larg P(z)| = arctg Eg— " z e U,
for some oo = 0.

If p is analytic in U, with p(0) = 1 and if

Re{P(z)[zp’(z) + pz(z) + ap(z)]} > 0, z e U,
then Re{p(z)} >0, zel. =

The proof is the same as in [3] for o = 1.
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2. Main result
THEOREM. Lelt f € R and let

z
5/2 N tl/z

Z 2 4]

(12) F(z) = fit)dt.

t.d
Then F e S,
Proof. From (12) we obtain

£ 3 _ 5
zF' (z) + érF(Zl =z flz)

and
(13) 2F'(z) + 2 F' (2) = 2 £ (2)

: 5 5 .
Since f € R, by applying Lemma 2 we get
(14) larg F'(z)| < 7 g—, & i,
where y is the root of the equation

2 rote X = -
(15) ¥ o+ i—arch 55 1, ¥ 0.802. .
_ zF' (z) _ Flz)

Further, let p(z) = Tz and P(z) = =

Since
zP’' (z) + P(z) = F’(2),

from Lemma 3 and (14) we have that

n
< il
larg P(z)] <7 =,
where 7, < 0.505... is the root of the equation (10) for y given in (15).

Also, from (13) and since Re{f’(z)} > 0, =z € U, we have
Re{P(z)lzp’ (z) + p°(2) + 3 p(z)]} > 0, zeU.

Finally, because |arg P(z)| < L g < 0.793 ... < arctg gg; = 0.857 ...

*
and from Lemma 4, we deduce that Re{p(z)} >0, z e U, i.e. Fe S8 . m

REMARKS. For 8 = 0, we denote by R(B) the following set
R(B) = {f € A : Re{f'(z) + Bzf"(z)} > 0, z € U}.
By Lemma 2 we get R(B) ¢ R. Also, we have ﬁpat R(Bl) < H(Ba) for B] > Bz =
0. J. Krzyz [1] has shown that R(0) = R ¢ S . The result of our thecrem is
equivalent to R(2/5) ¢ S*. Hence R(B) c S*, for all B = 2/5, it means that
this results improves the earlier results of R.Singh and S5.Singh [4] and
Mocanu [3]. In other words we have shown that integral transformation
Fz) = L 7% piat
A

#*
maps R inte S for 0 = o =

)
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The problem to find such a maximal o« or an equivalent to find

*
inf{f : R(B) ¢ S} remains still open.
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M. Obradovic
BELESKA O ZVEZDOLIKOSTL IZVESNIH INTEGRALA

U radu je proucena zvezdolikost integralne transformacije F(z) =

. -
% Ft%7e(t)dt, gde je £ analiticka funkcija u |zl < 1 keja zadovoljava
z 0

uslove £(0) = 0 i Re{f’(z)} > 0.
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