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Abstract. The goal of this paper is to derive new Abelian theorems for the index »F;-transform over
distributions of compact support and over certain spaces of generalized functions. From these results one
also obtains Abelian theorems for the conventional index ,F;-transform.

1. Introduction and preliminaries

The index F;-transform of a suitable complex-valued function f is given by
0 1 1 .
F(t) = f f(t) 2F1 (y + 5 +iT, 4+ 5 it u+1; —t) t*dt, t©>0, (1.1)
0

where ,F(u+ % +iT, [+ % —it; u+1; —t) is the Gauss hypergeometric function, ¢ and a are complex parameters
with R(u) > -1/2.
The Gauss hypergeometric function [3, p. 57] is defined for |z| < 1 as

o (@)u(b), 2"
2F1(a,b;c;z) == ;O O
M = AL +1)---A+n—=1), n=1,2...(A) := 1.

For |z| > 1 is defined as its analytic continuation [16, p. 431] as

o) I'(c) b _pne=b=1g1 _ 4n-a
oF1(a,b;c;z) := l"(b)l"(c—b)fot 1-1) (1 —tz)™dt,
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R(c) > R(®) > 0; |arg(l —z)| < .

The Gauss hypergeometric function satisfies the following differential equation [3, p. 56]

2
z(1—z)%+[c—(a+b+1)z]‘;i;—abw:o,

where

w = w(z) = 2F(a, b; c; ).

10230

The integral transform (1.1) was first mentioned in [25] as a particular case of a more general integral

transform with the Meijer G-function as the kernel.

In a series of papers Hayek, Gonzalez and Negrin have considered several properties of the index
2F1-transform both from a classical point of view and spaces of generalized functions (cf. [5], [6], [7], [9],

[10], [11]). Moreover this transform has been cited in [2], [26] and [27].

Abelian theorems have been studied in several works (see [4], [6], [13] and [20]), for certain index

transforms. For more details of index transforms see [18], [19] and [26], amongst others.

Abelian theorems for distributional transforms were first established by Zemanian in [28], (see also [1],

[4], [6], [15], [21], [22], [23], and [24]).

Now, we consider the differential operator
Ay = 1H 4+ DED N (E + 1)FID,

From [8, (2.3), p. 658] one has that
1 . 1 .
A;oFq (y + 3 +iT, 4+ 5~ T U+ 1;—t)t"‘

:—[(y+%)2+12

Next, from [3, (7), p. 122 and (6), p. 155], we obtain

1 1
2F1(y+§+if,y+E—iT;y+1;—t)t“.

1 1
2F1(y+§+i’c,y+§—i7:;y+1;—t)t“:

LT+ ([
V(e + 1) Jo

which is valid for

—u=1/2-it . >
(1 + 2t + 2 /t(t + 1) cos cf) (sin &)“HdE,

t>0,t>0, R(u)>-1/2, aeC.
Observe that one has

sin& >0, &£€]0,m],
14+24/t+2t(t+1)cosé >0, >0, E€]0,m],

and hence, for R(u) > —1/2, it follows from (1.4) that

1 1
2P1(|u+§+i7,y+E—ir;y+1;—t)t“

. IT(u + 1| R @
B \r |F (y + %)‘

s _% _1
f(1+2t+2 HE+Dcose)
0

(sin &P dg

1.2)

(1.3)

(1.4)
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T(u+1)| R R(uw)-1
|(”+— f (1+2t+ 2K+ D cos &) RU72 gin £2B W) ge
v |r (e 3)[ 0
T(p+ 1) T(R(u) + 1) 1 1
[CGe+ TR + 5 ZFl(%(y)+§,my)+E;%(y)ﬂ;—t)t"‘(a). (1.5)

VA (a3 TR+ )

Also, from [3, (7), p. 122] and [14, p.171, Entry (12.08) and p. 172, Entry (12.20)], for R(u) > —-1/2 we
have

zpl(%(y)+ 9‘(#)+ SR() + 1 )tm"‘)zO(tm“)), t— 0", (1.6)
zFl(‘R(p)+ JR() + = ‘R(y)+1—t) @ = O (RO in ), t— +oo. (1.7)

2. Abelian theorems for the distributional index ,F;-transform

The space &((0, o)) is defined as the vector space of all infinitely differentiable complex-valued functions
¢ defined on (0, ). This space equipped with the locally convex topology arising from the family of
seminorms

pmwfgwwn

for all k € IN U {0}, all compact sets K C (0, o), and with D’t‘ denoting the k—th derivative with respect to the
variable t, becomes a Fréchet space. As usual, we denote by &'((0, 0)) the dual of the space &((0, o0)).

The generalized index ;F-transform of f € &'((0, o)) was defined by the kernel method in [8] by means
of

F(t) = <f(t), 2F1 (y + % +1T, U+ % —itu+ 1;—t) t"‘>, >0, (2.1)

where p and «a are complex parameters with R(u) > —1/2.

In this section we establish Abelian theorems for the index F;-transform (2.1). Previously we prove
some results.

The following Lemma was showed in [8, Lemma 2.1, p. 659]

Lemma 2.1. For each compact K C (0, 00) and k € IN U {0} let yy x be the seminorm defined by
Vik(9) =sup |Afe(t)], ¢ € E(O,)),
teK

where Ay is the operator given by (1.2). Then, {yix} gives rise to a topology on &'((0, 00)) which coincides with is
usual topology.

Now, by using the above Lemma 2.1 we obtain the following result

Lemma 2.2. Set R(u) > —1/2and a € C. Let f be in E'((0, 00)), and let F be defined by (2.1). Then there exist a
constant M > 0 and a nonnegative integer p, all depending on f, such that

2 k
F(0)] < Mymax [(|y|+ ) 12] . Vrs0. 2.2)
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Proof. Observe that ,F; (p +Itinu+s—inu+l; —t) t* is an eigenfunction of A;, i.e.,

1 1
AtzFl([J+§+iT,y+§—iT;/,L+1,‘—t)t"‘

:—[(#+%)Z+12

According to Lemma 2.1, we may consider the space &((0, o)) equipped with the topology arising from
the family of seminorms yy x. From [12, Proposition 2, p. 97], there exist C > 0, a compact set K C (0, o),
and a nonnegative integer p, all depending on f, such that

|<f,(P>| < C max max |A’t‘(p(t)( (2.4)

0<k<p teK

oF; (y + % +it,u+ % —iT; U+ 1;—t) . (2.3)

for all ¢ € &((0, 00)). In particular,

1 . 1 .
|F (7)| = ’<f(t),2F1 (p + 3 +iT, 4+ 5" T U+ 1;—t)t"‘>

< Cmax max
0<k<p teK

1 1
A’t‘zFl(y+§+iT,y+§—iT;p+1;—t)t"‘

k
1\? 1 1
:C(I)E&);I{E}X [(y+§) +72] 2F1([J+§+iT,[,l+§—iT;[,l+l;—t)i’a. (2.5)

From (1.5) it follows that, for R(u) > —1/2, (2.5) is bounded above by
T(u+D|T(R(W) + 3) 12
{ | ll (e g) + 7
VA [+ 1) TR + 1)

k

C max max
O<k<p teK

k
1 1 . R(a)
JFy (%(p)+ SR+ 3R+, t)t }

(2.6)

12
<M +=| +12
<o+ 3) 40

for all 7 > 0 and certain M > 0, since ¢ ranges on the compact set K C (0, 00). [

The smallest integer p which verifies the inequality (2.4) is defined as the order of the distribution f (cf.
[17, Théoreme XXIV, p. 88]).

In the following statement we establish Abelian theorems for the distributional index ,F;-transform
(2.1).

Theorem 2.3. (Abelian theorem) Set R(u) > —1/2 and e € C. Let f be a member of &' ((0, c0)) of order r € IN U {0},
and let F be given by (2.1). Then

(i) for anyy > 0 one has
lim {7”F(7)} = 0,

7—0*

(ii) for anyy > 0 one has
lim {t7¥77F(1)} = 0.

T—+00

Proof. From Lemma 2.2 one obtains

k
1V,
< _
IF(T)I_MSrSlka;[(IyHZ) +T] , Y1>0,

for some M > 0, from which the conclusion follows. O
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Next, let f be a locally integrable function on (0, c0) and f has compact support on (0, o), then f gives
rise to a regular member Ty of &'((0, o)) of order r = 0 by means of

(T1,0) = f " fptd, Vo € E(0, )

Observe that

|<Tro>|= 'flw ft)p(h)dt

< t t)| dt
sup |o() f L

tesupp(f)

= Yosupp()(P) £ ()] at,
supp(f)

where supp(f) represents the support of the function f, it follows that T has order r = 0.
Consequently, we have

F(r) = <Tf(t),zF1 (u + % +iT, U+ % —itu+ 1;—t) t“>

= f f(t)2F1 (y + % +iT, 1+ % —inu+1; —t)t“dt, >0, (2.7)
0

for R(u) > -1/2.

From this fact one concludes that the index ,F;-transform of the regular distribution generated by the
function f is the classical index »F;-transform of the function f.

Furthermore, by using Theorem 2.3 for the index ,Fi-transform of these regular members of &'((0, o)),
one obtains the following

Corollary 2.4. Set R(u) > —1/2 and a € C. Let f be a locally integrable function in (0, c0) and such that f has
compact support on (0, 00). Then the function F given by (2.7), satisfies the following:

(i) for anyy > 0 one has
TILI{)L{T}/F(T)} =0,
(ii) for anyy > 0 one has
lim {t77F(1)} = 0.

T—>+00

3. Abelian theorems for the index ,F;-transform of generalized functions

In [8], Hayek and Gonzalez studied the index > F;-transform over certain spaces of generalized functions.
In that paper it was considered the linear space U, . of all smooth complex-valued functions ¢ defined on
(0, 00), such that

Vkaga(@) = sup |2+ 1)t 7t + DEALG(H)| < 0, ke NU0), (3.1)
O<t<oo
where A; is the differential operator given by (1.2).
The space U, . equipped with the topology arising from the family of seminorms {yy, .} is a Fréchet
space.
As usual, by U; , , is denoted the dual space of Uy -
By using (1.5), (1.6) and (1.7) it follows that

1 1
»F; (y+ > +1T, U+ 5 —itu+ 1;—t)t“ € Uspar
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for ‘R(y) >0,a <1/2 and a € C, and thus, as it is usual, the generalized index ,F;-transform is defined for
f ey a Y a

F(t) = <f(t),2F1([,L+ ! + 11, y+1—z”c u+1; —t)t“> 7> 0. (3.2)

From [12, Proposition 2, p. 97], one has that for all f € U],
p, all depending on f, such that

o there exista C > 0 and a nonnegative integer

|<f,qb>| < Cmax yg,qu(@) =C max sup |(2t + 1)"t§‘”‘(t + 1)2Ak¢)(t) (3.3)
0<ks<p 0<ks<p te(1,00)

for all ¢ € Uy y,a-
Now we prove Abelian theorems for the transform (3.2). First we prove a previous result

Lemma 3.1. Set R(u) > 0,a <1/2and a € C. Let f bein U, , ., and let F be defined by (3.2). Then there exist

M > 0 and a nonnegative integer p, all depending on f, such that

1 LI
F(9)] < Mmax [(Iul a ) ; 12] VTS0, (3.4)

Proof. From (1.5) and (3.3) one has

|F (7)] = Kf(t),gl-"l (y + % +1T, 4+ % —iTu+ 1;—t)t"‘>

1 1
< Cmax sup |(2f+ 1) tT"‘(t+ 1)2 1 AK i2F1 (y + - +itu + —itu+ 1;—t) £

0<k<p te(0,00)

1 1
2F1 (‘R(M) + 5 R(u) + 3 R +1; —t) RO,

< Cmax sup
0<k<p t€(0,00)

[( L1 )2 . Tz]" [P+ D| TR (W) + 3)
2 N |F([J+ %)|l"(‘R(y)+l)
Now, from (1.6) and (1.7), and taking into account the fact that R(u) > 0 and a < 1/2, it follows that

2 k
|F(T)|<Mmax[(|y|+ 1) +T2] , Y1>0,

for certain M > 0. O

Asitisusual, the smallest integer p which verifies the inequality (3.3) is called the order of the generalized
function f.

The next statement gives an Abelian theorem for the index ,F;-transform of generalized functions in
uzlz Lt
Theorem 3.2. (Abelian theorem) Set R(u) > 0,a < 1/2 and a € C. If f is a generalized function on U,
r € N U {0}, and F is given by (3.2), then

of order

u iy
(i) for anyy > 0 one has
lirg{TVF(T)} =0,

(ii) for anyy > 0 one has

lim {T7VF(1)} =

T—)+oo
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Proof. From Lemma 3.1 one has

k
1\? y
< _
|F(T)|_M(r)rsl;?§>§|:(|y|+2) +T] , YT>0,

for some M > 0, and hence the conclusion follows. [

Otherwise, from Proposition 2.1 (v) in [8], a function f defined on (0, o) such that (2¢+1)~* to3 (t+1)_% f@),
R(p) = 0,a < 1/2, is Lebesgue integrable on (0, ), gives rise to a regular generalized function Ty on U , ,
or order r = 0 through

<Tf¢p>= fo fOPt)dt, Vo € Uypya-

In fact, taking into account that

KTf"P)' = ' fo i f(f)gb(t)dt’

f m(zt F 1)U+ )77 ()2 + 1Tt + 1)%¢(t)dt‘
0

< sup ](2t+1)ﬂt5-a(t+1)5¢(t)'fw‘(2t+1)-ﬂta—5(t+1)-§f(t)'dt
0

te(0,00)

0 R() R()
= Yoaua(®) - f @t + 1) RO (4 1) |F()] dt,
0

it follows that T is a distribution of order r = 0.
In this case,

F(t) = <Tf(t)/2F1 (u + % +iT, 4+ % —itu+ 1;—t) t“>

= f f(t)2F1 (,u + % +iT, u+ % —iT U+ 1;—t)t“dt, >0, (3.5)
0

for R(u) = 0.

Again, as in the case of the regular distributions of compact support, it follows that the index »F;-
transform of the regular generalized function generated by the function f is the classical index »F;-transform
of the function f.

Consequently, by Theorem 3.2, one obtains the following

Corollary 3.3. Set R(u) > 0,a <1/2and a € C. Let f be a function defined on (0, o) such that (2t + 1)1 (¢ +
1)‘%f(t) is Lebesgue integrable on (0, o0), and F is given by (3.5). Then

(i) for anyy > 0 one has

lirgk{’ﬂ’l-"(’t)} =0,

(ii) for anyy > 0 one has

lim {t77F(1)} = 0.

T—>+00
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4. Conclusions

The behaviour of the Gauss hypergeometric function, used as the kernel of the index ,F;-transform,
allows us to establish Abelian theorems for this transform over distributions of compact support on (0, o)
and over the space of generalized functions U, , introduced in [8] under the conditions R(u) > 0,a < 1/2
and a € C.

Note: The manuscript has no associated data.
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