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Abstract. Some notions and assertions concerning topological spaces
are extended te continuous mappings. In particular, we show that there
is a natural one-to-one correspondence between the family of all Ivanov

proximities on a mapping f and the set of all compactifications of f£.

1. Let X and Y be topological spaces, J the topology on ¥ and
f:X - Y a continuous mapping such that f e T0 [1] and € RO (i.e. for
any closed subset F of X and any x € X \ F there exists a set 0 € J such
that £(x) € 0 and [{x}l, nF n £ (0) = 2).

REMARK 1. If f is a regular (completely regular, normal TO—) mapping
[1], then, obviocusly, f € Rd

REMARK 2. For any closed (in particular, perfect) Tlfmapping [1] £

one has f € RO.

THEOREM 1. Let f € TU.Then the following conditions are equivalent:
1. There exislts a Ti—compactification [1] of £ ;

2. fe R.
o]

2., Let f:X 5> Y be a mapping such that f e TD and f € Rb' For any
0 e J let Fin:OP(f,O) denote the family of all ordered systems ¥, |yl|>1,
of closed subsets of f_i(DL

DEFINITION 1. For any O € 9 let ob:Fin:Or(f,O) -+ {0, 1} be a mapping
satisfying axioms (C1)-(C5) from [2] (ob(y) = 0 iff ¥y is a contiguity
system [2]) and the following axioms (CM1)-(CM3):

CM1. If ¥y = {Ff""F;} € Finz@r(f,O), ob(?) =1, 00 € 4, 0 c O,

then cr(Finf_l(o‘),...,anfﬂ(o’)) =1 ;
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CM2.If vy = {F,...,F} € Fin:Or(f,O) and for any y € O there is a
1 n el .
neighbourhood 0’ of y, 0° < O, such that ab,(F;nf (0 ),.,.,F;nf (0’))
= 1, then 00(7) =1 ;
CM3. If F ¢ X is closed, then x € F Iff for any O € J with f(x) € O
it holds o([{x}], n £ '(0),F n £ '(0)) = 0.

The system ¢ = {ab:O € J} is said to be a contiguity on f.

EXAMPLE 1.Let for any O € 7 and any v = {F,...,F} e FinZOr(f,D)
the follpwing'formula holds: 05(7) = 1 iff n{Fﬁlsiﬁn} = @. Then the
system o = {06:0 € J} is a contiguity on mapping £ - the contiguity "on
the intersection" (compare with [2]).

Let ¢l(f,0) be the family of all closed subsets of f_l(O), 0D e 9,

and cl(f,y) = Wecl(£f,0):0 € 7, y € 0}, cl(f) = u{cl(f,y):y € Y}. let o
be a contiguity on f.

DEFINITION 2. Let y € Y, p c cl(f,y). The pair (p,y) is said to be
a contiguity system (or o-system) of f (over y) If the following condi-
tions are satisfied:

a) For any nelighbourhood O of v, fki(O) Cu;

b) If y = {Fi""'F;} c u, then there exists a neighbourhood O of y
such that for any neighbourhood 0’ of -y with 0" ¢ O the following holds:
0o (F,nf (0°), ..., F af (0")) = 0.

PROPOSITION 1. A. If for any o-system (u,y) of f, (mg) n f (y) # o
holds, then f is a perfect mapping.

B. The following conditions are equivalent:
bl) f is a perfect mapping ;

b2) (np) n f-l(y) * @ for o = o and any o-system (p,y) of f.

DEFINITION 3. 4 o-system (u,y) of f is said to be a o-end of £ (or

maximal contiguity system of f) (over y € Y) if for any o-system (v,y)

of £ with v > p we have v = y,

Let uf(X) be the family of all ¢-ends of f and let af:of(X} 3 Y be
a mapping such that of(y,y) = v for any (p,y) e Uf(x). The mapping of is
said to be put up by means of the contiguity o on f.

For any F c cl(f) let &(F) = {(p,y) e UF(X}:F € p} (see also [2]).

LEMMA 1. The family B = {(o.(X) \ ®F)) n (of) '(0):0 € 9, F=F ¢ X}
is a base of some topology I(¢) on af(X).

DEFINITION 4. 4An extension g:Z > Y of a mapping f:X » Y is said to
be a correct extension of f if B(g) = {Z \ [A]X:ACX} is a base [1] of g.
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PROPOSITION 2. Any ?é—compactification [1] g of a mapping f is a

correct extension of f.

THEOREM 2. The mapping wf:(af(x),g(a)) + Y is a correct Tl—compac—
tification of f:X > Y.

THEOREM 3. There is a natural one-to-one correspendence between the
family of all contiguities on a continuous(To— and R%—) mapping f and
the family of all correct T}—compactifications of f. To every correct
Tl—compactification g:Z - Y we assign the contiguity o = {UO:O € J} on £
for which the following condition holds: if 0eJ, {Ff.,.,F;}eFin:Or(f,O)

then o (F ,....F) =1 iff (n{l[F 1 :15i=n}) n g (0 = @.
0 1 n 1°Z

If |Y] =1, f e T1' then Theorem 3 coincides with Theorem B in [2].

3. let FinZDr(f,O) be the family of all systems 7 € Fin:Or[f,O]
such that |y| = 2.

DEFINITION 5. For any 0 € J lei SO:FinZOr(f,O) -+ 10,1} be a mapping
such that for any y € FinZOr(f,O) one and only one of equalities So(w):o
or 60(7):1 holds and the following axioms are satisfied:

EPL. 6D(F.H) = ED(H,F)

IPZ2. SO(F,HUQJ =1 iff EO(F,H] E SO(F,G) =1;

IP3. 84(£ (0),2) =1 ;

IP4. If 8,(F,H) = 1, 0'€J, 0°cO, then 8, (Fnf '(0’),Hnf '(0")) = 1;

IPS. If {F,H} = Fineﬂr(f,D) and for any y € O there is a neighbour-
hood 0° of y, 0° c O, such that &, (FAf (0’ ),Hnf "(0’)) = 1, then
5O(F,H) =1

IP6B. If F is closed in X, then x € F iff for any 0 € J containing
f(x) the following holds: 60([{X}]anﬁlfO),an_i{O]] = 0.

The system & = {60:0 € J} is said to be an Ivanov proximity on f.

REMARK 3. let o = {UO:D € 9} be a contiguity on f and let for any
0 € T and any {F,H} € FinEOF(f,O} the condition
(1) SO(F,H) = ab(F,H]
holds. Then the system & = {60:0 € 7} is an Ivanov proximity on f.

Let 8 be an Ivanov proximity on f. Let P(8) be the family of all
contiguities on f for which condition (1) holds.

b4

THEOREM 4, There are a maximal contiguity [8] o™ & P(&) and a mi-

"™ ¢ P(5) on f.

nimal [8] contiguity o

a7




Recall that two compactifications g:Z 5 Y and g’:Z'> Y of a mapping
f:X 5 Y are said to be identical (in another way g = g’) if there exists

a homeomorphism h:Z » Z’ such that h(X) = X and g = g’h.

DEFINITION B. A compactification g:Z > Y of a mapping f:X 2 Y is
said to be put up by means of a contiguity o on f if g = of.

DEFINITION 7. A4 (correct) T1~compactjfication g:Z > Y of a mapping
f:X > Y is said to be a major compactification (see [2]) if il is pul up

by means of a contiguity ™™ ¢ P(3) (for some Tvanov proximity 8) on f.

PROPOSITION 3. Any Tz—compactification (in particular, any comple-
tely regular compactification} g of a mapping f is a major compactifica-

tion of f.

PROPOSITION 4. (1) Let wf be the Wallman compactification of f (see
(51, [91). Then of = o'f.

(2) Let &'
any 0 € 7 and any {F,H} € FinZOr(f,O) one has Bé(F.H) = Gé(F,H)- Then we

have: wf = ¢'f = apﬂx(ﬁl).

= {6; :0 € I} be an Ivanov proximity on f such that for

THEOREM 5. There is a natural one-to-one correspondence between the
family of all Ivanov proximities on a (Tn— and Rb_) mapping f and the

family of all major (correct T1_) compactifications of f.
e
REMARK. Theorem 5 is an obvious corcllary of Theorems 3 and 4.

LEMMA 2. Let g:Z -» Y be a major (Ti—) compactification of a mapping
f:X > Y and let 8 be an lvanov proximity on f such that g = 6th) where
M e P(3). The following conditions are equivalent:

1) g T2 1 A .
) 2) There exislts a NP-proximity [3] &= {SO:O € 7} on f such that
SO(F,H) = SO(F,H) for any 0 € 9 and any {F,H} FinZOr(f,O).

Now the thecorem of Norin-Pasynkov in [3] follows from Theorem 5,
Proposition 3 and Lemma 2. _

Recall that for |[Y|] = 1 the theorem of Norin-Pasynkov [3] coincides
with a theorem of Smirnov (see [4;T.8.4.13]).

In conclusion I should like to express my gratitude to Professor
B.A. Pasynkov for his formulating the problem and his help as well as teo

V.P. Norin for his help.
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Yuri Pershin
SUSEDNOSTI I BLISKOSTI MNA PRESLIKAVANJIMA,
Tl—KDHTAKTIFIKACIJE PRESLIKAVANJA

Neki pojmovi i tvrdjenja iz teorije topoloSkih prostora prenose se
na neprekidna preslikavanja med,ju topolofkim prostorima. Speci jalno,
pokazanc Jje da postoji prirodna uza jamno jednoznaéna korespondenci ja
izmedju skupa svih bliskosti Ivanova na preslikavanju f i jednog skupa
kompaktifikacija tog f.
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