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Abstract. We prove thak tightness, T-tightness and set tightness
coincide with thelr closed splittable verslons. It is also shown that
these results are no longer true In the case of splittability with res-
pect to continuous maps. In additional we glve a partial answer to the
question whether a space which is closed splittable over the class of
sequentlal spaces Is itself sequential.

Given a class of maps M and a class of topological spaces P, we say
that a space X is M-spliitable over ? provided that for any subset B of
X there exist £ € M and Y € ? such that £:¥ + ¥ and B = frlf(B]. When M
is the class of all continuous maps or the class of all closed maps we
simply use the expression splittable or closed splittable. Several
papers related to the above notion have recently appeared (see the refe-
rences of this paper). It should be recalled, however, that the idea of
splittability is due to A.V. Arhangel’skii.

One problem to be investigated arises in connection with the notion
of cardinal function. Given a class of maps M, a cardinal function © and
a space X, the M-splittable version of ¢ is the cardinal function
@M,S(X) defined as the smallest cardinal T such that X is M-splittable
over the class of spaces having ¢ not exceeding 1. Clearly, Wﬂ,s = ¢
always holds and in many cases the inequality is proper.

In [3] (Theorem 5.2) it is proved that if tS(X) is countable for a
compact space X, then t(X) is also countable and in [13] it was remarked
that the same proof (mantaining the assumption X compact) can be carried
out for any cardinal.

The aim of the present note is to prove the previous result in the
general case, without any hypothesis on X. It turns out that the only

thing we need is splittability with respect to closed continuous maps;

AMS Subject Classification (1980): 54425




this assumption cannot be weakened to splittability with respect to con-
tinuous maps. We also prove an analogous result for the T-tightness and
for the set tightness. Yet in connection with the notion of closed split-
tability, we in additional give a partial answer to the problem whether
a space which is closed splittable over the class of almost radial (se-
quential) spaces must be itself almost radial (seguential).

Henceforth T and p denote infinite cardinal numbers and cf(p)
denotes the cofinality of p. «,B8,v,£€ are ordinal numbers. P(A) denotes
the power set of A, If X is a topological space and y a family of sub-
sets of X, then we write E to indicate the family {C:C e v}. All spaces
are assumed to be Tf

To begin with we recall the definitions og tightness and two of its
variations which will be discussed here. These two variations of the

classical notion of tightness were introduced in [10] by I. Juhasz.

DEFINITION. The tightness of X, denoted with t(X), is the smallest
cardinal number t© such that for any subset B of X and any peint x € B
there exists a subset A of E satisfying |A|] = T and x € A.

The T-tightness of X, denoted by T(X), is the smallest cardinal
number T such that whenever {Fa:a € p} is an increasing sequence of
closed subsels of X with cf(p) > T it follows that U{Fm:a € p} is closed.

The set tightness of X, denoted by ts(X), is the smallest cardinal
number T such that for any subset B of X and any point x € B’ there

exists a family ¥ ¢ P(B) such that |y| =1, x ¢ G; and x & uy.

In [10], it is shown that the relation ts[X) = T(X) = t(X) always
holds and the inequalities can be proper.

A subset B of a space X is said to be t-closed provided that for
any subset A of B with [A] = T we have A ¢ B, A useful fact concerning
the tightness is the following: (see e.g. [1]1) t(X) = T if and only if

any t-closed subset of X is closed.

THEOREM 1. If X is closed splittable over a class of spaces having

tightness not exceeding T, then t(X) = T.

Proof. Tt is enough to check that any t-closed subset B of X is
closed. To this end select a space Y with t(Y) = 7 and a closed map
£:X 5 Y such that B = £ 'f(B). We claim that f(B) is t-closed in Y.
Indeed, for any C ¢ f(B) with |C| = T there exists a subset D of X such
that £(D) = C and |D| = 7. Therefore, we have D ¢ B and £(D) = F(D) = C
and consequently C ¢ f(B). Since t(Y) = 7 it follows that f(B) is closed

in Y and therefore B is closed in X. This completes the proof.
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Since any continuous map defined on a compact space is closed, we

immediately obtain:

COROLLARY 1. If a ceompact space X is splittable over a class of

spaces having tightness not exceeding T, then t(X) = T.

THEOREM 2. If a space X is closed splittable over a class of spaces

having T-tightness not exceeding T, then T(X) = t.

Proof. Let {Fm:a € p} be an increasing sequence of closed subsets
of X and suppose that cf(p) > 7. Let B = u{F“:a € p} and select a space
Y with T(Y) = T and a closed map £:X - Y such that B = £ '£(B). The fa-
mily {f(F“):a € p} is an increasing sequence of closed subsets of Y and
consequently u{f(Fa):m € p} is closed in Y. The latter union is equal to

f(B) and therefore B = f_lf(B) is closed in X. This shows that T(X) = <.

THEOREM 3. If a space X is closed splittable over a class of spaces

having set tightness nol exceeding t, then t (X) = .
s

Proof. Let A be a subset of X and let B = A u(u{uy:y ¢ P(A) and
l7l=t}). It is clear that A ¢ B ¢ B and to prove that ts(X) = 1T it is
encugh to check that B is closed. To this end take a space Y satisfying
ts(Y) = 7 and a closed continuous map f:X = Y such that B = £ 'F(B). In
order to prove that B is closed it is sufficient to verify that f(B) is
closed in Y. Thus let y € f(B) and notice that, because B ¢ K, we also
have y € F(AJ. Since ts(Y) = 1, there exists a family y of subsets of
f(A) such that |¥| =7, y € Uyr and v & uy. Put y'= {f {C):C e 7} and to
begin with observe that 3’ c P(A) and || = T. Moreover, as y € Uy and T
is closed, we must have f_lfy) n G;T # @ and consequently there exists a

point x e G;T such that f(x) = y. On the other hand, since y & u&, we

have f_l[y) n f_l(C) = @ for any C € ¥ and hence x & uy'. This means
that x € B and therefore y = f(x) e f(B). f(B) is then closed and the

proof is complete.

It is important to observe that in the statements of Theorem 1,
Theorem 2 and Theorem 3 the word "closed" cannot be omitted; in other
terms tightness, T-tightness and set tightness are generally different

than their splittabie versions. This is easily seen by the next example.

Let A be a set of cardinality @, and p € A. Let X be the topologi-
cal space obtained from the set A declaring a set U ¢ A to be open
either if p ¢ Uor if pe Uand |[A \ U| = w. In addition let Y be the

one-point compactificaticn of the discrete space A \ {p} having p as the
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accumulation point. It is obvious that the identity map i:X » Y is con-
tinuous and injective and we have t(Y) = T(Y) = ts(Y} = w. This is
enough to say that X is splittabie over a class of spaces having coun-
table tightness as well as countable T-tightness and countable set tigh-

tness, but clearly we have t(X) = T(X) = ts(X) = 0.

To finish the paper we present a result concerning the invariance
of sequentiality with respect to closed splittability (compare with
Theorems 2.1 and 2.2 in [12]). This result holds for a particular class
of spaces and it is the consequence of a more general statement.

Recall (see [4]) that a space X is said to be almost radial pro-
vided that for any non-closed subset B of X there exist a regular car-
dinal © and a transfinite sequence {xa:a € T} in B which converges to
some point x € B \ B and satisfies x ¢ {XB:B e g} for any o € 7T. The

class of almost radial spaces contains all radial and all sequential

spaces.

THEOREM 4. If a regular scattered space X is clesed spliltable over

the class of almost radial spaces, then X is almost radial.

Proof. Let B a non-closed subset of X and select an almost radial
space Y and a closed map f:X - VY such that B =f"'f(B). Clearly f(B) is
not closed in Y and hence there exist a regular cardinal T and a se-
quence {y e € T} in f(B) which converges to some y & F(B) \ f(B) and
satisfies y # T;g_ﬁ-E—ET for any o« € T. For any a« € T pick a point X, in

(y ) and let S be the set so obtained. Because y € F(S) and f is
closed it follows that £ (y) nS # @ Let x be an isolated point in the
subspace f—l[y) n S and, by virtue of the regularity of X, choose two
disjoint open subsets U and V of X such that xeU and f_l(y) n S\{x} ¢ V.
Since x is in the closure of U n S and consequently f(x) is in the

closure of f(UnS), it follows that U n S has cardinality t. Therefore

UnS is a cofinal subsequence of S and we can write Un S = {x w(v)’ v € T},

The proof of the theorem will be complete showing that the sequence
{xm(v)'
The latter assertion follows easily from the continuity of f and the
analogous property of the sequence -{y ;e € 1}. To check the convergence
£

of Xy

loss of generality can be supposed to be contained in U. The set (X \ S)

v € T} let W be an arbitrary neighborhcod of x which, without
v WuV is a neighborhood of f_l[y] and consequently, by the closedness

of T there exists a neighborhoed R of y Such that £ "(R)c(X\8) v W u V.

Fix a € T in such a way that for any o > a we have Yy € R and choose
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:v € T} converges to x and for any v € T we have x ¢ {xa(g):g € v},




* * 3 #*
v € T so that alv ) > « . For any v > v we have f(xm

)) € R and hence

s (v
Xiv) € (X\S) v Wu V. Now the fact that (U n S) n ((X\S) v V) = @ ob-
viously implies xa(u) € W and this is sufficient to prove that the se-

quence {xa(u):u € T} converges to x.

Replacing in the above proof transfinite sequences with countable

ones, we immediately get the following

COROLLARY 2. If a regular scattered space X is closed splittable

over the class of sequential spaces, then X is sequential.

REFERENCES

[1]1 A.V. ARHANGEL’SKII, Stiructure and classification of topological
spaces and cardinal invariants, Russ. Math. Surveys 33(1978),33-95.

[2] A.V. ARHANGEL'SKII, 4 general conception of splittability of topo-
logical spaces over a class of spaces, Abstracts of the Tirasp.
Symp. 1985, 8-10 (in Russian).

[3] A.V. ARHANGEL'SKII, Some new trends in the theory of continuous

mappings, In: Continuous functions on topological spaces, LGU, Riga
1986, 5-35 (in Russian).

[4] A.V. ARHANGEL'SKII, R. ISLER & G. TIRONI, On pseudo-radial spaces
and another generalization of sequential spaces, Proc. Conference
on Convergence, Bechyne (1984), Math. Research 24, Akademie-Verlag,
Berlin (1985), 33-37.

[5] A.V. ARHANGEL'SKII & Lj. KOCINAC, Concerning splittability and
perfect mappings, Publ. Inst. Math. (Belgrade) 47(851)(1990).

[B]1 A.V. ARHANGEL'SKII & D.B. SHAKEMATOV, On pointwise approximation of
arbitrary functions by countable collections of continuous fun-
ctions, Trudy Sem. 1.G. Petrovskogo 13(1888), 206-227 (in Russian).

[7] A. BELLA, Free sequences in pseudo-radial spaces, Comm. Math. Univ.
Carolinae 27(19886), 163-170.

[8] A. BELLA, Some remarks on set tightness, Ricerche di Matematica 35
(1986), 317-323.

[91 A, BELLA, F. CAMMAROTO & Lj. KOCINAC, Remarks on splittability of
topological spaces, (to appear).

[10) I. JUHASZ, Variations on tightness, Studia Sci. Math. Hungarica 24
(1989), 179-186.

[111 Lj. KOCINAC, On (M,P)-splittability of topological spaces, Proc. IV
Meeting on Topelogy, Sorrento 1988 (to appear).

[12] LJ. KOCINAC, Perfect P-splittability of topological spaces, Zbornik
rad. Fil. fak. (Nis), Ser. Mat. 3(1989), 19-24,

[13] Lj. KOCINAC, Metrizability and cardinal invariants using split-
tability, Comp. Rend. Acad. Bulg. Sci. 43(1990), 9-12.

[14] Lj. KOCINAC, F. CAMMAROTO & A. BELLA, A survey on splittability of
topological spaces, Atti Accademia Pelor. dei Pericolanti 68(1990).

118




Angelo Bella
TESNOCA I RASCEPLJENOST

Dokazuje se da su tesno a, T-tesno a i skupovna tesno a topolofkog
prostora jednake svojim zatvorenc rascepljenim verzijama. Primerom je
pokazano da se ovi rezultati ne mogu profiriti na sluéaj rascepljivosti
posredstvom (samo) neprekidnih preslikavanja. Daje se i parcijalan odgo-
vor na pitanje je li prostor koji je zatvoreno rascepljiv nad klasom se-
kvenci jalnih prostora i sam sekvenci jalan.
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