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FRENET FORMULAS FOR CURVES IN A CGENERALIZED

R IE MANN IAN SPACE

SUMMARY. In a generalized Riemannian space ERN,as defined by
L.P.Eisenhart [ll,[Z},the basical tensor is nonsymmetric and it is
posible to define two kinds of absolute derivative of a vector and,of
this base,in the present worktwo kinds of Frenet formulas of a curve
are obtained.Further,Frenet formulas for curves in the associated Ri-
emannian space RN are observed,and then relations between two kinds
of curvatures of a curve in the CRy and the curvatures of the same

curve in the RN are established.

0. INTRODUCTION

L.P.Eisenhart has defined in the works [l],[Z] a generalized
Riemannian space of N dimension (GRN),as a space with nonsymmetric
basical tensor g 4 #gji.

Let us denoterhy gli and 9; - the symmetric,respectively an-
tisymmetric part of gij (and analogically in other Casgg).Letting do-
wn and getting up of indices one performs by glj and giJ respectively,

where

¥ k
(0.1) qijg~l = 8.

If by the comma one denotes usual partial derivative,for example,
gij K = quj/axk,nne can define generalized Cristoffel symboles:
L

(Do 2e b Biogie T30 Bsi k%5, 4t Bk, i b T = 0T gy,
which are nonsymmetric on the indices j,k too.

Because of nonsymmetry of the generalized Cristaffel sym-
bols,one can define in GRN twvo kinds of covariant and absolute deri-

vative of a vector.For example,denoting by |, | covariant derivatives
1?2

)
of the first and the second kind,by D/Ds and &§/6s absolute derivatis

; i
ves with-regard to the arc along some curve,we have for a vector u :

AMS Subject Classification (1980):53B05

~]
Lad




put - 3 dx™ = %% # 1 upgi
(0.3a) b T Vimds = PR HE s
(0.3b) gut_ iogx" _ odut i pdx"
5s Uém s ~ ds Fmp ds

It is easy to prove (see [3] ) that

(D.4a, b 0, D, 69;1/55 = 0,

) = Gy o F Da. . =
Sigym T Ly “Li/os

and the same is for gid.

1.FRENET FORMULAS OF THE FIRST KIND

If a curve C is given in the GRN by the equations

(1.1) xt o= xi(e) (5=1,...N),

then

(1.2) tt = dxl/ds

is a unit tangent vector of this curve,i.e. it is
(1.3) gi_Jtitj = 8 = 4l

Hence, taking into consideration (0.4),by absolute differentiation

of the first kind one obtains

ptl § i ped, _
gi_.](D_S- tvst Ds Y= Oy
i.e.
i i .

DE" g 5 Dt™ [ i
(1.4) 9; i t9=0 i.e. g3 th,
and we can write

i i
(1,59 Dt~ /Ds = k(l)t(l),

vhere t 1) is a und{t vector of the §inst normaf of the curve C,and
k(l) > D the §4insi curvature of the curve.(We shall prove later that
one obtains the same by the derivative of the second kind too.).Ac-

cordingly,

doed
(1.6a,b) G 78 t(l)-u.

i g -
%itnte =ty 9y
Taking absolute derivative of the first kind of (1.6a),we conclude
(A7) (IJ/DSL ¢ 1)
and from here and (1.6b) we see that the vector t(l) is orthogonal

to t' and to Dt(l /Ds.Now,we can choose a unlt vector t( in the

2)
two-dimensional space,which is determined by t anth(l)/Ds so as to
be

gl

(1.8a-c) = =4l G i J_ .-
_J (2) (2) Srg)TE ) (2)_0, q;jt(l)t(z)_u’
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and we can express

(1.9) Dt i i
(1)/Ds =at +k(2)t(2),

vhere wve ought to determine the scalar a . Compunding the preceding

equation by qijtj and using (1.8b),one obtains

(1.10) —JDs(l) tj: 0e.

On the other hand,by absolute differentiation of the equation (1.6b)

and using (1.5):

Dt J _iDt i .
g. . (=— t (l) Dt ; i .
ij'Ds “(1)* ) =0 3 g.. (1) .ji _ Dt J =
L s e M T
—gs kontr i
LI Tyt = ek

and herefrom and from (1.10):

4= =81 yK(y3/e = ~eery ki)

and the equation (1.9) becomes

(1.97) Dty _ i i
CLighe & rBRpeebys ¢ 0k, Phrys,

The vector t(z) is a unif vector of the second noamal of the firsi
kind of the curve C,and the scalar k(

the {insZ kind of the curve.

2) is the second curvature of

From (1.B2a) one concludes

Dt(z)tJ =0 i ptl, . /os L
—175; Gyt T TRy T tap

and from (1.8b,5,8c) it is

(1.11a)

Dti J inty .Dtj
QLJ( bs ti2 )+t ( )) 20 > gt (2
Ds L1 Ds
C oo, R i3
"9 s (2) T "9kt = O
1:+Ba
(1.11b) Dt%z)/Ds Lo,

Hence and from (1.11a) we see that the vector

)/Ds is normalto
t' and to t7

i
Dt(z

i ;
)'Because t(l) is also normal to t' and tot

(2 2),the vec-
tors t1 and Dt /Ds for N> 3 in a general case determlne a two-
(1) (2)

i




dimensional space,wvhich is normal to t' and t(z)aLet us consider in
this twodimensional space the unit vector t(j) to be normal to t(l)
So,it will be

tj =0,

i
(112a-d) g; jt(5)tl5ye 5)=2d 054 .t t(s)'”'g £01)t3)70s 9 15(2) {57

The vector Dt )/Ds can be writen

(2
i i i
(113 ) Dt(z)/Ds = bt(1)+k(3)t(3),
where it needs determine the scalar b.Compounding by g_l (1),Frum
the previous equation one gets
{1.14)
9 42”(1) = 21 |
and from (l.8c, 9 BijD
i i i
g (-Dt( Jed \atl (2)) 0% g, 25y g 2 Q) =
ij" Ds fz* (1) iy (1) i jDs

i 5l e
935722k 2y 2) 20 )2

PP - and (1.13) becames
From here and from (1.14) it is b= e(l)e(z)k(z)"

‘ i _ i i
(1.13") Dt(z)/Ds z -e(l)e(z)k(z}t(1)+k(3)t(3),
vhere t(}) is a unit vectox of thind normal of the {inst kind of the

curve C,and k(3) the thind curvature of the §inst kind of the curve C.
Continuing the preeeding procedure,we conclude that in the end

i sl
(1.15)  Dtey_1y/Ds = ey py®(N-1)%(N-1)5(N-2)"
The equations (1.5,97,13 ,..0415) are Frenet formul o of the first

kind for curves in GR .0ne can write these formulas by one equation

(1.16) DE(, /08 = -0y 1y y)k (r) e 1)+k<r+1) 1y
for r=041,...43N=-1,wvhere it is g (r} (q) (r) Srq’ (U)ztlzdxl/ds,

kg oy K j=leThe veotor 1:(r) is the uniz vector of the r-th normal of

the {4inst hind of the curve C,and the scalar k(r) is the a-theurva-
ture of Lthe finst khind of C.

2, FRENET FORMULAS OF THE SECOND KIND
We can repeat the previous consideration using the second
kind of absolute derivative,on the base of (0.3b),in the place of the

first, . :
Hovever,since for the unit tangent vector tlzdxl/ds it is
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g0 2 i dxPax™  ptt
(2.1) gr _d=" s I|mp ds ds ~ Ds
§s 4 2
s
the first Frenet formula of the seecond kind is identical with (1.5)
i.e.
(2:2) §t'/gs=k

(1) (l)'

where k(l)’t(l) have the previous meaning;i.e. (1.6) is in force.In
the same way as (1.7),one proves that

i i
(2.3 ét(l)/GSJ_t(l),

apd herefrom and from (1.6b) we see that the uector t(l) is normaltu

gl and to St /§s.We have seen previously that t (1) is normal to t%

and Dt /Ds too.But,since in a general case it is N »3y the vector
>/55 need not be linearly dependent of the uectors tt anMDt(l)/Ds.

In the twudlmen51unal space determined by t? and dt(l)/SS ve notice

the unit vector T(Z),Whlch is normal to t* and we have

i3 i g
(2.4a-c) g, 1(2) (2)_ (2)7+1s giit {270 qiit(l)ng)_n.

If one writes

3 i i

t(l)/és = at 4 X(2)T(2 )
we can determine o by the same procedure,as we have determined ¢ in
(1.9).S0,0ne obtains

i i i
3 =- E .

(2.5) Gt(l)/és Be(l)k(l) +X(2)T(2)
Continuing this procedure,ve get

(2.6) ST%Q)/55=-E(1)E(23X(2)t%1)*XCS)T(é)’

E2u7) T%;)/55=—€<z>5(3)f(§5&3)4ﬁ Xca)T%a)’
;iéB;enerally 6T%é—l)/65=-€(N—2)E(N—l)X(N-l)T(i—z)’

(:.9) GT%F)/GS:_E(r—l)E(r)X(r)T%r—l)+%(r+l)T%r+lJ’
where

tE0 g Laes alleds T%o)=t%u>=ti' 1781y X(o0) X (ny=0s

X(l)“k(l)’g| (r) (q) E(r )rq? ®(g)7E"°
The vector T%r) is the unit wector of the n-th wormd of the second
kind of the curve C,the scalar X(r) is fLhe n-th curv oture of fthe se-
cond kind of the curve C in GRysand the equations (2.2,5-9) are Fre-
net foamul o of the second hind of the curve C in GRN.
Tl




3. FRENET FORMULAS IN THE ASSOCIATED RIEMANNIAN SPACE

On the same manifold,on which generalized Riemannian space GRN

is defined,one can define usual Riemannian space RN,u51ng as thEb351—

cal tensor gli.In this case the symmetric part of the connexion r ik

i.e. r% one forms by g,. and this is the connexion in R,,.We can con-
k i N

sider the curve (1l.1) as a curve in RN and write its Frenet formulas
wvith respect to RN. If one denotes absolute derivative along a curve
in Ry by D/Ds,instead (D.3a,b} we have
; i dx"
+ T uPas
Bm

QPL
olc

(3.1) B -
and (0.3a;blone can write respectively

(3.2a.b) put Du' o Updxrn su* Du’ g pdx
=T Ds "53 pm- ds ’ §s _Bs I‘pm ds °
pm
For the curve C dn R

(2.1),it is

N it is ualid (1.3),and since,based on

pt'/Ds = §t'/8s = Etl/ﬁs,

then the first Frenet formula in R is identical with (1.5) i.e. (2.2);

(3.3) Dt /Ds = kepyt (1

vhere k(l)’t(13 have the previous sence,i.e. (l.6a,b) is valid.In the
same way,as in the case of the first and the second kind of derivati-
ve,we obtain the following Faenet formulas for a curve C in the asso-
ciated R

N:

- i =
(3.4) DEyg pile = ~emy i ) ¢ +k(Z) (2)

~=4 = L
(3.5) Dt(z)/Ds= ~e¢ 1 38 cayK ezt ( (3) (3)’

- = B k —1 % —1

(3.6) Dty y/Bs = -e(z)e(s)“cz)t(z)+“ca)t(4>

i - ” - = Ti
(3.7) D(n-1)/D% = =B (no2 B (n-1 ¥ (N-19E (N2 )?

or generally

i S S S ¥
(3.8) PEy/Ps = =Bl 1)B () (o) e K (pa1) H(ra1 )

where

) =4 4
P20, 15000 Nolity g ymtg )_t )-t

(l (1)’

k =E - % = t 1 J :h e = .
Reay ™ ony DR (1 24013853500 51 )=5 (0824 B0 18
The vector t?r) is the unit vector of the n-th noxmd of the curve C
in the Ry,the scalar E(r) is the n-th curvatwre of C in Ry.
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4. RELATIONS OF THE CURVATURES OF THE FIRST AND THE
SECOND KIND WITH THE CURVATURES OF THE SAME CUR-

VE IN THE ASSOCIATED RIEMANNIAN SPACFE
We shall see that one can express the curvatures k

_ (r)?X(x) B
k(r).Dn the base of (1.97) and (3.4) it is

i o § e i = =
Dt(l)/DS—Dt(l)/DS = k(Z)t(Z)_k(Z)t (2)?
and from (3.2a)

i _ el =. _Ti ,.p m
Dt(l)/Ds Dt(l)/Ds = pmt(l)t’
~
leB.

(£.1) lepg st (2) = ki)t (z)ﬂ“pm (1)

In order to find k( 2) from here ve shall decompose t(z)by t Ty How
it is

I I | i 1t

oyt Eetoym o) Hast b1y 1y
it will be
i N= l ‘i N l
€2y * pot(2,m p) = pE2h(2,p)te) 2,007 (2, 1)—°)’
which,if we put into (4.1) and effect the composition by g (2)y1-
elds

(4.2)

= = T 3 m.p J
“@%2,2)%(2) T *2)%2)* Tipnt t1)E2)
from where, considering (0.2a),the tensor r; ik is antisymmetric on
all pairs of indices,we obtain

(4.3) k(2) =0 K(z)=B(2)7y, ikt H1yE 2 A2, )
Now,let us find k(3). If we use (4.2) and
(4.4) g 2 S

= z e e i
(3) ® p2o’3,p) ) pE2h(3,p)%p)
and make a substitution in (1.13") and use (3.2a),vue obtain

-1 . , N-1

k i i _ D
2 Gap eyt 2 ket = bs (2, LT Sth

(3)

VM =

N-1dA ~i pEd N-1 dA " Gh
(2,p) t A (p). = — {dup)xi (p)
gasre -] €9 oy AR e 2,05 T #

tq L (Zsp) al [

(p)t} =Z{ds (P)A(Z p)

i
T
(2,p) gqm p=2

i)

F

~ B 54
®¢p-1%(p 1 %s) “p-17*




= =i i 39 m
Fpaen) tpen)] *Aiz,p) Tant )t -
From here,by composition with g__‘l €3}:
i % n, X fha e oo
ke3P (3,3)%(3)°ds e3) M2, 008 (3% () Bt
e N'l P B
+Ae2,2)%3)% i LA, m T iant)tm b
i.e. D 4
_ 3 (2,3) = = = -
(4e3) K3y R G5 Em PPk, 0 e, ke

- N=l . :
-B T, 2 it k } [
(3) “iedk pophia, b E o)y . |
Further,let us determine k(r+1) by k(p),lf wve have determined 1
k{r)' From (l.16),by means of decomposition
i N- 1 i ‘

(426 tey = 2R, )
we have P
K N—l —i k N-l Ei _
(r+1) £ Mr+l,p) (pJ_ (r-1)%(r)(r) & pp 1,p) (p)”~ '
p  MN=1P7° P 5t i=q |
iy T i m,o. '
*ps ! p=a’(r,p) (P3} X{Mt(p +A(r,p)_@l (ryp) qmt(p)t ¥
4 e
=3{ ds 7\ +A -8 I | = =i
p (p) (r,p)[ (p'l)e(p)k(p)t(p—l)+k(p+l}t(p+1)J+
i =q m
Composing by 9_i13r+1)’ma obtain from here

I((1:+1) (r+l,r+l)E(r+l)_e(r—la(r)k(r)A(r—l,r+1)E(r+l) =

_dA(r,r+l)~

“ds E(r+l)—A(r,r+2)E(r+l)6(r+2)k(r+2)€(r+l) +

k = N-1 Td Tq m
MAE DUETEDLIC NS DA B T el pI®
vhence dA(r,r+l)
(4.7) ke 1y={gs +e(r—l)e(r)A(r-1,r+1)k(r)'

-E(r+1)é(r+2)ﬁ

(r,2+2) XCre2) P (e, 0 ¥ (pe1)”

Mo l Atr,p) t(p)t(r+1)}/ A
p a

- o
Ti.jk
weal il 7 fr+l,T+1) .

(r=041,...5N=2)
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This equation includes the eauations (4.3,5) as particular cases.

In (4.7),besides the magnitudes which relate to the associated
spaece RN,enter the torsion tensar Pi_jt,the coefficients A(r,p)of the
decompasition (4.6),and the curvature )* It remains over the deter-

mination of e ..y (and e(r_l)) in (4.7).Since ©(0)=F(q)=e=tlie ()=

=E(1)=tl,then for r=2,...4N=-1 we have

_ P N=1 —i N=1 P }
*()79 ) ) Tyt T A, e B, e B

- e - 28 .. "
= 2 M P r,0)%p00ee® TR0, ()
Psq P

We can apply the same procedure to study how to express the
curvatures of the second kind by the curvatures of the same curve in

the associated Riemannian space RN' Using the decomposition

. i _ N-1 =i
(4.B} T(r} v piolﬂr’p)t(p) §

we obtain

da
(4.9) X(rq.l) ={._C£LL1)+E

e (r=1)5 () Mr=1, 41 ()~

_E(r+l)E(r+2)a{r,r+2)E(r+2) + u(r,r)k(r+l)+

1

— T N izd Ttk
* Blrel) i.iﬁﬁgoa(r;P)t t(p)t(r+l) }/“(r+l,r+l) (r=o,1ls;ee.4N=2).

From here,for r=1:

g e i.j Tk 5
(18 X(2) = Tk s gt Btk 1% 2,2) -
in t?e case N=3 the vectors tl.Dt%l)/Ds, 5t?1)ﬁ55,ﬁtil)/ﬁs are normal
to t(1) and must be linear dependent (but different),from where it is
¢l oo oEd -
(2)" (2)""(2) and then Q(2,2)=A(2’2)=1,8(2)=g(2)=E(2) and from
(4.3,10) we obtain

= i.d .k = i .k
(4.11a,b) k(Z)'k(E)—e(Z)Pi.th t(l)t(z)'x(z)'k(2)+e(2)ri.25t tiyt(zy-

As we see,in this case k(z) and (2) are expressed by E( and tor=

) 2)
sion tensoriqi.ib.
REMARK 1. It is easy to see,that in the case when GRNreduces

to RN,the Frenet formulas of the first kind and the second kind redu-

ce to classical formulas and k(r)=x(r)=k(r) [ o R—— S [ Y 61




REMARK 2. In the work [4] Saxena and Behari have studied the
problem of Frenet formulas for curve in BRN,using only ane kind ofab-
solute derivative (the first) and taking E(r)=l (r=0y1ls00.,N=1).1In
this work are observed only normals corresponding to the symmetric
connexion and to the vectors of these normals one applies absolute
derivative (of the first kind) corresponding to neonsymmétric connexi-

one.
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S.M.Mincic
FRENEOVE FORMULE ZA KRIVE U GENERALISANOM
RIMANOVYOM PROSTORU

U generalisanom Rimanovom prastoru GRN,kako ga je definisao

Eisenhart [ﬂ ,[ﬂ sosnovni tenzor je nesimetriéan,pa je moguée defini-

sati dve vrste apsolutnog izvoda vektora i na osnovu toga se u ovom
radu dobijaju dve vrste Freneovih formula.Dalje se razmatraju Freneove
formule krive u pridruZenom Rimanovom prostoru RN,a zatim su uspostav~
ljene veze izmedu dveju vrsta krivina krive u GRN i krivina iste krive

u RN'
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Asafiornuro moryT Gurs TI0MyUeHs! SMAUeHVs TeHzopa Rrs ¥, MIA CHMMEeTpHuec-
= 3
HMX TPOCTPAHCTB, 06pasymuiX peamusaiym IPOCTPAHCTB Gaq;ﬁfﬁh B Ciyuae, Korma
OnHa M3 anre6p A& W B WM ofe TR anreGps ABIAOTCA amrebpamu 'C,'H wm o

W 3HAUGHNA TeH30pa Rij'& 7 CHMME TDHUSCHITX HPOCTPAHCTE, 06pasymx peannza-

UHK TMPOCTPAHCTB Qﬁﬁamfgg B Cclyyae, worpa omHa W3 antefp A W B sBIserTcA an-

refpeit °C , "H ,% .
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B.A. Rozenfel’d, T.A. Burceva, N.V. DuSina,
L.P. Kostrikina, V.V. Maljutin, T.I. Juhtina

TENZORI KRIVINE ERMITOVIH ELIPTICKIH PROSTORA

U odnosu na adaptirani ortonormiranl reper odreden Je tenzor krivine sle-
deéih prostora: simetriénih rimanovih prostora v2n’v34n i V.‘s ranga 1 koji su
izometriéni ermitovim eliptickim prostorima an, ll-I§n i ravni 0§2; simetricnih

2n

pseudorimanovih prostora nVEn’ Vllni 8\!16 ranga 1. Daje se i oblik tenzora

krivine simetriénih prostora viSeg ranga koJji su realna interpretacija ermi-

tovih eliptidkih prostora nad tenzorskim proizvodom algebri.

B.A. Posenfensn, yr. Ymanenosa 10,18.11, Mockea 117 415, CCCP
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