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Two algorithms for solving generalized coupled Sylvester tensor
equations
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Abstract. In this paper, we consider the generalized coupled Sylvester tensor equations by the tensor forms
of the biconjugate A-orthogonal residual and the conjugate A-orthogonal residual squared algorithms. With
the absence of round-off errors, we show that our methods converge to the exact solution group within
finite steps when they are consistent. Finally, we provide some numerical examples to demonstrate the
effectiveness of the proposed methods, including when testing the algorithms by color image restoration
problems and randomly generated data.

1. Introduction

Throughout this paper, we denote the tensors as Euler script letters, e.g., X. An order n dimension
I1 × I2 × · · · × In tensor X = (xi1i2···in ) is a multidimensional array consisting of I1I2 · · · In entries with 1 ≤ i j ≤

I j, 1 ≤ j ≤ n. A mode-1 fiber of X = (xi1i2···in ) is defined by fixing every index except for i1 (i1 = 1, · · · , I1),
denoted by x:i2···in . We denote the matrices as capital letters, e.g., A. Let RI1×I2×···×In and RI1×I2 be the sets of
all tensors and matrices over the real number field R, respectively. The transpose of a matrix A ∈ RI1×I2 is
denoted by AT

∈ RI2×I1 . A tensor X = (xi1i2···in ) is called the zero tensor if xi1i2···in = 0, denoted by O. The
k-mode product of X ∈ RI1×I2×···×In with a matrix A ∈ RJ×Ik [1, 2], denoted by X ×k A, is a tensor of size
I1 × · · · × Ik−1 × J × Ik+1 × · · · × In with its entries given by

(X ×k A)i1×···×ik−1× j×ik+1×···×in =

Ik∑
ik=1

xi1i2···in a jik , j = 1, 2, · · · , J.

Given two tensors X,Y ∈ RI1×I2×···×In , their inner product is defined as

⟨X,Y⟩ =
I1∑

i1=1

I2∑
i2=1

· · ·

In∑
in=1

xi1i2···in yi1i2···in .
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So the Frobenius norm over RI1×I2×···×In is naturally defined as

∥X∥ =
√
⟨X,X⟩ =

√√√ I1∑
i1=1

I2∑
i2=1

· · ·

In∑
in=1

x2
i1i2···in

.

If two tensorsX andY yield to ⟨X,Y⟩ = 0, then they are said to be orthogonal. LetX ∈ RI1×···×Ik−1×P×Ik+1×···×In ,
Y ∈ RI1×···×Ik−1×Q×Ik+1×···×In and M ∈ RQ×P. Then

⟨X ×k M,Y⟩ = ⟨X,Y ×k MT
⟩.

Let X ∈ RI1×I2×···×In , M1, Mk ∈ R
J1×Ik , M2 ∈ RP×J1 and Ml ∈ R

J2×Il (k , l). Then{
X ×k M1 ×k M2 = X ×k (M2M1),
X ×k Mk ×l Ml = X ×l Ml ×k Mk.

For more details about the properties of tensors, see [3–8].
In this paper, we are interested in solving the following generalized coupled Sylvester tensor equations

(GCSTEs)

X1 ×1 A11 +X2 ×2 A12 + · · · +Xn−1 ×n−1 A1(n−1) +Xn ×n A1n = B1,

X2 ×1 A21 +X3 ×2 A22 + · · · +Xn ×n−1 A2(n−1) +X1 ×n A2n = B2,

...
...

...

Xn ×1 An1 +X1 ×2 An2 + · · · +Xn−2 ×n−1 An(n−1) +Xn−1 ×n Ann = Bn,

(1)

where Ai j ∈ RI j×I j , Bi ∈ RI1×I2×···×In are given, and tensors X j ∈ RI1×I2×···×In are required to be determined,
i, j = 1, · · · ,n. When i = 1 and X1 = X2 = · · · = Xn = X, Eqs.(1) reduce to the Sylvester tensor equation
(STE)

X ×1 A1 +X ×2 A2 + · · · +X ×n An = B. (2)

It was not merely applied to system and control theory [9–13], but also extensively penetrated the heat
transfer [14], partial differential equation [15], finite difference [16], finite element [17]. One application of
STE is to solve the convection-diffusion equation [18, 20]

−v∆u + cT
∇u = f in Γ = [0, 1]n,

u = 0 on ∂Γ.
(3)

From the finite difference method, Eq.(3) is discreted as Eq.(2) with parameters

Ai =
v
h2


2 −1
−1 2 −1

. . .
. . .

. . .
−1 2 −1

2 −1


m×m

+
ci

4h


3 −5 1
1 3 −5
. . .

. . .
. . . 1

1 3 −5
1 3


m×m

, (4)

where h = 1
m+1 is the mesh size, i = 1, · · · ,n. Indeed, the GCSTEs, as an extension of STE, are quite general

and have many important potential applications. However, there is little literature on studying the iterative
solution of GCSTEs. It motivates us to establish efficient algorithms for solving the original tensor equations.

Various effective algorithms for solving the STE have been developed in the last decade. From the
hierarchical identification principle, Chen and Lv [18] proposed a gradient-based iterative method and its
modification version for solving the third-order Sylvester tensor equation when it has a unique solution.
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They also [19] developed a generalized minimum residual method and its preconditioned version in their
tensor forms for solving Eq.(2). After that, from the Arnoldi process, Ali Beik et al. [20] introduced the
conjugate gradient and nested conjugate gradient methods to search for a solution of Eq.(2), respectively. A
new method [21] based on the global Bidiag 1 process was also proposed for obtaining its solutions of Eq.(2).
Huang and Li [22] derived some Krylov subspace methods, including the conjugate residual, generalized
conjugate residual, biconjugate gradient, conjugate gradient squared, and biconjugate gradient stabilized
methods in their tensor forms for solving a tensor equation. In [23], Najafi-Kalyani et al. formulated
some effective methods for solving the tensor equation (2), which are based on the tensor form of the
global Hessenberg process. According to the CP decomposition, Bentbib et al. [24] proposed the block and
global Arnoldi-based methods for solving the tensor equation (2) efficiently, which are promising methods.
Heyouni et al. [25] established a new iterative method in its tensor form for solving Eq.(2). Besides,
Wang and He [26–34] studied the solvability of a series of Sylvester quaternion tensor equations, and also
presented their general solution expressions. To the best of our knowledge, only Lv and Ma [35] presented
a modified conjugate gradient (MCG) method for investigating the iterative solutions of GCSTEs. So we
in this paper intend to develop a biconjugate A-orthogonal residual method in its tensor form for solving
the GCSTEs (1). With the absence of round-off errors, we prove that the method mentioned converges to
the solutions for any initial value at most finite iteration steps. A transpose-free variant of the proposed
method is also established to improve its performance further.

The organization of this paper is as follows. In Section 2, we propose the biconjugate A-orthogonal
residual method based on the tensor format (BiCOR−BTF) for solving the generalized coupled Sylvester
tensor equations, the convergence of which is also established under certain assumptions. Moreover, we
develop the tensor form of the conjugate A-orthogonal residual squared method, which converges much
faster than BiCOR−BTF. We provide some numerical examples to show the efficiency of our methods
compared with MCG in Section 3. Numerical results of the proposed methods applied to some color image
restoration problems are also recorded in this section. Finally, we give a brief conclusion in Section 4.

2. Two iterative algorithms for solving GCSTEs (1)

This section proposes the tensor forms of the biconjugate A-orthogonal residual method and its
transpose-free variant for solving the GCSTEs (1). As stated in [35], by the properties of k-mode prod-
uct and Kronecker product [1, 4, 36], the GCSTEs (1) can be rewritten equivalently as the following linear
system

Ax = b, (5)

where

A =


IIn ⊗ · · · ⊗ II2 ⊗ A11 IIn ⊗ · · · ⊗ A12 ⊗ II1 · · · A1n ⊗ IIn−1 ⊗ · · · ⊗ II1

A2n ⊗ IIn−1 ⊗ · · · ⊗ II1 IIn ⊗ · · · ⊗ II2 ⊗ A21 · · · IIn ⊗ A2(n−1) ⊗ · · · ⊗ II1

...
...

. . .
...

IIn ⊗ · · · ⊗ An2 ⊗ II1 IIn ⊗ · · · ⊗ An3 ⊗ II2 ⊗ II1 · · · IIn ⊗ · · · ⊗ II2 ⊗ An1

 ,

x =


vec(X1)
vec(X2)
...

vec(Xn)

 , b =


vec(B1)
vec(B2)
...

vec(Bn)

 ,
and the operator vec(·) represents a vectorized tensor by stacking its mode-1 fiber to form a vector.

We call that the tensor equations (1) are consistent if and only if Eq.(5) is consistent. It is well known that
there are many effective Krylov subspace methods for solving Eq.(5). As shown in [37–39], the biconjugate
A-orthogonal residual (BiCOR) and the conjugate A-orthogonal residual squared (CORS) algorithms for
solving a linear system outperform some Krylov subspace methods. So we here utilize the BiCOR and CORS
algorithms, based on the biconjugate A-orthonormalization procedure, to solve Eq.(5) instead of Eqs.(1).
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The procedure is built upon the two-sided Lanczos method and can be regarded as a Petrov-Galerkin
projection technique between the dual Krylov subspaces Km(A; υ1) and ATKm(AT;ω1) with υ1 and ω1 being
two column vectors of appropriate dimensions. Nevertheless, the computational work and memory space
required to implement the two algorithms are costly with the dimension increases. As a result, we intend to
propose the tensor forms of the BiCOR and CORS algorithms for solving Eqs.(1). Unless otherwise stated,
we always assume that the tensor equations (1) are consistent. Moreover, we give a useful lemma that plays
a key role in the proposed algorithms.

Lemma 2.1. If Li(X1, · · · ,Xn) and L̃i(Y1, · · · ,Yn)(i = 1, 2, · · · ,n) are linear operators on RI1×I2×···×In , then

⟨Y1,L1(X1,X2, · · · ,Xn)⟩ + ⟨Y2,L2(X1,X2, · · · ,Xn)⟩ + · · · + ⟨Yn,Ln(X1,X2, · · · ,Xn)⟩

= ⟨X1, L̃1(Y1,Y2, · · · ,Yn)⟩ + ⟨X2, L̃2(Y1,Y2, · · · ,Yn)⟩ + · · · + ⟨Xn, L̃n(Y1,Y2, · · · ,Yn)⟩,
(6)

where

L1(X1, · · · ,Xn) = X1 ×1 A11 +X2 ×2 A12 + · · · +Xn ×n A1n,

L2(X1, · · · ,Xn) = X2 ×1 A21 +X3 ×2 A22 · · · +X1 ×n A2n,

...
...

...

Ln(X1, · · · ,Xn) = Xn ×1 An1 +X1 ×2 An2 + · · · +Xn−1 ×n Ann

(7)

and 

L̃1(Y1, · · · ,Yn) = Y1 ×1 AT
11 +Y2 ×n AT

2n + · · · +Yn ×2 AT
n2,

L̃2(Y1, · · · ,Yn) = Y1 ×2 AT
12 +Y2 ×1 AT

21 · · · +Yn ×3 AT
n3,

...
...

...

L̃n(Y1, · · · ,Yn) = Y1 ×n AT
1n +Y2 ×n−1 AT

2(n−1) + · · · +Yn ×1 AT
n1.

(8)

Proof. For Eq.(6), it follows that

⟨Y1,X1 ×1 A11 +X2 ×2 A12 + · · · +Xn ×n A1n⟩ + ⟨Y2,X2 ×1 A21 +X3 ×2 A22 · · · +X1 ×n A2n⟩

+ · · · + ⟨Yn,Xn ×1 An1 +X1 ×2 An2 + · · · +Xn−1 ×n Ann⟩

= [⟨Y1 ×1 AT
11,X1⟩ + ⟨Y1 ×2 AT

12,X2⟩ + · · · + ⟨Y1 ×n AT
1n,Xn⟩] + [⟨Y2 ×1 AT

21,X2⟩ + ⟨Y2 ×2 AT
22,X3⟩

+ · · · + ⟨Y2 ×n AT
2n,X1⟩] + [⟨Yn ×1 AT

n1,Xn⟩ + ⟨Yn ×2 AT
n2,X1⟩ + · · · + ⟨Yn ×n AT

nn,Xn−1⟩]

= ⟨X1,Y1 ×1 AT
11 +Y2 ×n AT

2n + · · · +Yn ×2 AT
n2⟩ + ⟨X2,Y1 ×2 AT

12 +Y2 ×1 AT
21 · · · +Yn ×3 AT

n3⟩

+ ⟨Xn,Yn ×1 AT
n1 +Y2 ×n−1 AT

2(n−1) + · · · +Y1 ×n AT
1n⟩

= ⟨X1, L̃1(Y1,Y2, · · · ,Yn)⟩ + ⟨X2, L̃2(Y1,Y2, · · · ,Yn)⟩ + · · · + ⟨Xn, L̃n(Y1,Y2, · · · ,Yn)⟩.

Next, we develop the BiCOR method in its tensor form for studying the GCSTEs (1) as follows.

Algorithm 2.1. Tensor form of BiCOR method for solving GCSTEs (1).

1. Input initial guesses X0
i , Bi ∈ RI1×I2×···×In , Ai j ∈ RI j×I j , k = 0, and set ϵ > 0.
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2. Calculate 

R
0
1 = B1 − L1(X0

1, · · · ,X
0
n),

R
0
2 = B2 − L2(X0

1, · · · ,X
0
n),

...
...

R
0
n = Bn − Ln(X0

1, · · · ,X
0
n),



P
0
1 = R

0
1,

P
0
2 = R

0
2,

...

P
0
n = R

0
n,

R̃
0
1 = L1(R0

1, · · · ,R
0
n),

R̃
0
2 = L2(R0

1, · · · ,R
0
n),

...
...

R̃
0
n = Ln(R0

1, · · · ,R
0
n)



P̃
0
1 = R̃

0
1,

P̃
0
2 = R̃

0
2,

...

P̃
0
n = R̃

0
n,

and
ρ0 = ⟨R̃

0
1,L1(R0

1, · · · ,R
0
n)⟩ + ⟨R̃0

2,L2(R0
1, · · · ,R

0
n)⟩ + · · · + ⟨R̃0

n,Ln(R0
1, · · · ,R

0
n)⟩,

σ0 = ⟨L̃1(P̃0
1, · · · , P̃

0
n),L1(P0

1, · · · ,P
0
n)⟩ + ⟨L̃2(P̃0

1, · · · , P̃
0
n),L2(P0

1, · · · ,P
0
n)⟩

+ · · · + ⟨L̃n(P̃0
1, · · · , P̃

0
n),Ln(P0

1, · · · ,P
0
n)⟩,

ηk = ∥R
k
1∥ + ∥R

k
2∥ + · · · + ∥R

k
n∥.

3. For k = 1, 2, · · · until ηk < ϵ do:
αk =

ρk

σk
, 

X
k+1
1 = Xk

1 + αkP
k
1,

X
k+1
2 = Xk

2 + αkP
k
2,

...
...

X
k+1
n = Xk

n + αkP
k
n,

R
k+1
1 = Rk

1 − αkL1(Pk
1, · · · ,P

k
n),

R
k+1
2 = Rk

2 − αkL2(Pk
1, · · · ,P

k
n),

...
...

R
k+1
n = Rk

n − αkLn(Pk
1, · · · ,P

k
n),



R̃
k+1
1 = R̃k

1 − αkL̃1(P̃k
1, · · · , P̃

k
n),

R̃
k+1
2 = R̃k

2 − αkL̃2(P̃k
1, · · · , P̃

k
n),

...
...

R̃
k+1
n = R̃k

n − αkL̃n(P̃k
1, · · · , P̃

k
n),

L1(Rk+1
1 , · · · ,R

k+1
n ) = Rk+1

1 ×1 A11 + R
k+1
2 ×2 A12 + · · · + R

k+1
n ×n A1n,

L2(Rk+1
1 , · · · ,R

k+1
n ) = Rk+1

2 ×1 A21 + R
k+1
3 ×2 A22 · · · + R

k+1
1 ×n A2n,

...
...

...

Ln(Rk+1
1 , · · · ,R

k+1
n ) = Rk+1

n ×1 An1 + R
k+1
1 ×2 An2 + · · · + R

k+1
n−1 ×n Ann,

ρk+1 = ⟨R̃
k+1
1 ,L1(Rk+1

1 , · · · ,R
k+1
n )⟩ + ⟨R̃k+1

2 ,L2(Rk+1
1 , · · · ,R

k+1
n )⟩ + · · · + ⟨R̃k+1

n ,Ln(Rk+1
1 , · · · ,R

k+1
n )⟩.

4. Calculate βk =
ρk+1

ρk
, 

P
k+1
1 = Rk+1

1 + βkP
k
1,

P
k+1
2 = Rk+1

1 + βkP
k
2,

...
...

P
k+1
n = Rk+1

1 + βkP
k
n,



P̃
k+1
1 = R̃k+1

1 + βkP̃
k
1,

P̃
k+1
2 = R̃k+1

1 + βkP̃
k
2,

...
...

P̃
k+1
n = R̃k+1

1 + βkP̃
k
n,
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σk+1 = ⟨L̃1(P̃k+1
1 , · · · , P̃

k+1
n ),L1(Pk+1

1 , · · · ,P
k+1
n )⟩ + ⟨L̃2(P̃k+1

1 , · · · , P̃
k+1
n ),L2(Pk+1

1 , · · · ,P
k+1
n )⟩

+ · · · + ⟨L̃n(P̃k+1
1 , · · · , P̃

k+1
n ),Ln(Pk+1

1 , · · · ,P
k+1
n )⟩.

Theorem 2.1. If the tensor sequences {R̃k
m}, {Lm(Rk

1, · · · ,R
k
n)}, {L̃m(P̃k

1, · · · , P̃
k
n)} and {Lm(Pk

1, · · · ,P
k
n)} (m =

1, 2, · · · ,n, k = 0, 1, · · · ) are generated by Algorithm 2.1, then

⟨R̃
i
1,L1(R j

1, · · · ,R
j
n)⟩ + · · · + ⟨R̃i

n,Ln(R j
1, · · · ,R

j
n)⟩

= ⟨R
j
1, L̃1(R̃i

1, · · · , R̃
i
n)⟩ + · · · + ⟨R j

n, L̃n(R̃i
1, · · · , R̃

i
n)⟩ = 0,

(9)

⟨L̃1(P̃i
1, · · · , P̃

i
n),L1(P j

1, · · · ,P
j
n)⟩ + · · · + ⟨L̃n(P̃i

1, · · · , P̃
i
n),Ln(P j

1, · · · ,P
j
n)⟩ = 0 (10)

hold for i , j, i, j = 0, 1, · · · . Moreover, for i > j, it follows that

⟨R̃
i
1,L1(P j

1, · · · ,P
j
n)⟩ + · · · + ⟨R̃i

n,Ln(P j
n, · · · ,P

j
n)⟩ = 0. (11)

Proof. From Lemma 2.1, we can see that the first half part of Eq.(9) is straightforward. For the rest assertions,
we first prove that Eqs.(9), (10) and (11) hold for 0 ≤ j < i ≤ k by induction. If k = 1, it follows that

⟨R̃
1
1,L1(R0

1, · · · ,R
0
n)⟩ + · · · + ⟨R̃1

n,Ln(R0
1, · · · ,R

0
n)⟩

=⟨R̃0
1 − α0L̃1(P̃0

1, · · · , P̃
0
n),L1(R0

1, · · · ,R
0
n)⟩ + · · · + ⟨R̃0

n − α0L̃n(P̃0
1, · · · , P̃

0
n),Ln(R0

1, · · · ,R
0
n)⟩

=⟨R̃0
1,L1(R0

1, · · · ,R
0
n)⟩ + · · · + ⟨R̃0

n,Ln(R0
1, · · · ,R

0
n)⟩

− α0[⟨L̃1(P̃0
1, · · · , P̃

0
n),L1(R0

1, · · · ,R
0
n)⟩ + · · · + ⟨L̃n(P̃0

1, · · · , P̃
0
n),Ln(R0

1, · · · ,R
0
n)⟩]

=⟨R̃0
1,L1(R0

1, · · · ,R
0
n)⟩ + · · · + ⟨R̃0

n,Ln(R0
1, · · · ,R

0
n)⟩

−
⟨R̃

0
1,L1(R0

1, · · · ,R
0
n)⟩ + · · · + ⟨R̃0

n,Ln(R0
1, · · · ,R

0
n)⟩

⟨L̃1(P̃0
1, · · · , P̃

0
n),L1(P0

1, · · · ,P
0
n)⟩ + · · · + ⟨L̃n(P̃0

1, · · · , P̃
0
n),Ln(P0

1, · · · ,P
0
n)⟩

[⟨L̃1(P̃0
1, · · · , P̃

0
n),L1(P0

1, · · · ,P
0
n)⟩ + · · · + ⟨L̃n(P̃0

1, · · · , P̃
0
n),Ln(P0

1, · · · ,P
0
n)⟩]

=0.

Since P0
1 = R

0
1, by Lemma 2.1, it follows that

⟨R̃
1
1,L1(P0

1, · · · ,P
0
n)⟩ + · · · + ⟨R̃1

n,Ln(P0
n, · · · ,P

0
n)⟩ =⟨R̃1

1,L1(R0
1, · · · ,R

0
n)⟩ + · · · + ⟨R̃1

n,Ln(R0
1, · · · ,R

0
n)⟩

=0,

and

⟨L̃1(P̃1
1, · · · , P̃

1
n),L1(P0

1, · · · ,P
0
n)⟩ + · · · + ⟨L̃n(P̃1

1, · · · , P̃
1
n),Ln(P0

1, · · · ,P
0
n)⟩

=⟨L̃1(R̃1
1, · · · , R̃

1
n) + β0L̃1(P̃0

1, · · · , P̃
0
n),

1
α0

(R0
1 − R

1
1)⟩ + · · · + ⟨L̃n(R̃1

1, · · · , R̃
1
n) + β0L̃n(P̃0

1, · · · , P̃
0
n),

1
α0

(R0
n − R

1
n)⟩

= −
1
α0

[⟨L̃1(R̃1
1, · · · , R̃

1
n),R1

1⟩ + · · · + ⟨L̃n(R̃1
1, · · · , R̃

1
n),R1

n⟩ − β0[⟨L̃1(P̃0
1, · · · , P̃

0
n),R0

1⟩ + · · · + ⟨L̃n(P̃0
1, · · · , P̃

0
n),R0

n⟩]]

= −
1
α0

[R̃1
1,L1(R1

1, · · · ,R
1
n)⟩ + · · · + ⟨R̃1

n,Ln(R1
1, · · · ,R

1
n)⟩

−
⟨R̃

1
1,L1(R1

1, · · · ,R
1
n)⟩ + · · · + ⟨R̃1

n,Ln(R1
1, · · · ,R

1
n)⟩

⟨R̃
0
1,L1(R0

1, · · · ,R
0
n)⟩ + · · · + ⟨R̃0

n,Ln(R0
1, · · · ,R

0
n)⟩

[⟨L̃1(R̃0
1, · · · , R̃

0
n),R0

1⟩ + · · · + ⟨L̃n(R̃0
1, · · · , R̃

0
n),R0

n⟩]]

= −
1
α0

[R̃1
1,L1(R1

1, · · · ,R
1
n)⟩ + · · · + ⟨R̃1

n,Ln(R1
1, · · · ,R

1
n)⟩
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−
⟨R̃

1
1,L1(R1

1, · · · ,R
1
n)⟩ + · · · + ⟨R̃1

n,Ln(R1
1, · · · ,R

1
n)⟩

⟨R̃
0
1,L1(R0

1, · · · ,R
0
n)⟩ + · · · + ⟨R̃0

n,Ln(R0
1, · · · ,R

0
n)⟩

[⟨R̃0
1,L1(R0

1, · · · ,R
0
n)⟩ + · · · + ⟨R̃0

n,Ln(R0
1, · · · ,R

0
n)⟩]]

=0.

Assume that the assertions hold for k = m, then for k = m + 1, it follows that

⟨R̃
m+1
1 ,L1(Rm

1 , · · · ,R
m
n )⟩ + · · · + ⟨R̃m+1

n ,Ln(Rm
1 , · · · ,R

m
n )⟩

=⟨R̃m
1 − αmL̃1(P̃m

1 , · · · , P̃
m
n ),L1(Rm

1 , · · · ,R
m
n )⟩ + · · · + ⟨R̃m

n − αmL̃n(P̃m
1 , · · · , P̃

m
n ),Ln(Rm

1 , · · · ,R
m
n )⟩

=⟨R̃m
1 ,L1(Rm

1 , · · · ,R
m
n )⟩ + · · · + ⟨R̃m

n ,Ln(Rm
1 , · · · ,R

m
n )⟩

− αm[⟨L̃1(P̃m
1 , · · · , P̃

m
n ),L1(Rm

1 , · · · ,R
m
n )⟩ + · · · + ⟨L̃n(P̃m

1 , · · · , P̃
m
n ),Ln(Rm

1 , · · · ,R
m
n )⟩]

=⟨R̃m
1 ,L1(Rm

1 , · · · ,R
m
n )⟩ + · · · + ⟨R̃m

n ,Ln(Rm
1 , · · · ,R

m
n )⟩ − αm[⟨L̃1(P̃m

1 , · · · , P̃
m
n ),L1(Pm

1 , · · · ,P
m
n )

− βm−1L1(Pm−1
1 , · · · ,Pm−1

n )⟩ + · · · + ⟨L̃n(P̃m
1 , · · · , P̃

m
n ),Ln(Pm

1 , · · · ,P
m
n ) − βm−1Ln(Pm−1

1 , · · · ,Pm−1
n )⟩]

=⟨R̃m
1 ,L1(Rm

1 , · · · ,R
m
n )⟩ + · · · + ⟨R̃m

n ,Ln(Rm
1 , · · · ,R

m
n )⟩

− αm[⟨L̃1(P̃m
1 , · · · , P̃

m
n ),L1(Pm

1 , · · · ,P
m
n )⟩ + · · · + ⟨L̃n(P̃m

1 , · · · , P̃
m
n ),Ln(Pm

1 , · · · ,P
m
n )⟩]

=0,

and

⟨L̃1(P̃m+1
1 , · · · , P̃m+1

n ),L1(Pm
1 , · · · ,P

m
n )⟩ + · · · + ⟨L̃n(P̃m+1

1 , · · · , P̃m+1
n ),Ln(Pm

1 , · · · ,P
m
n )⟩

=⟨L̃1(R̃m+1
1 , · · · , R̃m+1

n ) + βmL̃1(P̃m
1 , · · · , P̃

m
n ),

1
αm

(Rm
1 − R

m+1
1 )⟩

+ · · · + ⟨L̃n(R̃m+1
1 , · · · , R̃m+1

n ) + βmL̃n(P̃m
1 , · · · , P̃

m
n ),

1
αm

(Rm
n − R

m+1
n )⟩

= −
1
αm

[⟨L̃1(R̃m+1
1 , · · · , R̃m+1

n ),Rm+1
1 ⟩ + · · · + ⟨L̃n(R̃m+1

1 , · · · , R̃m+1
n ),Rm+1

n ⟩

− βm[⟨L̃1(P̃m
1 , · · · , P̃

m
n ),Rm

1 ⟩ + · · · + ⟨L̃n(P̃m
1 , · · · , P̃

m
n ),Rm

n ⟩]]

= −
1
αm

[⟨L̃1(R̃m+1
1 , · · · , R̃m+1

n ),Rm+1
1 ⟩ + · · · + ⟨L̃n(R̃m+1

1 , · · · , R̃m+1
n ),Rm+1

n ⟩

− βm[⟨P̃m
1 ,L1(Rm

1 , · · · ,R
m
n )⟩ + · · · + ⟨P̃m

n ,Ln(Rm
1 , · · · ,R

m
n )⟩]]

= −
1
αm

[⟨R̃m+1
1 ,L1(Rm+1

1 , · · · ,Rm+1
n )⟩ + · · · + ⟨R̃m+1

n ,Ln(Rm+1
1 , · · · ,Rm+1

n )⟩

−
⟨R̃

m+1
1 ,L1(Rm+1

1 , · · · ,Rm+1
n )⟩ + · · · + ⟨R̃m+1

n ,Ln(Rm+1
1 , · · · ,Rm+1

n )⟩

⟨R̃m
1 ,L1(Rm

1 , · · · ,R
m
n )⟩ + · · · + ⟨R̃m

n ,Ln(Rm
1 , · · · ,R

m
n )⟩

[⟨R̃m
1 ,L1(Rm

1 , · · · ,R
m
n )⟩ + · · · + ⟨R̃m

n ,Ln(Rm
1 , · · · ,R

m
n )⟩]]

=0.

Moreover, it follows that

⟨R̃
m+1
1 ,L1(Pm

1 , · · · ,P
m
n )⟩ + · · · + ⟨R̃m+1

n ,Ln(Pm
n , · · · ,P

m
n )⟩

=⟨R̃m
1 − αmL̃1(P̃m

1 , · · · , P̃
m
n ),L1(Pm

1 , · · · ,P
m
n )⟩ + · · · + ⟨R̃m

n − αmL̃n(P̃m
1 , · · · , P̃

m
n ),Ln(Pm

n , · · · ,P
m
n )⟩

=⟨R̃m
1 ,L1(Pm

1 , · · · ,P
m
n )⟩ + · · · + ⟨R̃m

n ,Ln(Pm
1 , · · · ,P

m
n )⟩

− αm[⟨L̃1(P̃m
1 , · · · , P̃

m
n ),L1(Pm

1 , · · · ,P
m
n )⟩ + · · · + ⟨L̃n(P̃m

1 , · · · , P̃
m
n ),Ln(Pm

n , · · · ,P
m
n )⟩]
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=⟨R̃m
1 ,L1(Rm

1 , · · · ,R
m
n )⟩ + · · · + ⟨R̃m

n ,Ln(Rm
n , · · · ,R

m
n )⟩

+ βm−1⟨R̃
m
1 ,L1(Pm−1

1 , · · · ,Pm−1
n )⟩ + · · · + ⟨R̃m

n ,Ln(Pm−1
n , · · · ,Pm−1

n )⟩

− αm[⟨L̃1(P̃m
1 , · · · , P̃

m
n ),L1(Pm

1 , · · · ,P
m
n )⟩ + · · · + ⟨L̃n(P̃m

1 , · · · , P̃
m
n ),Ln(Pm

1 , · · · ,P
m
n )⟩]

=0.

For 0 ≤ j < m, we have

⟨R̃
m+1
1 ,L1(R j

1, · · · ,R
j
n)⟩ + · · · + ⟨R̃m+1

n ,Ln(R j
1, · · · ,R

j
n)⟩

=⟨R̃m
1 − αmL̃1(P̃m

1 , · · · , P̃
m
n ),L1(R j

1, · · · ,R
j
n)⟩ + · · · + ⟨R̃m

n − αmL̃n(P̃m
1 , · · · , P̃

m
n ),Ln(R j

1, · · · ,R
j
n)⟩

=⟨R̃m
1 ,L1(R j

1, · · · ,R
j
n)⟩ + · · · + ⟨R̃m

n ,Ln(R j
1, · · · ,R

j
n)⟩

− αm[⟨L̃1(P̃m
1 , · · · , P̃

m
n ),L1(R j

1, · · · ,R
j
n)⟩ + · · · + ⟨L̃n(P̃m

1 , · · · , P̃
m
n ),Ln(R j

1, · · · ,R
j
n)⟩]

= − αm[⟨L̃1(P̃m
1 , · · · , P̃

m
n ),L1(P j

1, · · · ,P
j
n)⟩ + · · · + ⟨L̃n(P̃m

1 , · · · , P̃
m
n ),Ln(P j

1, · · · ,P
j
n)⟩

− β j−1[⟨L̃1(P̃m
1 , · · · , P̃

m
n ),L1(P j−1

1 , · · · ,P
j−1
n )⟩ + · · · + ⟨L̃n(P̃m

1 , · · · , P̃
m
n ),Ln(P j−1

1 , · · · ,P
j−1
n )⟩]]

=0 − 0
=0,

and
⟨L̃1(P̃m+1

1 , · · · , P̃m+1
n ),L1(P j

1, · · · ,P
j
n)⟩ + · · · + ⟨L̃n(P̃m+1

1 , · · · , P̃m+1
n ),Ln(P j

1, · · · ,P
j
n)⟩

=⟨L̃1(R̃m+1
1 , · · · , R̃m+1

n ) + βmL̃1(P̃m
1 , · · · , P̃

m
n ),L1(P j

1, · · · ,P
j
n)⟩

+ · · · + ⟨L̃n(R̃m+1
1 , · · · , R̃m+1

n ) + βmL̃n(P̃m
1 , · · · , P̃

m
n ),Ln(P j

1, · · · ,P
j
n)⟩

=⟨L̃1(R̃m+1
1 , · · · , R̃m+1

n ),L1(P j
1, · · · ,P

j
n)⟩ + · · · + ⟨L̃n(R̃m+1

1 , · · · , R̃m+1
n ),L1(P j

1, · · · ,P
j
n)⟩

+ βm[⟨L̃1(P̃m
1 , · · · , P̃

m
n ),L1(P j

1, · · · ,P
j
n)⟩ + · · · + ⟨L̃n(P̃m

1 , · · · , P̃
m
n ),Ln(P j

1, · · · ,P
j
n)⟩]

=⟨L̃1(R̃m+1
1 , · · · , R̃m+1

n ),
1
α j

(R j
1 − R

j+1
1 )⟩ + · · · + ⟨L̃n(R̃m+1

1 , · · · , R̃m+1
n ),

1
α j

(R j
n − R

j+1
n )⟩

=
1
α j

[⟨R̃m+1
1 ,L1(R j+1

1 , · · · ,R
j+1
n )⟩ + · · · + ⟨R̃m+1

n ,Ln(R j+1
1 , · · · ,R

j+1
n )⟩]

=0.

Moreover, it follows that

⟨R̃
m+1
1 ,L1(P j

1, · · · ,P
j
n)⟩ + · · · + ⟨R̃m+1

n ,Ln(P j
n, · · · ,P

j
n)⟩

=⟨R̃m
1 − αmL̃1(P̃m

1 , · · · , P̃
m
n ),L1(P j

1, · · · ,P
j
n)⟩ + · · · + ⟨R̃m

n − αmL̃n(P̃m
1 , · · · , P̃

m
n ),Ln(P j

n, · · · ,P
j
n)⟩

=⟨R̃m
1 ,L1(P j

1, · · · ,P
j
n)⟩ + · · · + ⟨R̃m

n ,Ln(P j
1, · · · ,P

j
n)⟩

− αm[⟨L̃1(P̃m
1 , · · · , P̃

m
n ),L1(P j

1, · · · ,P
j
n)⟩ + · · · + ⟨L̃n(P̃m

1 , · · · , P̃
m
n ),Ln(P j

1, · · · ,P
j
n)⟩]

=0 − 0
=0.

According to the above discussion, one can see that Eqs.(9),(10) and (11) hold for 0 ≤ j < i ≤ k.On the other
hand, for the case 0 ≤ i < j ≤ k,we can similarly prove them and consequently complete the proof.

Based on the above observations, we present the following theorem to show that Algorithm 2.1 converges
to the solutions at most finite steps for any initial values without round-off errors.

Theorem 2.2. Let {Xk
l }(l = 1, · · · ,n) be the iterative sequences generated by Algorithm 2.1. If Algorithm

2.1 does not break down by zero division, then (Xk
1,X

k
2, · · · ,X

k
n) converges to an exact solution group
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(X∗1,X
∗

2, · · · ,X
∗
n) within at most nI1I2 · · · In + 1 iteration steps for any initial values in the absence round-off

errors.

Proof. Set m = nI1I2 · · · In, if Rk
l = O, (l = 1, · · · ,n; k < m), then (Xk

1,X
k
2, · · · ,X

k
n) is a solution group of Eqs.(1).

If Rk
l , O(l = 1, · · · ,n; k = 1, · · · ,m), by Algorithm 2.1 does not break down, then we can compute Rm+1

l . Let

Si =


vec(Ri

1)
vec(Ri

2)
. . .

vec(Ri
n)

 ,

Wi =


vec(L̃1(R̃i

1, · · · , R̃
i
n))

vec(L̃2(R̃i
1, · · · , R̃

i
n))

. . .

vec(L̃n(R̃i
1, · · · , R̃

i
n))

 ,
where vec(Ri

l), vec(L̃2(R̃i
1, · · · , R̃

i
n)) ∈ RI1I2···In (i = 1, · · · ,m; l = 1, · · · ,n) denote the vectors consisting

of themselves mode-1 fiber. Suppose that S1,S2, · · · ,Sm are linearly dependent. There exist scalars
λ1, λ2, · · · , λnI1I2···In , not all zero, such that

λ1S1 + λ2S2 + · · · + λmSm = O,

where O represents an m-by-m identity matrix. Taking the inner product with Wi on both sides, by Theorem
2.1, it follows that

0 = ⟨Wi,O⟩ = ⟨Wi, λ1S1 + λ2S2 + · · · + λmSm
⟩

= λi⟨Wi,Si
⟩, i = 1, · · · ,m.

Since Rm+1
l can be computed, one can see that ⟨Wi,Si

⟩ , 0 resulting in λi = 0, which contradicts to the
assumption. Therefore, we can obtain that S1,S2, · · · ,Sm is a basis of the subspace of

H =

G|G =


G1

G2
. . .

Gn

 ,where Gl ∈ R
I1I2···In , l = 1, 2, · · · ,n.

 .
It follows that Sm+1 = 0, i.e., Rm+1

l = O. This fact shows that (XI1I2···In+1
1 ,XI1I2···In+1

2 , · · · ,XI1I2···In+1
n ) is an exact

solution group of Eqs.(1), and consequently completes the proof.

Similar to the ingenious derivation of the conjugate gradient method, we extend a transpose-free variant
of Algorithm 2.1, i.e., the conjugate A-orthogonal residual squared method based on tensor format, for
solving Eqs.(1).

Algorithm 2.2. Tensor form of CORS method for solving GCSTEs (1).

1. Input initial guesses X0
i , Bi ∈ RI1×I2×···×In , Ai j ∈ RI j×I j , k = 0, and set ϵ > 0.

2. Calculate 

R
0
1 = B1 − L1(X0

1, · · · ,X
0
n),

R
0
2 = B2 − L2(X0

1, · · · ,X
0
n),

...
...

R
0
n = Bn − Ln(X0

1, · · · ,X
0
n),



E
0
1 = R

0
1,

E
0
2 = R

0
2,

...

E
0
n = R

0
n,
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R
0
1 = R̂

0
1 = L1(R0

1, · · · ,R
0
n),

R
0
2 = R̂

0
2 = L2(R0

1, · · · ,R
0
n),

...
...

R
0
n = R̂

0
n = Ln(R0

1, · · · ,R
0
n)



P
0
1 = D

0
1 = R

0
1,

P
0
2 = D

0
2 = R

0
2,

...

P
0
n = D

0
n = R

0
n,

and
ρ0 = ⟨R

0
1, R̂

0
1⟩ + ⟨R

0
2, R̂

0
2⟩ + · · · + ⟨R

0
n, R̂

0
n⟩,

σ0 = ⟨R
0
1,L1(P0

1, · · · ,P
0
n)⟩ + ⟨R

0
2,L2(P0

1, · · · ,P
0
n)⟩ + · · · + ⟨R

0
n,Ln(P0

1, · · · ,P
0
n)⟩,

ηk = ∥R
k
1∥ + ∥R

k
2∥ + · · · + ∥R

k
n∥.

3. For k = 0, 1, 2, · · · until ηk < ϵ do:
αk =

ρk

σk
,

H
k
1 = E

k
1 − αkP

k
1,

H
k
2 = E

k
2 − αkP

k
2,

...
...

H
k
n = E

k
n − αkP

k
n,



X
k+1
1 = Xk

1 + αk(Ek
1 +H

k
1 ),

X
k+1
2 = Xk

2 + αk(Ek
2 +H

k
2 ),

...
...

X
k+1
n = Xk

n + αk(Ek
n +H

k
n),

F
k

1 = D
k
1 − αkL1(Pk

1, · · · ,P
k
n),

F
k

2 = D
k
2 − αkL2(Pk

1, · · · ,P
k
n),

...
...

F
k

n = D
k
n − αkLn(Pk

1, · · · ,P
k
n),



R
k+1
1 = Rk

1 − αk(Dk
1 + F

k
1 ),

R
k+1
2 = Rk

2 − αk(Dk
2 + F

k
2 ),

...
...

R
k+1
n = Rk

n − αk(Dk
n + F

k
n ),

L1(Rk+1
1 , · · · ,R

k+1
n ) = Rk+1

1 ×1 A11 + R
k+1
2 ×2 A12 + · · · + R

k+1
n ×n A1n,

L2(Rk+1
1 , · · · ,R

k+1
n ) = Rk+1

2 ×1 A21 + R
k+1
3 ×2 A22 · · · + R

k+1
1 ×n A2n,

...
...

...

Ln(Rk+1
1 , · · · ,R

k+1
n ) = Rk+1

n ×1 An1 + R
k+1
1 ×2 An2 + · · · + R

k+1
n−1 ×n Ann,

ρk+1 = ⟨R
0
1,L1(Rk+1

1 , · · · ,R
k+1
n )⟩ + ⟨R

0
2,L2(Rk+1

1 , · · · ,R
k+1
n )⟩ + · · · + ⟨R

0
n,Ln(Rk+1

1 , · · · ,R
k+1
n )⟩.

4. Calculate βk =
ρk+1

ρk
, 

E
k+1
1 = Rk+1

1 + βkH
k
1 ,

E
k+1
2 = Rk+1

2 + βkH
k
2 ,

...
...

E
k+1
n = Rk+1

n + βkH
k
n,



D
k+1
1 = L1(Rk+1

1 , · · · ,R
k+1
n ) + βkF

k
1 ,

D
k+1
2 = L2(Rk+1

1 , · · · ,R
k+1
n ) + βkF

k
2 ,

...
...

D
k+1
n = Ln(Rk+1

1 , · · · ,R
k+1
n ) + βkF

k
n ,

P
k+1
1 = Dk+1

1 + βk(F k
1 + βkP

k
1),

P
k+1
2 = Dk+1

2 + βk(F k
2 + βkP

k
2),

...
...

P
k+1
n = Dk+1

n + βk(F k
n + βkP

k
n),

σk+1 = ⟨R
0
1,L1(Pk+1

1 , · · · ,P
k+1
n )⟩ + ⟨R

0
2,L2(Pk+1

1 , · · · ,P
k+1
n )⟩ + · · · + ⟨R

0
n,Ln(Pk+1

1 , · · · ,P
k+1
n )⟩.
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Table 1: Comparison results of Example 3.1.

Algorithms MCG [35] Algorithm 2.1 Algorithm 2.2

[m,m,m,m] IT CPU RES IT CPU RES IT CPU RES

[10, 10, 10, 10] 171 1.5633 9.9249e-08 54 0.6256 7.1313e-08 33 0.3329 2.3007e-08
[20, 20, 20, 20] 648 13.9178 9.3671e-08 107 3.3791 8.4555e-08 67 1.7091 2.5300e-08
[30, 30, 30, 30] 1434 99.2302 9.7902e-08 157 16.1341 8.5114e-08 98 7.9482 4.5514e-08
[40, 40, 40, 40] † † † 215 64.6975 7.9150e-08 131 33.2806 4.4276e-08

3. Numerical experiments

In this section, we provide some numerical experiments to illustrate the efficiency of the proposed
algorithms here. All codes were written via the tensor toolbox (version 3.2.1) in Matlab 2020b. The
numerical experiments were done with an XPS 7590 with Inter(R) Core(TM) i7-9750H @2.6 GHz and 8 GB
of RAM. To show the superiority of proposed algorithms, we evaluate and compare Algorithms 2.1 and
2.2 against MCG [35] in terms of iterations and computing time. For clarity, we denote the computing
time in seconds, the iteration steps, and the residual norm ηk in Algorithm 2.1 as “CPU", “IT", and “RES",
respectively. The stopping criteria is RES < ϵ := 10−7, or the iteration steps exceeds kmax := 3000 with kmax
being the maximum iterations. We denote “†" as the residual that does not yield to the tolerance after
reaching kmax.

Example 3.1. Consider a 4th-order Sylvester tensor equation Eq.(2) corresponding to Eq.(3), and set its
parameters as Eq.(4) with v = 3, ci = i(i = 1, 2, 3, 4) and B = tenrand(m,m,m,m).

We performed the proposed algorithms and MCG for solving Eq.(2) and recorded the comparison results
in Table 1. Observe from this table that our algorithms outperform MCG both in iterations and computing
time. On the other hand, we can see that the convergence rate of Algorithm 2.2 is about twice Algorithm
2.1, and thus the algorithm is the fastest solver concerning CPU time. We depicted the convergence cures
of all algorithms for the case m = 10 in Fig.1. It shows that the number of iterations corresponding to
MCG is prohibitively more than our algorithms to achieve the required accuracy. This fact implies that our
algorithms are more competitive.

Example 3.2. Consider the system of Sylvester tensor equations
X1 ×1 A11 +X2 ×2 A12 +X3 ×3 A13 = B1,

X2 ×1 A21 +X3 ×2 A22 +X1 ×1 A23 = B2,

X3 ×1 A31 +X1 ×2 A32 +X2 ×3 A33 = B3,

(12)

with its parameters given by

A11 =M + 2rN +
100

(I1 + 1)2 eye(I1), A12 = eye(I2), A13 = eye(I3),

A21 = eye(I1), A22 =M + 2rN +
100

(I2 + 1)2 eye(I2), A23 = eye(I3),

A31 = eye(I1), A32 = eye(I2), A33 =M + 2rN +
100

(I3 + 1)2 eye(I3),

Bi = tenrand(I1, I2, I3), i = 1, 2, 3,

where
M = tridia1(−1, 2,−1), N = tridia1(0.5, 0,−0.5).



T. Li et al. / Filomat 37:30 (2023), 10249–10264 10260

0 20 40 60 80 100 120 140 160 180

IT

10
-8

10
-6

10
-4

10
-2

10
0

10
2

10
4

10
6

R
E

S

MCG

Algorithm 2.1

Algorithm 2.2

Figure 1: Convergence curves of Example 3.1 with m = 10.

Table 2: Comparison results of Example 3.2.

Algorithms MCG [35] Algorithm 2.1 Algorithm 2.2

[I1, I2, I3] IT CPU RES IT CPU RES IT CPU RES

[3, 4, 5] 37 0.3106 7.1819e-08 29 0.2265 2.4183e-09 10 0.1389 2.4964e-08
[5, 7, 9] 141 1.1514 8.3830e-08 71 0.7592 2.8053e-08 54 0.5073 8.6670e-08
[7, 10, 9] 271 2.1072 9.3842e-08 117 1.2020 6.0249e-08 85 0.8645 6.0355e-08
[10, 10, 10] 442 4.0603 8.8554e-08 155 1.6497 5.7904e-08 117 1.1648 9.5092e-08
[15, 15, 15] † † † 696 7.1946 9.6477e-08 535 5.2679 6.0540e-08

In this test, we set the initial guesses as X1 = X2 = X3 = tenzeros(I1, I2, I3), and r = 0.5. The obtained
numerical results were reported in Table 3 and plotted the convergence curves of all the compared algorithms
for I1 = 7, I2 = 10, I3 = 9 in Fig.2. As seen from this table, the number of iteration steps to Algorithm
2.1 does not exceed I1I2I3 + 1 when the acquired accuracy is reached, which coincides with Theorem 2.2.
Also, we can observe that the iterations and computing time corresponding to Algorithms 2.1 and 2.2 are
commonly less than that of MCG, in which Algorithm 2.2 performs at their best. The curves in Fig.2 show
that our algorithms converge much faster than MCG.

Example 3.3. (Lv and Ma, 2020 [35].) Consider the system of Sylvester tensor equations (12) whose
parameters are defined as

A11 = −tril(rand(I1, I1), 1) + dia1(1 + dia1(rand(I1))), A12 = tril(rand(I2, I2), 1) + dia1(1.5 + dia1(rand(I2))),
A13 = triu(rand(I3, I3), 1) + dia1(2.5 + dia1(rand(I3))), A21 = tril(rand(I1, I1), 1) + dia1(1 + dia1(rand(I1))),
A22 = tril(rand(I2, I2), 1) − dia1(2 + dia1(rand(I2))), A23 = tril(rand(I3, I3), 1) + dia1(3 + dia1(rand(I3))),
A31 = triu(rand(I1, I1), 1) + dia1(1 + dia1(rand(I1))), A32 = triu(rand(I2, I2), 1) + dia1(2 + dia1(rand(I2))),
A33 = triu(rand(I3, I3), 1) − dia1(1.5 + dia1(rand(I3))), Bi = tenrand(I1, I2, I3), i = 1, 2, 3.

We set X1 = X2 = X3 = tenrand(I1, I2, I3) to be the initial values, and applied the proposed algorithms
and MCG to deal with Eqs.(12). The obtained comparison results were reported in Table 3. We see from this
table that the performance of the proposed algorithms is still better than that of MCG in terms of iterations
and computing time.
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Figure 2: Convergence curves of Example 3.2 with I1 = 7, I2 = 10, I3 = 9.

Table 3: Comparison results of Example 3.3.

Algorithms MCG [35] Algorithm 2.1 Algorithm 2.2

[I1, I2, I3] IT CPU RES IT CPU RES IT CPU RES

[5, 5, 5] 254 2.1077 9.3305e-08 178 1.4362 5.0525e-08 109 0.9536 3.2942e-08
[5, 10, 15] 491 3.7641 9.6892e-08 215 2.2212 8.2790e-08 148 1.3571 4.6815e-08
[10, 10, 10] 402 4.1542 9.0112e-08 249 2.6857 7.5969e-08 160 1.5032 9.3366e-08
[10, 15, 10] 1682 12.9351 9.8441e-08 622 6.4348 9.4728e-08 454 4.0409 8.4176e-08
[15, 15, 15] † † † 1745 18.8484 9.6751e-08 1171 10.1202 8.2844e-08

In the following example, we test the efficiency of Algorithms 2.1 and 2.2 applied to color image
restoration problems, and compare them numerically with MCG. Color image, denoted byX, is a tensor of
order m × n × 3, and each of its frames is a gray image consisting of m × n pixel values in the range [0, d].
The parameter d = 255 denotes the maximum possible pixel value. In this test, we generate a blurred and
noisy-free color image B by

X ×1 A1 +X ×2 A2 = B, (13)

where X ∈ Rm×n×3 represents the original image, and A1,A2 are the burring matrices of appropriate
dimensions. Denote Xrestored as the restored color image. We evaluate the performance of all algorithms by
the peak signal-to-noise ratio (PSNR) in decibels (dB):

PSNR (X) = 10 log10(
3mnd2

∥X − Xrestored∥
2 ),

and compute the relative error:

RRE (X) =
∥X − Xrestored∥

∥X∥
.

Example 3.4. In this example, we test the popular color image ‘Lena’ of size 256× 256× 3, i.e., X in Eq.(13),
and the blurring matrices A1 = A2 = F⊗G ∈ R256×256 [40, 41], where F = ( f (1)

i j )1≤i, j≤16 and G = (1(2)
i j )1≤i, j≤16 are

the Toeplitz matrices of dimension 256 × 256 with their entries given by

a(1)
i j =


1

σ
√

2π
exp(−

(i − j)2

2σ2 ), |i − j| ≤ r,

0, otherwise,
a(2)

i j =


1

2s − 1
, |i − j| ≤ s,

0, otherwise.
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Here we depict the original and the blurred and noisy-free images in Fig.3 and set r = s = 3 and σ = 1.

We implemented all the compared algorithms for solving Eq.(13) and displayed the restored images
after executing 20 iterations in Fig.4. From this figure, we can observe that the proposed algorithms are
able to restore the color image with higher quality than that of MCG. On the other hand, the performance
of Algorithm 2.2 is slightly better than Algorithm 2.1.

Figure 3: Left the original ‘Lena’ image. Right the blurred and noisy-free image.

Figure 4: Restored images after executing 20 iterations for all the compared algorithms. Left MCG with PSNR(X) = 32.9795
and RRE(X) = 1.8134e−02. Middle Algorithm 2.1 with PSNR(X) = 34.3291 and RRE(X) = 7.6577e−03. Right Algorithm 2.2 with
PSNR(X) = 34.9094 and RRE(X) = 2.5198e−03.

4. Conclusion

In this paper, we focus mainly on the iterative solutions of generalized coupled Sylvester tensor equa-
tions, one of whose reduced version applies to color image restoration. We present the biconjugate A-
orthogonal residual method in its tensor form for solving the tensor equations. The theoretical analysis
illustrates that the mentioned algorithm converges to the exact solution group in the absence of round-off
errors at most finite steps. To further improve its performance, we develop a transpose-free variant of
the BiCOR−BTF, i.e., the tensor form of the CORS method to solve the tensor equations. The numerical
results, including when the proposed algorithms are tested with some randomly generated data and a color
image restoration problem, illustrating the superiority of our algorithms compared with MCG in terms of
iterations and computing time.
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