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Abstract. We construct components of a conformal copnection in &
hyperbollc Kaehlerlan space and an invariant curvature-type tensor of

such a transformatlion. We also investigate ils algebraic properties.
1. On conformal transformations of spaces with structure tensor

It is not easy to transfere the theory of conformal transformations
and their invarianis from Riemannian spaces to spaces with a structure.
Only in locally product spaces a naturally conformal transformation

raises.
A locally product space is a differentiable manifold M with posi-
n

" tive definite Riemannian metric

(1.1) ds® = gljdxide
and with structure tensor (FiJ), where the following is satisfied:
t. s
(1.2) FJ Fg_ = g
(1.3) F'r't=5',
3ot ]
(1.4) VkFJi = 0 for locally decomposable spaces.

From (1.2) and (1.3) it follows that the covariant structure tensor

(FIJ) is symmetric.
Tachibana [B6] defined a PC (product-conformal) transformation as a

transformation of the metric

(1.5) glj = pg1J + UF[J

where p and ¢ are scalar functions satisfying

dp=48cF " and 92—02 # 0.
i m |
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There is also a tensor invariant under a PC-transformation called a PC-

curvature tensor. For further informations the reader can see [41, [8].
There is a difference when we deal with Kaehlerian spaces. A Kaeh-

lerian space 1s a differentiable manifold Hn of an even dimension and

with structure tensor (F.j) which satisfies

LA —
(1.8) Fj Fy B T T8y,
X tob _ 1
(3,73 }F':| Ft = 6] .
: 2
(1.8) kai = 0.

From (1.8) and (1.7) it follows that the covariant structure tensor is
skew-symmetric (and parallel because the metriec tensor is parallel).This
is a real obstructicn to define a complex conformal transformation. If
we introduce a conformal transformation as it was done in Riemannian
spaces, then two conformally correspondent Kaehlerian spaces are
homothetic.

Yano [7] introduced a transformation satisfying

= 2p =51 i
(1.9 = F =F",
! gU € glJ ] ]
He alse constructed a connection which satisfies
B 1 g (R o 1
(1.10) DkgiJ 0, DkFJ 0, 2(I"J S Fk J) Fqu

Such a connection is called a complex cenformal connection.
Yane also proved [7] that, 1f a complex conformal connection has a

vanishing curvature tensor, then the Bochner curvature tensor

1 sl s PR i 1 fix
B Ikl 2 Jk1 (n+4) {61 Kkj 6k K1_1+K1 Eyy Kk glj+F1 HLJ

(1.11) -F'H -H'F -H'F -20 F -2y 'F -

k1] 01 Tk) k1) Ik ] J 1k

-1 1 1 i i i

(n+2) K(a] g, 6k g1J+F1 FkJ—Fk F1J+2F‘]kFJ )
(where K  is the Ricci tensor and H = -K F *) vanishes.
k] kJj ka J

A hyperbolic Kaehlerian space is a space of even dimension (n=2m)

with indefinite metric and with structure which satisfies

(1.12) Ffrl=51,
1 % i
(1.13) vF'=0,
k)
i L - _p @
(1.14) F, 5 F'J g,

In this paper, following the ideas and the method of Yano [71, we
will construct a connection which will be called a conformal connection
of a hyperbolic Kaehlerian space. We will alsc find, under certain

conditions, an invariant of all these connections,
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2. About a hyperbolic Kaehlerian space

In the previous paragraph, we defined a hyperbolic Kaehlerian space
as a space with indefinite metric and with structure. The structure is
non-degenerate and possesses n (dimension of the space is n=2m) linearly
independent eigen vectors in the tangent space. We can prove the fol-

lowing properties of the structure.

PROPOSITION 1. (A) Every vector in the tangent space of a hyperbo-
lic Kaehlerian space is transformed by a sitructure into an orthogonal
veclor.

(B) The scalar square of a vector-original is opposite to the
scalar square of the vector-image.

Proof. (A) aji‘-’iJ =B

ab’ =a a F EgU
i i =t

=a a FJs = —a.a.FEJ = 0.
1= 1 7s
(B) bbb =bbeg®=baFig"®=bar=_abr®=_aal
g g
s s t g J t g8 J Jj = J

In accordance to Proposition 1 elgen vectors of the structure are
isotropic (null-vectors). As the structure possesses n linearly indepen-
dent eigen-vectors, there exists a basis of the tangent space of a hyper
bolic Keehlerlian space where these isotropic vectors serve as basic vec—
tors. In such a basis metric tensor is hybrid and the structure tensor
is pure. Covariant structure tensor is also hybrid.Using this coordinate
system, we can show that a hyperbolic Kaehlerian space admits isotropic
vector fields which are not eigen for the structure. Such a basis is
called a separated basis. Also, according to Proposition 1 (B), there
exist vectors of positive scalar square (space-like vecfors] and vectors
of negative scalar square (time-like vectors). Space-like vectors may
serve as a domain for the involution (Fjl} and its co-domain will be the
set of time-like vectors. We may choose such a basis; then the metric
tensor will be a pure tensor of signature (n,n) and (FJL) will be a hyb-

rid tensor. Such a basis is called an adapted basis.

For all the considerations in this paper we will use an arbitrarely
chosen basis - it will be neither separated nor adapted. However, all
our results can be transferred intc these special bases and some of them

even may look simpler.
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3. On a metric connection with a given torsion

Let a connection with coefficients {Fjlk} be non-symmetric and let
s

s -—
{=3.:1) A Fk 0= 2sik ,

=
where Slk are components of the torsion tensor.

Our goal is to construct connection coefficients, if the connection
is metric and the torslion tensor is chosen in advance. As the connection
is metric, we have

ag

1] s a _
(A) _ ;;;_ T P r] Bis 9
If we permute in (A) 1i,j,k cyclicly, then we obtain
ag o
(B) ~dk._rSg ~r®g =0
axl J 17sk k 17 js
and
ag
(c) kl __p®g -r°g =o0.
BXJ k sk 1 j ks
From (A), (B) and (C) we obtain
a a a
h+-5’-5—i‘—’=(rs +T%)g +25 %g +25 °g
5" st ax? 1k Kk 1 "Js jk s 31 Pks
or, in accordance to (3.1},
a 8 &
ii)f._glf__f.u:z[rs +5 %)g +25 % +25 g .
ax® ax] ax? k1 ik —Js Ik “is 1 ks

Then, trancvecting this result by %gaj, we obtain

a a a ] al - [ ] B
{1 k} ol " Slk * Sjk g,.8 +’531 gksg '
or, taking into account that the torsion tensor is ehew-sppmetric, in

lower indices,

a_ a a & a
(3.2) Fei 5 {k s} *Ey t B i T g
where
a t _la
(3.3] Sk . = Skl g g,

We have proved

PROPOS;TIDN 2. The meiric connection with torsion temsor components

Sklj has coefficients of the form (3.2).

(This result is due to Hayden [2]. Here it is adapted to a diffe-

rent covariant differentiation convention, used by this author.)

4. Conformal connection of a hyperbolic Kaehlerian space

We introduce a transformation’of a hyperbolic Kaehlerian space
= 2p ook 1 F 2p.
4.1 =e , F =F , F =e"F ,
(4.1) i Byr Ny Ty T "

. r : =
where p is a C, r23, scalar function of n variables.
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We are looking for an affine connection for which the new metric

tenser éjl will be parallel and whose torsion tensor will be SJiEI

a
= Fqu
where qa is a vector field.

According to Proposition 2 such a connection will have coefficients

of this form:

1 -1 s 1 i
I? = + + +
. Jk .{jk} F_I % qu_'i ijq ’
where {jik} are Christoffel symbols formed of é]i, i.e.
1o g i i _ i i i i
(4.2) FJ < = {j k} + 6ka + Ska g,P + FJ q *+F a, * Fjﬁq
where '
a 1 ia
(4.3) b= . p =g’ ,aq=gd.
ax a ] ja

We also want the connection with coefficients (4.2) to be an F-con-
nection, which means that the covariant structure tensor (as well as the
mixed one) needs to be parallel. If we differentiate Flj covariantly,
then

F = 2p = 2p =
DkFlj = Dke Flj e [ZkalJ + DkFIJ]

) = ezp[gik(qj_Fjsps)_ng(ql_psFls)_Flk[pj_qSF}s}+FJk{p1“qSFls)] =9
what means: the connection with the coefficients of the form (4.2) is an
F-connection if and only if
(4.4) glk(qJ—FJsps]—ng(qi+pEFiE)—1flk(pj—quJEHFJk[pi—qﬁFlS] = 0.
Transvecting (4.4) with-glk we get
(n—l)[qJ—Fjpgl + (Flel-ngqB) =0

which means (n—2}(qJ—FJ-ps] = 0.
As n > 2 it follows
(4.5) ‘q, =F p"=F%_,p =F q =F5

We have proved

THEOREM 1. In a hyperbolic Kaehlerian space with metric tensor
(giJ) and structure tensor (F ') an affine connection which satisfies
2p . 2p = T {
Dke gu 0, Dke FU 0 and 1"j " Fk ] 2F}kq s
where p is a ¢ scalar function of n variables, is given by (4.2) and

the conditions (4.3) and (4.5) are satisfied.

Such a connection we call a conformal connection on a hyperbolic

Kaehlerian space.

5. Curvature tensor of a conformal connection on a hyperbolic
Kaehlerian space

Suppose we have given a conformal connection on a hyperbolic Kaeh-

lerian space (4.2) and that the conditions (4.3) and (4.5) are satisfied.
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We calculate the curvature tensor of such a connection according to for-

mula
L i
i ar k ar 1 1 1
(5.1) Rkl=_:-__1h_+rskrl_rglrk'
A ax ax 1k 3 3
By a straightforward calculation we obtain:
i - Tk i _ _ 1 s 1 5
R Ikl E Jkl 51 (vkpj BP, ~ 99, ® 28 PP zFqusp )+
i 1 s 1 =
« 8 %P, PP, = 4,9, * ;8 ,PP - 3F ap)
1 i i | s 114 =
- ng[pr PP 49 + 561 bp - EFl b4 ) %
1 1 i 1 i = i 1 s
" g_u(vkp PP 99 * 5 PP 2T BT ) -
1 1 = i s
Fl (vkqj pqu qkpj Y szquq ngqu 1>
i 1 s 1 s
" Fk quj plqj - qlp_l - zFuqsq ‘ag”paq ) -
i 1 1 1.1 s 1.1 s
~F = = L = T
kj(vlq Pd LGP aFl .9 261 P4 )+
{ i 1 io8 B 1.1 =
* Flj(vkq P -4qp *+3F a4 2% P ) #
i 1 i
1 + 2Fk1(qu ap )+ F} (V]qk qul) .
where K i are coefficients of curvature tensor of the original hyper-

bolic Kaehlerian space.
According to Proposition 1, pspS = -q c{s and p C[s = 0. If we intro-
s s
duce new notation

B =V - - +l i
= WPy T RP TG4 *PPE.

g =9 - = _ 1 i
- W9, TR T 9P - PPF
(5.2) _

Foy = 2{1:'}q1 qu.) ;

e T e

and take into account that the metric and structure are parallel, then

5.3) ! o Y i _ 1 1, oo i
( Ikl K k1 61 pk} * ak le gk_lpl * gupk Fl qkj *

+F1q1J—F qa'+F q'+F B8 +Fla

k kj 1 1)k k1" j1 J kT
ka and n:;kJ are related as follows:
(5.4) pkaFJa W qkaFJa =
For ockj and BkJ we have .
- o = I-"Mc::kJ = —2th . ak_l = —.chk i
B=F8, =tp®, B, =6, .

After lowering the upper index i1 in (5.3) we obtain

R =K - = =
1}kl 1]kl gllpkj * gmp” gkjpll * gljpkl F“qkj *
Fqulj - ijqn t F]qui £ Fklﬁjl * Fjlukl '
where Kiml is the Riemann-Christoffel tensor of a hyperbolic Kaehlerian
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space. We can notice that the tensor RUH is skew-symmetiric in indices

1,j. Suppose now that it is invariant under change of the first and
second pair of indices.

R =R s

1kl k1Lj

= - - - +
Rklij Kkllj ngp“ & glkpjl gilpjk * g]lpkl ijq“
E Fikqjl - Filqjk * Fjlqik N FijB]k ¥ Fucmu !

As ka and qu are symmetric and F‘kJ i mkj and BkJ skew-symmetric,

we obtain

+q )

.71 Ela, ® a,l - Fm(qu ¥ qjj] K ij(qll % q“) - Fu[q ik

11 “kj k
o + - =
1 Bkl.) Flk(al_l BU) 8

Transvecting the relation (5.7) with F'' we obtain

led
- F (e
e~

(n-z)(qkj + qjk) =0

and consequently
(5.8) q,, + B ™ o,
l.e. qkj is skew-symmetric.
Besides, from the relation (5.7) there holds

F|l)|:(0: - B ] = Fj].(‘xkl - Bkl)

i) ij
and, after transvecting with FH, we obtain
B 2 t t
{(5.9) @, = B” + n(th + 2ptp ]F“.
Also, as a, is skew-symmetric, using (5.2) we can obtain
o -2q, - ppF
(5. 10) ‘{ Ji Ji 25 §x
— o s s
B_Ii - 2qji n(vsp * 2psp ]Fjl.

Suppose now that R”k1 satisfies the first Bianchi identity. Then
we obtain (by straightforward calculation):

R + R + R = K + K K - F (2q,6 + « ) +
1kl 1k} i1k 13kl 1kl] Tiljk 1 k) kj

+ Fm[Equ + a”) - 1-"”[2qut *a ) - Flk(_Zq“ + S”) #
+ F (Eqkl4 BH) - FkJ(un + B“] =0
what gives us

(5.11) F“(quJ + ot”] 5 Fkl(quj

F]k(ijl * le) N Flj(zqki * 'Bki] % F”[Zq“ * ‘Bu] = D.
According to (5.10) one has

+ rx”] + 1-“jl[quk + a ) +

e % . = _2 s s
zqkj * oElv:j - psp Fk_l Lo zq_li * Bji n(ps - 2p5p )FJ1:
Substituting this into (5.11) we obtain

2(F F -F F +F F )p
s

s n+4 Sy
tRP) =0

n 11 kj ki 1] 311k
If F“ij - Fk].Fl_l + l-"_“Flk = 0, then (n—2)FkJ = 0, what 15 senseless.
Then we can conclude that
n+é T
(5.12) p, = —5BpP )
(6. 13) .B“ = —2q_u + p,p FJ!'
B1




We can calculate the Ricci tensor of the conformal connection on

hyperbolic Kaehlerian space. If we transvect (5.6) with gil,then we have

=K - + _ s
(5.14) R, =K, ~ (n+tp . & \Pe
Transvecting this expression again with g we obtain
(5.15) R=K- 2(n+2]p;
From (5.12), (5.14) and (5.2) we obtain
: _ 1 _ - T
(1) Py = n+i(Kjk Rjk) 2(n+2)(n+4)(K R)g_jk '
S - 1 =
(Bas) "o 4 ey = n+4(sj'=: S_lk) * 2{n+a)(n+4}(K R]ij P
- -
(111) Yy T n+4( ky skj)
’ _ =z = B 2 _
~ (v By = ok gy Skj) T e RJFU ‘
S and S are tensors:
k] kj _
(5.17) s =K F*,S =R F"
kj ka ] k) ka J

Their difference, according to (5.16)}, is skew-symmetric.
Substituting (5.18) into (5.8) we obtain

) _ _ -
T n+4[gllej gkiR1_|+gijl1_glij1+Fllskj_Fle!j+ P
F158k1+25 F +zsk]FJl n+2(gligk_| gmglJ+F11Fk1_.F.11Fk_1—2FJ:Fk|]]

(3. 18) —lig K -g K +g X -g K +F. S -F S #4F S -

1)kl ned 11 kj ki 1) Tkj 11 Tl) ki 11 kj O k1T1)  k)LA

K
FIJSk1+ZSlek1+ZSleJI n+2(g]lgkj gkiglj FUFm F“F” ZF_qul)]

The tensor on the right-hand side of (5.18) we will call the

Bochner curvature tensor of a hyperbolic Kaehlerian space, for the sake
of analogy with a result of Yano [7]. We will denote it by I-[BUH. We
have just proved

THEOREM 2. If the curvature tensor of a conformal connection on a
hyperbolic Kaehlerian space is invariant under change of the first and
second pair of indices and if it satisfies the first Bianchi identity,

then the tensor HBlel is an invariant of all these connections.

6. Algebraic properties of the tensor HBlel

In order to investigate algebraic properties of the tensor H'Bljk!

we have to do some investigation of the tensor S1J

As the structure tensor is parallel there holds
(6.1) g gt gt F‘=o,
tkl J Jkl t
(6.2) ¥ -x* F F = 0.
Jx1 akl t

After lowering the index 1 and taking into account properties of the

curvature tensor in a (pseudo)Riemannian space, we have
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(6.3) K - K F R ™ =0
1kl atkl j i

and for the Ricci tensor

(6.4) XK -X _F%=o0.
Ik atkl J

Transvecting (6.1) with gjk,we get

to § 1kt _ 1
KF =K _ F ==-(K
1t thl 277 tki ktl

or

Then one has
K +X'r =0.
1 tt 1 tl

As the tensor Ftl is skew-symmetric, then

(6.5) KF +x F'=0 or S +5 _ =0 ([7], [8]).
1t 1 it 1 11 11

We have proved

THEOREM 3. In a hyperbolic Kaehlerian space, the tensor Sll= K

la j

is skew-symmetric.
From (5.186) it follows
LEMMA 1. The tensor 511 = R1aFja is skew-symmetric.
Now it will be easy to prove

THEOREM 4. The Bochner tensor of a hyperbolic Kaehlerian space has

the following algebraic properties:

(a) HB = -IB ;
Lkl 4k
(b) HB, o = _Hlekl
(c) HB = HB ;
4 Jkl K11}
(d) HB + HB + HB =0
1kl 1klj 1k
(e) HB* =0,
bkl
(r) Bt F'-mB' F'=0
txl” g Jrlt

Proof. We are golng to prove just this last equality; the all rest

is very easy to prove, We have
' ptog! 7 Lys's s's «F k'F x4 'k -F 'k -
1 k3 ok Tl jx 1 11k 1 k) k 1j
1 1

thl tkl ] n+a
Ba'f 5% -g F +Fling—25

g s'+g s'2x'F -25 &
k 3 K1 Kkl j n+2 1 jk k 11 11 k

371 1k
¢

1
JEOL
s'+g s'4s's -5's -

1 157k 1 k) k13

i 1
51 Zﬁj Fkl)].

F o=k P -Lyply plg 5
Jkl t Jel t n+d 1 kj k 1] k

F kF k'-2k'F -25 &
kj 1 1 k J kil kl

3
1K L i i

3 ) Taea T B T BT TRy
As the tensors Skj and ij are skew-symmetric and the tLensor KlJkl

satisfies the equality analogous te (f), then (f) holds.

63




(11

[21

[3]

[4]

[5]

[8]

[71

[8]

REFERENCES

G. GANCHEV & A. BORISOV, Isotropic sections and curvature properties
of hyperbolic Kaehlerian manifolds, Publ. Inst. Math. (Belgrade) 38
(52)(1885), 183-1892.

H.A. HAYDEN, Subspaces of a space with torsion, Proc. London Math.
Soc. 34(1834), 27-50.

P.K. RASHEVSKII, Skaljarnoe pole v rassloennom prostransive, Trudy
seminara po vektornomu i tenzornomu analizu 6(1948), 225-248.

V. PETROVIC, Konformne transformaci je prostora sa kompleksnom i pro-
dukt strukiurom, Magistarska teza, PMF, University of Belgrade, 1980.

M. PRVANOVIC, Holomorphically projective transformations in a lo-
cally product space, Math. Balkanica 1(1971), 195-213.

5. TACHIBANA, Some theorems on locally product Riemannian spaces,
Ochanomizu University, 1959.

K. YANO, On complex conformal connections, Kodai Math. Sem. Rep. 26
(1975), 137-151.

K. YANO, Differential geometry of complex and almost complex spases,
Pergamon Press, New York, 1985.

Nevena Pusié
0 INVARIJANTNOM TENZORU KONFORMNE TRANSFORMACI.JE
HIPERBOLICNE KELEROVE MNOGOSTRUKOSTI

U radu je konstruisana konformna koneksli ja za hiperboliéni Kelerov

prostor. Pod odredjenim uslovima promadjena Je invarijanta svih takvih
koneksija. Za invarijantni tenzor su utvrdjene algebarske osobine.
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