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(Received 10.10.19%0)
Using cclor-symmetry characteristics of symmetry groups, according to "strong”

and "middle" equality criterion, all color-symmetry groups of friezes &G1°7,
are derived.

1. Introduction.

The concept of P-symmetry (permutation symmetry) introduced by
A.M.Zamorzaev [1,2] is defined as follows. If P is a subgroup of
the symmetric permutation group of p indices, and G is a discrete
symmetry group, every transformation C=cS=8c, ceP, SeG is a P-
symmetry transformation. Every group G? derived from G by
subtituting its symmetries by the corresponding P-symmetries is a
P-symmetry group. If the substitutions included in G° exhaust the
group P, GPF is a complete P-symmetry group. Every complete P
symmetry group GP can be derived from its generating group & by
searching in G and P for normal subgroups 4 and @ for which the
isomorphism G/H2P/Q holds, by paired multipiication of the cosets
corresponding in this isomorphism, and by the unification of the
products cbtained. The groups of complete P-symmetry fall,
respectively, into the senior (G=H and G°=GxP), middle (Q=P, G=1I
and I=QeP) and junior groups (G/H=P and GPZ@E). In this paper only
the junicor P-symmetry groups are considered.

There are few different criterions for the eguality of
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junior P-symmetry groups. The most rafined ("strong") criterion
is the following: let a color-permutation group P be decomposed
in the product of different (irreducible) groups P=Pi 9 ...Pi% ,
where Hi,...,Ha (a@=m+...+ar) are the subgroups of G such that
G/H1 2Py, G/Hz2ZP1,...,G/Hay, EP1,..., G/ HaB8Pn, and H is their
section (G/HEP). In this case every P-symmetry group can be
uniquely defined as G/(Hi1,...,Ha)/H [2]). If subgroups which
result in isomorphic guotient groups are taken as equivalent, or
if only reduced symbols G/H are considered, twoe (sub)criterions
{(the "middie” and “"weak”), are obtained. Knowing P-symmetry
groups classified according to the "middie” criterion, they can
be simply classified according to the “strong"” criterion by
permuting the equivalent subgroups.

If H is a normal subgroup of G, and P is the regular
permutation group of the order N (G/HEP), then [G:H]=N. In the
case of an 1irregular permutation group £, instead of a
group/subgroup symbol G/ [1,2,3,4], a symbol G/H1/H will be
used, where Hi is the subgroup retaining invariant one index, and
H is the symmetry subgroup of &7 [B]. Then, 1 1is not a normal
subgroup of @, [G:Hil=M, [Hi:Hl=Nz, and N=M M.

Bohm symbols [6] are used to denote the corresponding
categories of isometric symmetry groups. In a symbol &a... the
first subscript n is the maximal dimension of space in which the
transformations of the symmetry group act, while the following
subscripts are the maximal dimensions of subspaces invariant with
respect to the action of the symmetry group and properly included
in each other. The corresponding categories of P-symmetry groups
are denoted by additional P-superscripts.

The indices ascribed to the pointe of a figure with a P~
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symmetry group have an extrageometric sense with respect tec the
space in which the figure is considered. In additional dimensions
such index permutations can be geometrically interpreted, making
possible an investigation of multi-dimensional symmetry groups by
means of PFP-symmetry groups [7]. A simple example illustrating
this is the derivation of the symmetry groups of bands @21 from
the symmetry groups of friezes G21. The 31 symmetry group of
bands @21 can be derived from the symmetry groups of friezes G
by using antisymmetry (31 Gz1™ 7 generating 6 + 7 senior (Gx1) +
17 junior &, GeGi1)}. The same method can be used in order to
derive the P-symmetry groups of bands from the P-symmetry groups
of friezes [1,2,8].

If P=C2?, according to the "strong"” criterion we have the
simple (7=1) and multiple (722) antisymmetry groups, and
according to the "middle" criterion, so-called Mackay groups (or
compound groups) [9,10]. In the first case, all guotient groups
Cz are treated as non-equivalent, and in the second case as the
equivalent ones. Hence, in the first case besides of their
choice, there are considered permutations of the corresponding
subgroups of the index 2.

Let a symmetry group G be given by the presentation:
{St,8,...,5r} gx(S1,8%,...,8)=1I, Koty Byn s« 585
and let &1, €,...,81 be the antiidentity transformations of the
first, second,..., 'th kind satisfying the relations:

@i2=T, eie;j=ajer, @i Sq=8qg@1,

T, Jge{1,2,...,1}, ge{1,2,...,r}.

Every transformation &§'=z=e°8, 8&8&, where e’ 1i& an antiidentity
traneformation or their product is called a (multiple)

antisymmetry transformation. Every group @' derived from &, which
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contains at Tleast one (multiple) antisymmetry transformation is
called a (multiple) antisymmetry group, and the group &G is
called its generating group. A junior multiple antisymmetry group
is called the M"-type group if 1its corresponding antiidentity
transformations are independent, this means, if they are not
representable by the others. In the theory of simple and multiple
antisymmetry [9] only the derivation of junior simple and
muitiple antisymmetry groups of the M®=-type is non-trivial. They
can be derived very efficiently by using the antisymmetric
characteristic method [11,12].

In particular, for 7=1 we have the {(simplie) antisymmetry.
Among (simple) antisymmetry groups we can distinguish the senior
antisymmetry groups of the Torm Gx{ei1}, with the structure Gx&:,
where {ei1} denotes the group generated by e, with the structure
€z, and the Jjunior antisymmetry groups isomorphic to their
generating group G. Since the antiidentity transformation = can
be identified with the (hyper)reflection in the invariant (rm+1)-
plane, to every antisymmetry group of the category Gn...1
corresponds the symmetry group of the category Gtas+1in....
Namely, to esvery senior antisymmetry group Gx{ei} corresponds the
Symmatry group @x{Ti1}, where {T1} denotes the symmetry group
with the structure D1 (DyZCx), generated by a plane reflection

T1, and to every Jjunior antisymmetry group &' given by the

presentation:
{811,821 ,...;8r} g (511,82 ,...,81)=1, k=1,2,...,8,
whare the set {&5!',8',...,81'} consists of the (anti)generators

Sq' (83V=83 or &g'=e1 8, g=1,2,...,r), corresponds the (nti1)-
dimensional symmetry group generated by the symmetries S;7=8; or

Sq1=T1 8q.
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In the case of Belov (p)-symmetry [2] (or Co-symmetry [4]),
the group P2Cp 1is generated by the permutation ci=(12...p)
satisfying the relations:
c1P=1 c1 8=8¢c1, Sea.

In the case of Pawley (p’)-symmetry [2] (or Dp(zp)-symmetry
[4]1), the group FPEDp(ep) is the regular dihedral permutation
group generated by the permutations o and ei=(11') satisfying
the relations:
ciP=en?=(c1& )2=1T 1 5=80 el 5=8&1 , Se@.

in the case of (p2)-symmetry [2] (or Op-symmetry [4]), the
group PEDp is the irregular dihedral permutation group generated
by the permutations c1 and e1=(12) satisfying the same relations.

A1l remaining P-symmetries which the symmetry groups of
friezes admit, are the combinations of Cs—, Dp(2p)—- and Dp-

symmetry with the simple and multiple antisymmetry.

2. Color-symmetry groups of friezes.
The seven symmetry groups of friezes, denoted by reduced

symbols [13], are given by their presentations and structure

[11,14]:

11 {X} Co

1g  {#} Co

12 {x, 7} =(TX)2=E De
{r,nn} T2=Ti2=F (T1=TX)

mi {X.m} Ri2=(F X)2=E D
iR, R} Rit=ReP=E (Re=Ffi X)

mg (PR} Ri2=(RP)2=E (s
{m, T} RizaTe=f (T=m P}
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im  {X,R} R=E RX=XR Ca X C2
mm  {X,R. M} R=Mm2=(RX)2=E XR=RX FRRI=RIR Ds XCz
{R.F1,Re} FP=R?=R?=E FRR=MR RRez=MmR (fR=fRX).

With regard to their structure, 7 symmetry groups of friezes

can be divided in 4 classes:

1} 11, 1g of the structure G»;
2) 12, m1, mg of the structure [(h;
3) im of the structure GCoxtz: and

4) mm of the structure Dex({:.

Having in mind the reducibility of the groups Cakn-2
(Cak-2=Cok-1xC2) and Dsk-z (Dix-23Dax-1xC2), From this we can

conclude that P can be, respectively:

1) Ck;
2) Dk, Oxizry:
3) Cx, Cxxiz;

4) Dk, Drzky, DexCe, Du(2r)xC2, Dek-1(s4Kk-2)XC22.

Definition 1 Let the set of elements of a symmetry group &
be divided in equivalency classes consisting of elements
equivalent with regard to symmetry. The resuylting system is

called the color-symmetry characteristic €2{3) of the group G.

Theorem 1 Two P-symmetry groups derived from the same
gensrating symmetry group G are equal 7ff they possess equal

color-symmetry characteristics.

Theorem 2 From two symmeiry groups & and G which possess
isomorphic color-symmetry characteristics CO(G)ECC(G1) the same

number of color-symmetry (P-symmetry) groupe can be derived, All
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P-symmetry groups derived from G and Gi are corresponding in this

cC-isomorphism.

According to Definition 1, the (reduced) color-symmetry

characteristics of the symmetry groups of friezes are the

following:

i) 11 {x} ce:{. ... X8, X2, X1V, E.X, )2, x8...}
i1) 1g {P} ce:{...P3,PV, PP, ...}

iii) 12 {X, 7} CO .o T2, TV, T, TX, TXR ... }

(7.7} e ... T(Th )2, H{(Th) 'V, i, T, T(Th)2...}

mi {X,”} cC:{...MXE . RMXTV R, RXRX,RX...}
{R1,R2])
ce:{...m{(MRYyYZR(AMR)'" A, R,M(AR)?2...}
iv) mg {P, R}
ce: .o RiPS P2 A IR, MP. .M .RP3 P RIP R, .. )

{R, T} CC:{...MRAMT)+ M(MT)2, M M(MTE MM,
{...R(RmT)YS, (AT, T,m(mMmT)®2...)

v) im {X,R} CO{RI{ ... X3 ,X2 X1 ,E, X, @, %0...}
vi) mm  {X, AR} CO:{RM...RXZ,RX R RX,RX, R}
{R, M ,Rz }
co:{RM ... m{mMmR)ERmMRR)YV, AR A(RR)...}

With regard to the CC-iscmorphism, the symmetry groups of
friezes belonging to the classes 1-4 are distributed in 6
subclasses, denoted by i-vi. Consequentiy, the derivation of all
P~-gymmetry groups of friezes 1is reduced to the derivation of P
symmetry groups from 6 symmetry groups of friezes, i.8. from the
representatives of the subclasses menticned: 11, 1g, 12, mg, Im

and mm. From them, all P-symmetry groups of friezes classified
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according to the "middie" equality criterion (and resulting

"strong” and "weak" criterion), are derived.

3. Catalogue of color-symmetry groups of friezes

In Table 1.1- 1.3 Mackay groups (or compound groups [10])
of friezes with P2C2 7 (12723), derived from the groups-
representatives (11,1g,12,mg, im,mm), are given. The multiple
antisymmetry groups of friezes [9] can be simply derived from
them by permuting the equivalent subgroups of the index 2. The
results according to the "strong” and “weak” criterion are given

at the end of each table.

mg/(m1,12)/11
mg/(mi1,1g)/11
mg/(12,1g)/11

im/(1g,11)/11

mm/ (mm, mm) / 1m
mm/ (mm, 1m) /1m
mm/ ( mm, mg ) /m1
mm/ (ma, m1 ) /mi
mm/ (mg,mi)/mi

Tabie 1.1.
e}
11/11 12/12 mg/mi im/1m m,/ fmam
12/11 mg/12 im/ig mm/ 1m
ig/11 mg/1g im/11 mm,/ mg
mm/m1
mm/ 12
There are 17 &11.
Table 1.2
2
i2/(12,12)/11 im/(1m,1g)/ 11 wim/ (mm,mg) /12
12/(12,11)/11 im/(im,11)/11 mm/ (mm, 12) /12

mm/ (mg,12)/12
mm/(1m,mg)/1g
mm/ (mg,mg)/1g
mm/(1m,m1)/11
mm/(tm,12)/11
mm/ (mi,12)/11

From 23 compound groups of the MZ-type (or 22-symmetry

groups [2]) can be derived 2x19+1x4=42 multiple antisymmetry

groups of the M -type,

and 9 Dz2(4)-symmstry {(or (2')-symmetry

[2]) groups, according to the "weak" equality criterion (G/H).

For 1=2,3 the multiple antisymmetry groups
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from Mackay groups given in Table 1.2- 1.3 by permuting the
corresponding equivalent subgroups of the index 2. In non-
exceptional cases, the number of multiple antisymmetry groups
derived from a Mackay group will be 7! in the case that all
subgroups mentioned are different, or 7!/2 if two of them are
identical. In exceptional cases (denoted by +) the section of two
identical subgroups with a remaining subgroup results in distinct
subgroups of the index 4, so these identical subgroups are not
equivalent, and the number of multiple antisymmetry groups
derived will be T!. If a Mackay group (Table 1.3) is not uniquely
defined by its extended group/subgroup symbol, an additional
symbol (given in parentheses (), indicating to Table 1.2 ), which

points to the section of subgroups of the index 2, is given.

Table 1.3

Cs3

mm/ { mm,mm,mg)/ 11+ mm/ (mm, im, 12) /11 mm/ ( im,mg,mi)/11
wm,/ ( mm, mm,m1) /11 mm/ (mm,mg,mg)/11* mm/(im,mg,12) /11
mm/ { mm, mm, 12) /11 mm/ (mm,mg,m1)/11 mm/ (mg,mg,mi) /11
mm,/ {(mm, im,mg) (m1)/11 mm/ (mm,mg, 12) /11 mm/(mg,mg,12)/11
mm/ (mm, 1m,mg) {(12)/11 mm/ (mm,mi,12)/11 mm/(mg,mi,12)/11

mm/ (mm, im,m1)/11

From 16 compound groups of the Mi-type (or 221i-symmetry
groups [2]) can be derived 6x12+3x4=84 multiple antisymmetry
groups of the M-type, and the only one group G/H.

The remaining groups G:1 P are classified in the same way,
according to P-symmetries (G/HEP), using the "middle" equality
criterion. In Table 2.1 — 2.7 every P-gymmetry group is given by
its (extended) group/subgroup symbol and by the number n. Each
table is followed by data about the possible reducibility of the
group P, the number of the P-symmetry groups for the given n, the
number of crystallographic P-symmetry groups of friezes [1,2], by

results corresponding to the "strong” equality criterion (which
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can be simply derived by permuting the equivalent subgroups of
the index 2), and to the "weak” equality criterion (G/H). Owing
to the reducibility of the groups Cik-z and Dik-2z,
PECak-2xC2 T-1=Cor-1xCe ! and PEDsk-2xCezl-1=Dzy-1xCz? (721).

Therefore, the cases PECzk-1xC2!, Dek-1xCe ! are not considered.

Tabile 2.1
Cn
t1/11 Kk im/im Kk
im/ig 2k
1a/1g 2k-1 im/11  4k-2
ig/11 2k
Cop-2=Cer-1002
k 2 2 5
2k—1 b 3 3
2k 2 4 4
4 k-2 1 6 5
Table 2.2
Dngz2ny
12/11 k mm/im K
mm/1g 2k
mg/1g 2k-1 mm/ 11 4k-2
mg/11 2k
T 3 2 (5]
2k-1 1 3 4
2k 2 4 5
452 1 5] 8
Table 2.3
On (nz2)
12/12/1% k (kz3) ma/ mm/ im k (k23)
mm/mg/1g 2k
mg/ma/lg 2k-1 mm/mt/ 11 4k-2
mg/mi/11 2k mm/12/11 4k-2
ma/12/1% 2k
Dix-25D2k-1%C2
K 3 3 4
2 k-1 1 & 6
2k 3 -] 8
4 k—-2 2
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The transition from the "middle" (in this case coinciding to
the "strong") equality criterion (G/Hi/H) to the “weak" eguality
criterion (G/H), results in the transition from Dn~symmetry (or

pz-symmetry [2]) to Dn(zn)-symmetry (or p’'-symmetry [2]).

Table 2.4
Caxie
im/(1m,1g)/11 2k im/(11,19) /11 4k-2
im/(im,11) /11 2k im/(11,1m) /11 4k-2
im/(1g,11)/11 2k im/(tg,im)/11 4k-2

tm/{1g,1g) /11 4k

Con~2=C2k-1%XC2

2k 3 2 6
4k 1 4 4
4k-2 3 6 &

In transition from the "middle" (in this case coinciding to
the "strong”) equality criterion (G/(Mi,Hz)/H) to the "weak"”

equality criterion (G/H), we have the following results:

2k 1 2 1
4 1
5] 1
Table 2.5
&un;xgg
12/011,123/11  2k=1 mm/(im,12) /11 k
mm/{1m,mg)/11 2k
mg/(1g,mi)/ 11 2k-1 mm/ (i1g,mi)/11 2k
mg/(1g,12) /11 2k-1 mm/(1a,12)/11 2k
mm/(1g,mg)/11 4k
mm/ (im,mm)/im 241 mm/{ig,mm)/11 4k-2
mm/(tm,mg)/1g 2k-1 mm/(11,mm)/11 4k-2
mm/{im,mi)/11 &k mm/ (11, mg) /11 4k-2
2k=-1 (5] 3 8
K 2 4 é
2k 3 6 8
4 k-2 3
4k 1

In the traneition from the “middle” (G/(41 ,Hz)/H) to the

"weak” equality criterion (&/H), we have the following results:
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2k-1 5 3 6
k 1 4 1

5] i

Table 2.6

DnxCe
mm/ (mm/1m,mg ) /mi/11 2k mm/(mg/1g,mg)/12/11 4%
mm/ (mm/im,mg)/12/11 2k mm/ (ma/1g,mm)/mi/11 4 k-2
mm/ (mm/im, m1)/mi/ 11 2k mm/ (mgo/1g,mm)/12/11 Ak-2
mm/ (mm/1im,12)/12/11 2k mm/(mi/11,mm)/mi/11 dk-2
mm/{mg/1g,m1)/mi/11 2k mm/ (mi/11,mg)/mi1/11 4k-2
mm/ (mg/1g,12)/12/11 2k mm/(12/11,mm)/12/11 4k-2
mm/ (mg/1g,mg)/mi1/11 4k mm/(12/11,mg)/12/11 4 k-2
Dik-2xC2=Dap-1xC22
2k 5] 4 8
4k 2 6 12

4k-2 6

In transition from the "middie” (in this case coinciding
with the "strong") equality criterion {(G/(Ha/Hs ,H2)/Hi /H) to the
the “weak” equality criterion (G/Hi/H), we have the following

resutts:

2k 2 4 2

2k 1 4 1

Table 2.7

Using some additional data pointing to the section of the
corresponding subgroups, every extended group/subgroup symbol
uniguely defines the colored symmetry group. By additional data
given in parentheses () are denoted sections indicating to Table

1.2
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mm/ (1m,mm,mg) (mi)/ 11 2 k-1 mm/ (im,mm, 12} /11 2 k=1
mm/ (im,mm,mg)(12)/11 2 k=1 mmn/(im,mg,mi)/11 2 k-1
mm/ (1m,mm,mi1) /11 2k—1 mm/ (1m,mg,12)/11 2k-1
2k-1 6 3 6

In transition from the "middle” to the "strong” equality
criterion, by permuting the corresponding subgroups of the index
2. from every group two groups can be derived.

According to the “"weak” equality criterion (G/H), we have

the following results:

2k-1 1 3 1

The results obtained 1imply the complete survey of the
group/subgroup relations of the symmetry groups of friezes. The
Table 3.1 giving the index of a subgroup in the group coincides
with Table I [4]. In Table 3.2, giving the quotient group PEG/H
some corrections of Coxeter results [4. Table 111, are included.

In Table 3.2 the group Cz (C22ZD1) can be replaced,
respectively, by Dy, where [G:H]=N (Table 2.3). The iJtalic

indexes in Table 3.2 indicate that H is not a normal subgroup of

G.
Table 3.1
11 ig 12 mi mg 1m n
11 k
ig 2k 2k-1
12 2k k
mi 2k ke
mg 4k 4k-2 2k 2k 2k=-1
im 2k 2k I
1T 4K 4K 2k 2k 2k 2k k
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Table 3.2

1 ig i2 mi mg im mm
1i Ck
ig Cz & Co k-1
12 Dr(2k) C2
mi Decz i) Ce
mg Dok 4k) Dzk-1(4k-2) Cz Ce Dz x-1
im Cr K C2 Ce Ck
mm DreziyxCe Der¢drn Cz Ce Cz D (2 k) 2
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