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Abstract. The spline collocation methed for solving boundary
value problems is adapted for problems with singular perturbation. Quad-~
ratic spline is used as an approximating function. The exponential featu -
res of the exact solution are transfered to spline coefficients by the fit-
ting factor. In this way a uniform stability of the system of matrix is ac-
hieved, while the convergence for fixed & is preserved.

*

We consider two-point boundary value problem
(1) Ly = ey" + p(x)y"' + alx)y = £f(x), =x = [0,1]
(2) y(0) = y(1) = 0

where the function p, g, f are sufficiently smooth, so that we
have a unique solution y(x) € C* [0,1] of (1) and (2).

We first impose a uniform partition of the interval
[0,1] as ¥, = 1ih, i = 0(1)n, h = 1/n with additional mesh po-

nt2 7 Fpel

spline has single knots at the points Xy i.e. their second de-

ints X 5 x4 < g = 0 and x > x, = 1. The quadratic
rivates suffer discontinuity at these points. We take the col-
location points to be the mid-points L, =%, 4 %, L= 00in=1.
The quadratic B-splines which satisfy our choice of knots X,
are
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(Xi 2 Xi_l) 3 X E [Xi—l’xi]’
th - (x - t)z = fx = X )2 % € [x.,,x ]
= 1 i+l ¢ i’ o~ S T
Bi(x) —iz' 5 _
(Kjpp = )%, X € [Xi000%505])
0 X € elsewhere.

We will modify these splines to give a basis for the
space of quadratic splines satisfying equation (1) and the ze-
ro boundary condition (2), as follows

By(x) = ?
Bi(x) = B

(3)
1 Bp.1(¥) = B__,(x) - B (x)

We define i(x) to be the quadratic spline of interpo-
lation to y(x). It is expanded as linear combination of basic
functions

n-1
(4) vix) = X C;B; (x).
i=0
n-1

Let §(x) = = C;B,(x) be the sclution of the colloca-

i=0

tion equation

(5)  Lyy(t;) = 8,5"(t;) + POEIT (B) + it dF(t,) = £(t,)

where di is a fitting factor which will be determined subseque-

ntly. We can see that

(8)  Fltp) = Cy 1By 1(t) + CiBi(£) + Cy 4B, ().

By replacing (6) into (5) we obtain the following system of the

linear equations:

Baly b 440 # w8y, = £y,
(7) I QOCO + myC, = fO' i= 1(1)n-1,
B et ¥ B = Fpy

where 9

uy




B, S e = iy, Lo arijnes
1 2 T8 SR
2 p;h B _

m, = ﬁé(al +——+aq;g ), i=0n2
6 Poh 5 4

10 = _ﬁi (50 L —E‘ = qoh )

6 Ph-1® 5 2
Rn—l - ﬁﬁ(én—l + 3 T h qn—lh )

o
Il

i plt;), aq; = qlt;), fi = f(ti).
Colleecting this equations we obtain
(8) AC=F

where A is an n * n matrix and C is an n-dimensional vector

with components Ci’ i = 0(1)n-1.

LEMMA 1. Let g(x) < 0 and
p.h

(9) §: % +q;

hZ,
1 2 8

20
then A is an inverse monotone matrix, i.e.
21
A £ 0.

Proof. Under these conditions A is a strictly domi-

nant L matrix and according to [3] it is inverse monotone.

LEMMA 1. (uniform stability). Let 85 = 88;(t,) * 6,(t,)

where
2
5,(t,) = - [ - ’ } (see [31)
Be st/ (q;/e)h/2)
EiE cth Ei% for p., # 0
6y(t,) = J’ Qe 2€ %
: 1 1 for p; = 0

then HA—lnm £ M, where M is a constant independent of ¢ and h

. B .2
Proof. Since 61(ti) =1 +_(qih I8e) + Bi, ei > 0,
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Bi = O(hq/az) and xcthx 2 1 we have that
2 2
p.h g.h hp, hp. q.h", hp. hp.
§. ¢ —— y L _ ——l( th —% 4 1] - —la—[—mi ch — - 1] +
B 2 8 2 2e 8 2e 2e
+Q;6, 2 0.

1A e < max
1

=)

"

]

1
E
N

1Ay

=

L.+k. +m, 2q4
i T
THEOREM 1. Let ¢ = 1 4in (1). Let
tic spline which satisfies the collocation
g{x) < 0 and yix) = 04[0,1]. Then

¥{x} be the quadra-
equations (5). Let

Iy(x) - J(x)I = Mh2.

M is a constant independent of h, |-| is the usual, maximum nerm.

Proof. The interpolatory spline y(x) is defined to
be that quadratic spline which is equal to y(x) at n colloca-

tion points tD,...,tn_1 and in addition interpolates y(x) at

the two non-collocation points x., x This information is suf-

ficient to define y(x) uniquely. According to [1]

1y - 39y s M2, k= 0,1,2, x e [0,1]

_ - - oh o = _ ¥ o -
i§; ~ Ly (8;-1)3% + v{ = ¥; * p;(F] ¥i) U eyy ~ 359

"

Since féj—ll

1A

Mh2 ([4]1) we have

Lj; - Ly, = 0(h%) and Ly; = £, + on?).

_ n-1 -
Let y(x) = g% CiBi(x).

can see that const

ants ﬁi satisfy

AC=F + 0

From Lemma 2 and (8) we have

Thus,
46

max|C, - C, |
Pt i

In the same way as before we
the system

(n?y.




Iy(x) - §GOI £ Iy(x) - GO + 13(x) - F(x)| £ Mh® +

1

t ”“ (€ - Ci)Bi(X)”
0

Mh2.

in

i
REMARK 1. In the case p(x) = 0 the corresponding dif-

ference scheme is derived in [3] a~d it has the second order of

the uniform convergence.

NUMERICAL RESULTS

The calculation reported in this section have been per-
formed on Delta 340 (PDP 11/34) computer in double precision
(16 significant figures). The algorithm was written in FORTRAN
IV plus and described in [2]. The test of uniform convergence

is also taken from [2].

TABLE 1. contains the test of uniform convergence when

scheme (8) is applied to the problem

-gu” + u = —(cosm{)2 = 2Eﬂ2(C052WX)
with homogenecus conditions u(0) = u(l) = 0.

N 0 1 2 3 4 5 Pe

1 2.07 2.02 2.01 2.00 2.00 2.00 2.02
7 2,08 2,02 2.01 2.00 2.00 2.00 2.02
gl 2.08 2.02 2.05 2.00 2.00 2.00 2.03
g3 2.09 2.02 2.05 2.00 2.00 2.00 2.03
74 2.10 2.03 2.06 2.01 2.00 2.00 2.03
= 2.13 2.04 2.01 2.00 2.00 2.00 2.03
FD 2.18 2.05 2.01 2.00 2.00 2.00 2.04
277 2.27 2.08 2,02 2.00 2.00 2.00 2.21
278 2.39 2.14 2.04 2.01 2.00 2.00 2.10
v 2,53 2.23 2,07 2.02 2.00 2.00 2.14
2710 2,61 2.36 2.12 2.03 2.01 2.00 2.19
1072 1.98 2.00 2.00 2.08 2.42 2.60 2.18
1077 1.98 2.00 2,00 2.00 2.00 2.00 2.00

In TABLE 2. is given the maximum errors Zs:|y(xi)-yiL
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where y; 1s approximate solution. N is a number of subintervals
of interval [0,1].

AN 1 2 3 4 5 6

275 | 0.3468-02 0.841E-03 0.209E-03 0.521E-04 0.103E-04 0.525E-05
277 | 0.385E-02 0.845E-03 0.204E-03 0.504E-04 0.126E-04 0.314E-05
2710 0.436E-02 0.883E-03 0.206E-03 0.505E-04 0.126E-04 0.314E-05
1077 | 0.959E-02 0.234E-02 0.583E-03 0.131E-03 0.242E-02 0.386E-05

In TABLE 3. is given corresponding test but with the
problem with the first derivate term:

eu" + u' = x u(0) = u(l) = 0.
gk |1 2 3 4 5 pﬂ
1 |1.99 2.00 2.00 2.00 2.00 2.00
2-12.00 2.00 2.00 2.00 2.00 2.00
2-2|1.99 2.00 2.00 2.00 2.00 2.00
2-3) 1,98 1.99 2.00 2.00 2.00 1.99
2-4|1.87 1.98 2.00 2.00 2.00 1.97
2-501.72 1.92 1.99 1.99 2.00 1.92
2-6)1.27 1.92 1.98 1.99 1.99 1.78
2-7|0.953 1.72 1.91 1.98 1.98 1.58
2-8] 0,901 1.32 1.71 1.92 1.92 1.38
2-9) 0.901 1.01 1.34 1.72 1.72 1.19
10-5| 0.901 0.954 0,989 0.994 0.994 0.963
LE?77| 1.98 0.953 0.989 0.994 0.994 0.963|
16 32 64 128 256 512

-O.ISAE—OI 0.450E-02 0.218E-02 0.298E-03
0.275E-01 0.128E-01 0.550E-02 0.197E-02
0.293E-01 0.146E-01 0.732E-02 0.365E-02
0.293E-01 0.147E-01 0.732E-02 0.366E-02

.747E-04 0,187E-04
.573E-03 0.150E-03
.182E-02 0.906E-03
.183E-02 0.915E-03

o o o O
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M. Stojanovié, M. Kulpinski

KVADRATNI SPLAJN KOLOKACIONI METOD ZA SINGULARNI
DVOTACKASTI GRANICNI PROBLEM

Splajn kolokacioni metod za reSavanje graniénih problema je pri-
lagoden za singularno perturbovane probleme. Kao aproksimiraju¢a funkeija
koriféen je kvadratni splajn. Eksponencijalna osobina taénog reSenja jepre-
neta na splajn koeficijente pomoéu faktora fitovanja. Na taj nadin je posti-
gnuta uniformna stabilnost matrice, a red konvergencije je za fiksno £ ofu-
van.
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