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Abstract. In this paper the concept of E—connectedness of bitopological
spaces is introduced and studied.

1. Introduction

In [4] Perwin has given a characterization of pairwise connected bitopolo-
gical spaces in terms of bicontinuous functions: a bitopological space (X,T1,T2)
is pairwise comnected if every bicontinuous function from X into (D;ZVD,jaD) is
constant. In this paper D stands for the set {O,I} endowed with the left-hand to-
pology /D ={ ,0,{0}} and the right-hand topology R/D =9 @,D,{1}}. The class
of topological (bitopological) spaces which contain more than one point will be
denoted by ef QEB). The set of all bicontinucus functions from (X,T1,T2) into
(E,U,,U,) will be denoted by BC(X,E).

_ The bitopological quasicomponent of a point x in (X,T1,T2) is the set of
all points y in X such that x and y cannot be separated by a separation of X [8].
This quasicomponent will be denoted by Qx.

A subset A of (X,TT,TE) is called p-open if A=H UH,, where H,&T, for i=
1,2. It is obvious that each open set in topology Ti is p-open, but the converse
is not necessarily true [1].

Preuss introduced and studied Ei—connectednedness oftopological spaces. A
topological space X is E -connected if every continuous function from X into Y
is constant, for every YQE [61

2. Results

DEFINITION 2.1. A bitopological space (X,T1,T2) is pairwise E-connected
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(briefly (t, -connected) if every bicontinuous function from X into (E, U0, )
is constant f‘or- each EGE,E

REMARK. Every E —connected bitopological space is pairwise connected,
but the converse is nct necessarily true. If E = {D} then each pairwise con-
nected bitopological space is E -connected.

DEFINITION 2.2. A subset G of bitopological space (X, T T ) 1s E p-open if
there exist E & E’B’ f eBC(X,E) and a p-open set V in E such that £ (V) U. The
complement of an EB—open set is EB—closed.

REMARK. Every EB-open set is p-open, but the converse is not necessarily
true. If EB ={D} then each p-open set is E,B—open.

DEFINITION 2.3. A bitopological space X is tE—connected between (non -
empty) subsets A and B if Uj-cl f(a) n U;-el £(B) #@ for each EeEB, each f in
BC(X,E) and i#], 1,J=1,2. If one of the sets A and B (or both) consists of a
single point, then X is EB—connected between a point and a subset, respecti-
vely between a subset and a point (or between two points).

PROPOSITION 2.4. Let E’B be the class of PT1 spaces. Then the following
statements are equivalent:

(1) X is EB-connected,

(ii) X is 'E, B—connected between every two subsets,

(iii) X is EB-connected between every two disjoint subsets,

(iv) X is EB-connected between each Ti—closed and each Tj—closed subset
such that they are disjoint for i#j , 3y =142,

(v) X is EB—connected between every Tk—closed set A and every point p in
XA A, k=1,2,

(vi) X is EB—connected between every two distinet points.

PROOF. (i)=>(vi) Let x,y €X, x#y, E¢€ EB and £&BC(X,E). Since X is EE—con—
nected we have f(x)=f(y). Hence U ~elir(tn Uj-c1{e(y)} # 0 for i4j, 1,5=1,2.
This means that X is EB—connected between any two points.

(vi)=»(i) Suppose that X is not EB—connected. Then there exist E& E’E’
£ &BC(X,E) and two distinct points %,y €X such that £(x)#f(y). Since E is a
PT, space, Ui—cl{f(x)}nt-clif'(y)}z {1 {f(y)}=0, i.e. X is not EB-connected
between x and y.

In a similar way we prove (1)=p(ii)=p(iii)=3(iv)=»(v)=»(vi). [Note that this
implication chain holds for any class ‘E’B]

PROPOSITION 2.5. Let X be a bitopological space. Consider the following
statements:
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(i) X is EB—connected,

(ii) The ‘EB-open sets in X are only X and @,

(iii) If ¥ = AUB, where A and B are EB—open sets, then X=A or X=B,

(iv) If X = AUB, with A and B EB-closed sets, then X=A or ¥=B.
Then the implication chain (i)=p(ii)=p(iii)=p(iv) holds for any class EB More~
over

(a) If EB is the class of PT, spaces, then (ii)=»(i),

(b) If, ‘EB is the class of spaces with the property bicl{x}n bicl{y}=0
for every two distinct points x and y (in each EEEB), then (iii)=p(i),

(e) If EB is the class of PR.I spaces such that Ui-cl{x}nt—CI{ yi= 0
for every two distinct points x and y, 1#j, i,J=1,2, then (iv)=s(i).

PROOF. (i)=(ii) Let G be an EB—open set in X such that @#G#X. Then there
exist E€ &, £eBC(X,E) and a p-open set WeE such that G = £~ (W), Let x &G
and y @X\G. Then f(x) # f(y) and f is not constant. Therefore X is not EB—con—
nected, which is a contradiction.

(a) Let X is not € _-connected. Then there exist E & EE f &BC(X,E) and
points x,y in X such that £(x) # f(y). Since E is a PT space, there is a set
Gf—_-U,I with £(1) &G, £(y)AC or a set Ve, with f(x)gv £(y) & V. Then £~'(G)40,

(G);EX £ (V)ﬁ@ £ (V)aEX But £~ (G and £ (V) are EB—open and we have a
contradiction.

(1) =p(iii) is evident so that we shall prove (b). Suppose that ¥ is not
-connected. Then there are EG:EB f&BC(X,E) and two distinect points x,yaX
quch that £(x) # £(y). Since blcl{f(x)}nblcl{f(y)} @ (in E), the sets 4 =
(E\bml{f(x Y) and B = £ (E\ blcl{f‘(y)} are E -open, because cne has
A=W EN (U 1~eHEGR} O U,-elif(}) = £7 (V) where V is p-open in E (and
similarly for B) Now X = AUB, X#A, X#B, which is a contradiction.
(1)=$(iV) and (c) may be proved in a similar way. ‘

CORCLLARY. If EB is the class of PT1 spaces, then (iii)=P (i) in Propo- ‘
sition 2.5. If EB is the class of PT2 spaces, then (iv)=»(i) in Proposition
2.5

DEFINITION 2.6. a} A set GeX is called an EB-open neighbourhood of a sub-
set B of X if B&G and G is E,Buopen.

b) A set WeX is said to be an E ~closed neighbourhood of a subset. BeX
if there ex;Lst, E GEB f&BC(X,E) and a p-open set OcE such that W = (Uk-clO)
and Bef ™ (0) for k=1,2.

c) A set VeX is called a special EB—open neighbourhood of a subset BeX

f there exist EE-EB f £BC(X,E) and a p-open neighbourhood Q of U —clff (B)} sueh

that V = £71(0) for k=1,2. o I




DEFINITION 2.7. Let X be a bitopological space and x € X. Then the bitopolo-
gical 'ﬁB-quasicomponent of x is the set ‘E‘B_Qx = {y:f(x)=f(y) for each EEEB
and each f &BC(X,E)}.

LEMMA 2.8. Let ‘E'B be the class of PT  spaces, X a bitopological space,
x@X and
A, = {y:iyeX & y is in each % g-open neighbourhood of x} :
% B, ={y:yeX & x is in each EB—open neighbourhood of v} .
Then B—Qx % Axn Bx'

PROOF. Let y&A NB  and y& EB—QX. Then there exist E& € and f&BC(X,E)
such that f(x) # f(y). Since E is PTO then there exists either (i) an U1—open
neighbouPhood G of f£(x) such that f(y)&G, or (ii) an U,-open neighbourhood V
of f(y) such that f(x) gV. Then:

(1) f_1(G) is an ‘E,B—open neighbourhood of x with y@ g“1(G) which contradicts
the fact yeAx;
(ii) f'1(v) is an EB—open neighbourhood of y and ng”m which contradicts
the fact yGBx.

Now, let G be an ‘E,B-open neighbourhood of x and y & \F’E_QX Then there
exist EG‘EB’ f €BC(X,E) and a p-open set VG E such that G :f_1(v).Then flx)=fly)
and £(x) &V. Therefore y&f™ (V) = G and y&A . Similarly, y &B,.

LEMMA 2.9. Let € be the class of PT
x &k, Ax’

(1) Ep-Q = A =B.

(i1) ‘SB_C%( ={yeX:X is %B—ccrmected between x and y}.

4 spaces, X a bitopological space,

Bx as in Lemma 2.8. Then the following hold:

PROOF. (i) is trivial so that we shall prove (ii). Let X be EB-connected
between x and y. Then there are E& ‘E'B and £ &BC(X,E) such that Ui—cl{f(x)} n
Uj—cl{f‘(y)} # @, for i#j, i,j=1,2. As E is PT, we have Uk—cl{f‘(x)} = {£(x)} for
k=1,2 and every point % in X. Therefore f(x) = f(y), i.e. y& _Qx' The converse

is true for every class \FJB.

LEMMA 2.10. Let \E’B be the class of PT2 spaces, X a bitopclogical space
and x €X. Then EB—QX is the set of all points y in X such that x and y cannot

be separated by ~EB-':::pen sets.

PROOF. Suppose that x and y can be separated by \E.B—open sets. Then there
exist EE, & ‘EB, F@BC(X,E), £&BC(X,E,) and p-open sets OCE, 0,GE, such that
xer™0), yeg (0,) and £7(0)ng™(0,) = 0. Then £(x)€0, f(y)#0 and f(y)&0,,
F(x)O,. Thus £(x) # £(y), i.e. V4 [

Let v €X be a point such that x and y cannot be separated by EB'Open sekbs.
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Let EE‘E,B and f&BC(X,E) be such that f(x) # f(y). Since E is a PT‘,2 space, there
exist disjoint neighbourhoods G&U.] and VEUE of f(x) and f(y), respectively. We
have x&f'(G)&T,, y&f™ (V) €T, and £ (E)ALT(V) = 0, 1.e. £71(a) and £ ()
are disjoint EB—open sets which is a contradiction.

DEFINITION 2.11. The bitopological EB—oomponent, of a set AeX is its maxi-
mal €B~connected subset. ‘EB_K}( denotes the EB—component of a point x &X.

PROPCSITION 2.12. Let A be an %—connected subset of a bitopological space X.

Then Tk—clA is EB—connected if and only if 'E‘B is the class of PT1 spaces.

PROOF. Let A & X be EB—connected and let f‘:Tk—clﬂ—s-E be a p-continuous
function, for k=1,2 and E & ‘E’B’ Then £(A) ={a}eE and the set B = f‘_1(a) is T, -
closed in Tk—clA. Hence B is Tk—closed in X and A<B CTk—clA. Therefore Tk-clA:
B and f is constant. This means that Tk-clh is EB—comected.

Let E€ €, x eX. Consider the set YEB-KX. This set is equal to x}. Hence
Ix} = Tk-—cl{x}, k=1,2, because Tk—cl{x} is EB—connected and EB—KX is maximal

B—connected. Therefore E is a PT,| space.
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Milena Jelié
EB—?OVEZANOST BITOPOLOSKIH PROSTORA

U radu se definide povezanost bitopoloskih prostora u smislu Preuss-a i pro-
udavaju osobine takvih prostora u zavisnosti od aksioma separacije.
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