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ABSTRACT: 1In this paper we consider GUn+1—semigroups
i.e. semigroups with the following condition:

(¥ 4%y ¥ X 7 )C dm) (%500 'xn+1)m€ G U D Ue - - U<Fpa1 D

and we prove that &S is a RJ-regular GU +l—semigroup if and
only 1f 8 idis a Redel s band of periodic nil-extensions of
groups (Sr—groups ) .

1. INTRODUCTION AND PRELIMINARIES

A semigroup S 1is a U-semigroup if the union of
every two subsemigroups of S is a subsemigroup of 8 , Which
is equivalent with xye<{x)<{y> for all x,y€S , These
semigroups have been considered more a time in conection with
a study of lattices of subsemigroups of some semigroup . S is
a GU-semigroup if for every x,yC S there exists mnEZ"
such that (xy)T¢ {3y s[2] .« other generalization
for U-semigroups is the notion of U semlgroup 5 1is a
U ,p-semigroup if xlxg...xn+1<_<Xl>[J<xP>{L..[J<xn+l
for every xl,xe,...,xn+1€§S ,[6] . In this paper we consider
a semigroup for which the following condition holds:

3 m ™ =, '

(‘*Kl,xg,---,xml)( m) (xlxg...xnﬂ) £ <x1)U<x2/U. . IJ<xn+1>'
Such a semigroup we call GUn+l—semigroup ( generalized Un+1‘
semigroup )

A semigroup £ is a Rédei’'s band if Xy €3%,7%
AMS Subjeet Classification (1980) : Primary 20 M
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for all x,y€5 . 5 is a f-regular semigroup if for every
a€ 8 there exists n€ 72t gueh that a® € a%8a™ . 5 is a
F-group if S is a nil-extension of a group . The main
result of this paper is the following : S5 E a ( 3t-)regular
GU1'J.+1
odic ( &-)groups .

Tor non defined notions and notations we refer to

[l:l and [8] .

-gsemigroup if and only if S5 is a Rédei’s band of peri-

2., A GUn+ -3SEMIGROUP

1
DEFINITION 2,1. Let n€Z* . A semigroup S is 2

generalized Un+l—semigroup or simply GUIl'+1-semigroup if S

satisfies the following condition :

(g X e oo 9%y (AW (RyXpe o300 i DU DU 0 Uxp.1?

A group G 1is a GUn+l-group if G is a Gﬂn+l—semi-

group .
A GU,-semigroup ( GU,-group ) we call simply GU=-
-semigroup ( GU-group ) .

IEMMA 2,1. Every subsemigroup and every homomorphic

image of a GU_ ,-semigroup is a GU_,,-semigroup . O

THEOREM 2.1. The following conditiong are equivalent:

(i) & is a GU  q-group ;

(ii) G is a GU-group ;

(iii) @ 1is 8 periodic group .

Proof. (i)=>(iii). Let G be a GU  ,-group with
the identity element e . Let x€G . If n+l=2k , k€ 2" ,then

e = (x™DHBH%e DU
for some m€Z' , so e€ {x> . If n+l=2k+l , x€2* , then
there exists m€ z% such that

o = (G H¥ Al e HOUGHIULETD
= (xOUGTH
whence et <x> Thus , in any case G 1is periocdic .
(ii) = (iii) . This is similar with (i)=> (iii).
(1ii)=>(ii) and (iii)=>(i) follows immediately.l

Also we obtain the following :
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LEMMA 2,2. Let 5 be a GU n+1-Semigroup and let
E(8) # ¢ . Then E(S) is a Redel s band .

Proof. Let e,fCE(S) . Then there exists mezt
such that

(ef)™ = (e...ef)" € {edULE> = Le,f} .
If (ef)™ = e , then ef = (ef)"f = (ef)™ = e . Similarly .
from (ef)™ = £ it follows that ef = f ., Thus , E(S) is a
Rédei’s band .[]

DEFINITION 2.2, A band Y of semigroups By ,xXEY,

is a GU_ ,-band of semigroups if for all =x; € Bets » 0( €Y,
i=1,2,...,n+1 , there exists mE z* such That

(x xe...xn+l)m6 <x1>U<x2>U P U<xn+1>
for all ""’0(n+1€ ¥ such that ol ;éo(a. for sone
LT EL L 2,...,n+1}

In a similar way we define a GUn+1-semi1attice and

GUml-cham of semigroups .

DEFINITION 2.3, A band Y of semigroups S, ,A€Y ,
is a Rédei’s band of semigroups if Y is a Rédei’s band .

3. A REGULAR GU -SEMIGROUP
n+l

LEMMA %,1. The following conditions on a semigroup

5 are equivalent:

(i) =& is a completely simple GU  ,-semigroup ;
(ii) 8 is a periodic left or right group ;

(iii) 8 4is a left or a right zero band of perodic

groups .

Proof. (i) =>(4ii). Let S be a completely simple
QU ,,-semigroup . Then E(S) # @ and by Lemma 2.2. E(8) is
a Rédei’s band , whence S is a rectangular group ( Theorem
IV 3.3, [8] ) . low by Lemma 2.1. [5] and Theorem IV 3.9.[8]
we have that S 1is a left or a right group . By Theorem 2.1.
5 is periodic .

(ii)==(4iii). This follows immediately .

(iii)=>(i). Let 8 be a left zero band Y of
periodic groups G, , €Y ., Then E(S) is a left zero band .
By Theorem IV 3,9, [8] it follows that S is a left group ,
so 5 is completely simple . Let X, €03 » o(iEY 3
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= 1,250esyn+l , Then K KpeeeXy € Gy, so there exists

méE 7z*  guch that

m

(XIXE"'Xn+l) = eE <xl> 3
where e 1is the identity element of the group G°<1 . Therefore
§ 1is a completely simple GU__,-semigroup .

THEOREM %.1. The following conditions on a semigroup

5 are equivalent:
(i) 8 is a regular GU  ,-semigroup ;
(ii) S is a GU__ ,-chain of periodic left and right

groups
(iii) 8 1is a Rédei’s band of periodic groups ;
(iv) 8 1is a regular GU-gemigroup ;
(v) 8 is a GU-chain of periodic left and right
groups . T o T

Proof, (i) =>(ii), Let S be a regular GU .,

group . For aES there exists xE€S such that a = axa and
X = %8%x . By Lemma 2,2, it follows that

(ax)(xa) = ax or (ax)(xa) = xa .

Assume that axaa = xa , If n+l=2k , k€27 , then

xa = ((xa)¥)" , for every m€Z"
€ xHU<L> , for some m€z" .
If xa = x° for some pE il , then x = xax = xp+l and

+ 2
x2a=xpl=x,whence ax = ax a = xa , S0 a = axa = 8x &

s0 a€a8a2 . If xa = aP for some p€ z* , then a = axa =
aPtl € a5a° , Let n+l=2k+l , X€Z7 , Then

]

xa = (ax)(xa) = ((ax)(xa)®)® , for every m€ZzZ",
& <ax>U<a>U<x> , for some n€z*

= {ax}<a UL> .
If =xa = ax , then a=axa=xaa=ax2a2638a2 . If xa = x°
for some peZt , then x = xax = x**} and x°a = "1 - x,
whence ax = ax a , S0 a = axa = ax2a2 = aSa2 . If xa = &P

for some p€a’ , then a = axa = gPrl € aSa? . Asgume that

ax°a = ex . Then a = axa = a}cga2 < aSa” « Thus , in any cases
a € a%8° , so by Theorem Ty 1.6. [8] it follows that S is

completely regular and so S 1is a semilattice ¥ of comple-
tely simple semigroups S, K€Y , Then by Lemma 2.1. and by
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Lemma 3,1, we have that S5 1s a periodic left or right
group , for every o€Y . It is clear that Y 1is a chain s SO
5 is a GUn+1—chain of periodic left and right groups S,
oA€Y
(i1)=>(4). This implication follows by Lemma 3.1.
and by the definition of the GUn+1»chain of semigroups .
(ii) =>(iii). et B be a GU,, -chain ¥ of perio-
dic left and right groups 8¢y XEY , Then S is periodic ‘
and by (i)=>(4ii) it follows that S is =& GU,,,-semigroup. |
Thus , 3 = K, , where X_ is a ¥ -class containing |
eLEJE(S) € e ‘
an idempotent e and X is an equivalence relation defined
on S Dby:
aXb < (Jo,qez%) aP = pt |

Let &Y , Then by Lemma 3,1. it follows that Sy is a left
or a right zero band of periodic groups , whence 5y is &
band E(Sy) of periodic groups K, e€E(Sx) .
Let x€K, , yEXK; for some e,f€E(S) . If x,y€8,

for some K€Y , then by Lemma 3.1, we have that Xy & Ke =
= Kef y if By is a left group , and Xy € Kf = Kei‘ i BE
Sy is a right group . Let =x€8, yéS@, o(,[z,eY « If

oxX < F; then by Lemma 2,2, it follows that ef = fe = e

and. xyESU((i = B4 , and by

(x3)™ = (e...exy)™ , for all me€z™ ,
€ <9>U<X>U<y> , for some mez*
= xoU >
it follows that (xy)"¢ G 4 X K, , 80 xy € Ky = K,p « The

similar proof we have if (< o , Therefore , 8 is a Rédei’'s
pand E(S) of periodic groups K, e E(S) .

(iii)=>(i). Let 5 be a Rédei'’s band Y of perio-
dic groups Gy, €Y , Let x; € Gy for some o« €Y,
i=1,2,0..,0n+1 . Then

XqXpeeoXy g & Glec(E...Glxn+l (= G“ldE"'xn+l = Go(k
for some k& 41,2,... ,n+1}r , whence there exists m€Z" such
that
m =
(Xlx2"'xn+l) * B <xk> 3
where e 1s the identity element of a group Get), » Therefore

5 is a GUn+l-semigr'oup .
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In a similar way we prove that (iii) = (iv)=>(v).
4, A IJT-REGULAR GUn+1-SEMIGROUP

THEOREM 4,1, The following conditions on a semigroup
8 are equivalent :
(i) S is a O-regulsr GU__,-semigroup and EB(8)

is a lef’c zero band ;
Gi) B is a retractive nil-extension of @ periodic

left group ;
(iii) 8 dis & left zero band of periodic F-groups ;
(iv) 8 is a J-regular GU-semigroup and E(S) is

a teft zero band
(v) 8 is Ji-reguler and

(4,1) (ﬁl,x2,...,xn+1€S)( 3m62+) (x xe...xm_l) (% 53

(vi) 5 4ig Jr-regular and
(#.2) (¥x,y€8)(qn€z") ("€ (x> .

Proof. (i)=>(iii). Let 8 be a J-regular GU  4-
semigroup and E(S) be a left zero band . Then by Theorem
VI 3.2.1. [1] and by Lemma 3.1. we have that B is & nil-
extension of a periodic left group T . Thus , S 4is periodic
so 8 = %J(S)Ke and by Theorem X 1, [17] we have that

X =T = H and K, , e€E(S) are Ji-groups ., Let x€EK, ,
JEK, , e,fTEB(S) , e # £ . Assume that xy € Kg for some
gEeE(B) , i.e. (xy)% = g for some s€ 2% ., Then we have that
there exists k,m€ z*  such that
k k

(7e)* = (ye...e)°€ (yHUCeD
and

(x£)0 = (xf...00"€ (xHULEY

Let (ye)k = e . Moreover , there exists pEt z¥  gueh that

(ey)? = (e...ey)Pe DU LD
Assume that (ey)Pe {3 s i.e. (ey)* = £ for some rezt .
Then

e = ef = e(ey)T = (ey)¥ = ¢
which is not possible . Therefore , (ey)? = e . Let yt =f,
tez*t . By (ey)? = e it follows that ey€K, and
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z=(ey)k-le €K, , yz=e and 2z€ G,

¥
where Ge is the maximal subgroup of I{e . Now we have that
s 2 -
ye = yee = yyze = ygz = yez = yEyzz = 352. = ees = yqzq %

for every q€ 2% . Hence

T
whence
e = y2 = yez = £at 1y - £2% = £(£2%) - flyez) = £(yz) =
= fe = f

which is not possible . Hemce , (ye)¥¢€ {3>EK, . In a si-
milar way we obtain that (xf)"€ {x>CT K, . Thus , we have
that ye€K,[]1T =G, and =xf€ K, T =6, . Now it fol-
lows that xfye £ GergGe ( Lemma 3,1, ) so

)S-l )S—"l

ge = (xy)% = (xy)s—lxye = (xy xfye = (xy e(xfye) =

... = (xfye)® € G, .

it

g

Thus , g = e , i.e. xy€K, , 80 S8 is a left zeroc band E(3)
of periodic Jr-groups K, , e €E(3) .,

(iii)=>(4i), Let S be a left zero band ¥ of
periodic T-groups B, , «€Y . Then S is periodic , E(S)
is a left zero band isomorphic to ¥ and Sy = Ke if
e€8,NE(8) . Thus , $ is a left zero band E(S) of peri-
odic J-groups K_ , e€E(8) . By Theorem VI 3.2.1. [1] we
have that S is a nil-extension of a periodic left group T .
Define a function “: 8—T by

N(x) = ex if xCK
Let x€K, , y€K; . Then xy€K_, =

, e ER(B) .

y SO

a

=

e
Wixy) = elxy) = (ex)y = (ex)ey = (ex)efy = (ex)e(fy) =
= (ex)(fy) = ¥ (x)¥(3) .

Therefore , ¥ is a retraction , so § is a retractive nil-
extension of a periodic left group . -

(ii)=>(v). Let 5 be a retractive nil-extension
of a periodic left group T with the retraction ' . Iet
xl,xe,...,xn+16 S . Then there exists m€Z' such that
(x1x2‘“)%1+l)m€T s BO

CTTTE N b (PN ) P A C N T T, |

By Lemma 3.1, it follows that there exists k€ 2% such that
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whence

(xppe 03,70 ™ = (PG PG P, I € <) D
Let x?- = e for some e€E(B) and some p€3%* , By Lemma
3.1, [7] we have that

W) = ex; = P+le<1>
so (4.1) holds ,
(v)=>(4i). This follows immediately .,
In a similar way we prove that (iv) =>(iii) =>(vi)
=(iv) . O

A subsemigroup T of a semigroup 8 is a retract
of a semigroup S if there exists a retraction of § onto T,

THEOREM 4,2, The following conditions on a semigroup
5 are equivalent :

€i) S is a T-regular GU_ ., -semigroup ;
(ii) 8 is a periodic GU_,,-semigroup ;

(iii) 8 is a GU, ,,-chain of retractive nil-exten-
siong of periodic left and right groups ;
(iv) 8 4is a Ré&dei’s band of periodic J-groups ;

(v) S is a W-regular GU-semigroup ;

(vi) 8 E;periodic GU=-gemigroup

(vii) s is a GU-chain of retractive nil-extensions
oi‘ periodic left and rlg;ht groups

(viii) 8 contains a retract T which is a regular
GU-gemigroup and some power oi‘ each element oi‘ B lies 1n n

Proof, (i) =>(iii). Let & be a JT—regular GUn+1
semigroup . Then E(S) # ¢ and by TLemma 2.2. E(S) is &
Rédei’s band , so by Proposition 1. [3] it follows that
Reg(B) = T 4is a subsemigroup of S ., Now , by Theorem 3.1,
we have that Reg(8) = Gr(8) , so by Theorem X 1. [1] we
have that 8 is a semilattice Y of gemigroups S, €Y
and Sy is a nil-extension of a completely simple semigroup
T for every «EY , By Lemmas 2.1 and 3.1, we have that
Tx 1is a periodic left or a right group , Since E(8) is a
Rédei’s band , then Y 4is a chain s 80 by Theorem 4.1, it
follows that (iii) holds ,

(iii) =(div). Let S be a GUn+1—chain Y of
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semigroups Sy, (€Y and By is a retractive nil-extension
of & periodic left or right group Ty, (€Y , By Theorem 4.1,
S is a left or a right zero band E(S,) of I-groups K, »
eEE(SD() . Since S dis periodic , then S = %J(S) o ° Let

x€K, , y€EK, , €54, £E€Bp, ol A . Assume that <P .
Since & is a GU_  ,-chain of semigroups S, oK €Y , then

ef = fe =6 . Also i xyesdﬁ= By o Letb xyGK for some

g€ E(8y) , i.e. (x3)% = g for some kEZ . Agsume that
E(S84) 4is a left zero band ., Let (ep)® € E(8y) for some t€ 2"

( since ey(—'So([g,= S« ) o Then (ay)t = e(ey)t = e, 80 eyEG, .
Moreover , there exists s€Z" sueh that

(7e)® = (ye...e)?c d>ULeD

and since gyef 5[50(= S s <y>g_8[3 . o(;éP , then (ye)® = e
and yeEGe . Now we have that

= (eyle = e(ye) = ye ,
whence , by this and by Theorem I 4.3, [l] s it follows that

g=-ge = (x)fe = e(xx)¥ =eg = e .

Thus xyGKe =K p o The similar proof we have if E(5y) is
a right zero band and the similar proof we have if (<o .,
Therefore S is a Rédei’s band E(S) of J-groups K
e €EE(S) .

(iv)=> (ii). Let S be a Rédei’s band Y of periodic
Ji-groups By , AEY . Then S5 is periodic . Let xiE So(j_ 5
. €Y y L =1,2,...,n+1 . Then Xy HApeee g = Xy for
scme ke{1,2,...,0+1} , so

e ?

Biforesdny €8 g »
Since S"(k is power joined , then there exist t,sEZ+ such
that

(xlxa...xm_l)t =xp € (%)
Therefore S is a periodic GU_ ,;-semigroup .

(ii)=>(4i) . This follows immediately .

In a similar way we prove that (v)=>(vi) =>(vii)
==(iv) .

(iv) = (viii). Let S ©be a Ré&dei’s band Y of
periodic Ji-groups Sy, AEY . Then it is eclear that & is
periodic , Z(8) 1is a Rédei’s band isomorphic to Y and that
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Sg=K, if e€5y (YE(S) . Thus S 4is a Rédei’s band E(S)
of periodic J-groups K  , e€E(S) . Define a function
Y: 8—T , T = Reg(8) by
Plx) = ex if x€XK, , e€E(8) .
Let xEKe ,yEKf.Then xyeKef.If ef = e , then

lxy) = efxy = exy = (ex)ey = (ex)efy = (ex)(fy) =

YR Gy .

If ef = , then by Theorem I 4.3, [1] we, have that

\P(X:y) = efxy = xyef = xyf = xfyf = xefyf = (ex)(fy) =
=Py .
Hence , P is a retraction . By Proposition 1. [3] , Lemma
2.1. we have that T = Reg(S8) is a regular GU-semigroup s
and by Jl-regularity it follows that some power of each ele-

ment of B lies in T .

(viii)=(iv). Let S contains a retract T which
is a regular GU-semigroup and some power of each element of
S 1lies in T . By Theorem 3.1. it follows that S is
periodic . Let \P: 5—T ©be a retraction and let T be a
Rédei’s band Y of periodic groups Gy ol€Y ( this follows
by Theorem 3.1.). Let we denote

B = WM& , dex

Then 8¢ is periodic semigroup with exactly one idempotent ,
80 S 1is a nil-extension of a periodic group , for every
X€Y , Also , 8 is a Rédei’s band Y of semigroups S,
X€eY [

REMARK, In Theorem 4.2, (viii) +the retract T and
the retraction \-P are not uniquely determined . For example ,
it is not hard to see that E(S) is also a retract with the
retraction \P with the following representation :

Yix) = e it =x€K, , e€E(B) .

By the prcof of Theorem 4.2, we have that statements of this
theorem holds for E(S) and for this retraction .
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EXAMPLE 4,1, The semigroup 8 given by the follow-
ing table

X e f
pd e e x
e e e e

£ p:4 e £
is a U-semigroup but Reg(8) = {e,f} is not an ideal of B

since xf = x ¢ Reg(®) .

EXAMPLE 4,2, The semigroup S given by the follow-
ing table

i £ T T £

g B g 2 g

is a nil-extension of a left zerc band , but S is not a
GU-semigroup .

EXAMPLE 4.%, The semigroup S given by the follow-
ing table
e - £ g x

e e e e e

£ T b £

f
g e f g X
X £ e X

is a chain of GU-semigroups , but S is not a GU-semigroup .

REFERENCES

1. 5. Bogdanovié , Semigroups with a system of sub-
semigroups , Inst. of Math. Novi Sad 1985 .

2. 8, Bogdanovié , Generalized U-semigroups , Zbor-
nik radova Filozofskog fakulteta u Nigu , Ser, Mat, II(1988)3-7 .
41




3. 5, Bogdanovié , Nil-extensions of a completely

regular semigroup , froc. of the conference "Algebra and
Logic" , Barajevo 1987 , Univ, of Novi Sad ( to appear ) .

4, 5. Bogdanovié , Semigroups of Galbiati-Veronesi ,
Proc, of the conference "Algebra and Logic" , Zagreb 1984 ,
Univ, of Novi Sad 1985 , 9-20 .

5. 8. Bogdanovié and M., Girié , Semigroups of
Galbiati-Veronesi ILI ( Semilattice of nil-extensions EE left
and right groups ), Facta Universitatis (Nis) , Ser. Math,
Inform. ( to appear ) .

6. S, Bogdanovié and M, €irié , U,
(to appear ) .

7. 8, Bogdanovié and M, Cirié , A nil-extension of
a regular semigroup , ( to appear ) . T o

41-Semigroups ,

8. M, Petrich , Introduction to semigroups , Merill
Publ. Comp. Ohioc 1973 .

Miroslav Girié i Stojan Bogdanovié

REDEI-JEVA TRAKA PERIODIGKIH JI=-GRUPA

U ovom radu se razmatraju GUn+1-polugrupe s Bod.
polugrupe sa sledecom osobinom 3

(Vxl,xg,...,xn+1)(:'lm) (x1x2"'xn+l)m B <xl>U<x2>U...U<xn+l>

i pokazujemo da 8 jJeste J-regularna GUn+1-polugrupa ako i
samo ako S Jeste Rédei-jeva traka perididkih nil-ekstenzija

grupa ( Jr-grupa ) .
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