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On Markov—-switching asymmetric log GARCH models: stationarity
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Abstract. In the present paper, we study some probabilistic and statistical properties of the Markov-
switching asymmetric log GARCH processes, where the log —volatility follows a standard asymmetric
log GARCH process for each regime. In these models, the coefficients of log —volatility depend on the state
of a non-observed Markov chain. The main motivations of this new model can capture the asymmetries
and hence leverage effect. Additionally, The volatility coefficients are not subject to positivity constraints.
Therefore, some probabilistic properties of Markov-switching asymmetric log GARCH models have been
obtained, especially, sufficient conditions ensuring the existence of stationary, causal, ergodic solution
and moments properties are given. Furthermore, we show the strong consistency of the quasi-maximum
likelihood estimator (QMLE) under mild assumptions. Finally, we provide a simulation study of the
performance of the proposed estimation method and the MS —log GARCH is applied to model the exchange
rate of the Algerian Dinar against the US-dollar.

1. Introduction

Autoregressive conditional heteroscedastic (ARCH) models introduced by Engle [14] and their various
generalizations, especially the generalized ARCH (GARCH) models introduced by Bollerslev [8] have
attracted considerable attention and have been widely investigated in the literature. These models belong
to symmetric models, such that the volatility is formulated as a linear combination of its past values and
past values of the innovations. There are many models that the (log —)volatility depends on the past values
and past values of the positive and negative parts of the innovations, but an important among them is the
Exponential GARCH (EGARCH) introduced and studied by Nelson [38]. The success of these models is due
to the fact that they allow asymmetric in volatility. Another important reason for the growing interest is
that it does not impose any positivity restrictions on the volatility coefficients. For this, we wish to address
another class of GARCH—type models that share the same precedent characteristics. The log GARCH model
was independently proposed by Geweke [23], Pantula [39] and Milhgj [37] (see also Sucarrat and Escribano
[40], Francq et al. [20]-[21] and Ghezal [26] for more recent works). This interest is due to the absence of
positivity constraints, and asymmetric, in addition, there is no minimum value for the volatility contrary
to GARCH models and the majority of their extensions, and it also provides persistence of large and small

2020 Mathematics Subject Classification. 62M10 — 60G10.

Keywords. QMLE; Markov-switching; Asymmetric log GARCH; Stationarity; Consistency.

Received: 04 December 2022; Accepted: 16 June 2023

Communicated by Miljana Jovanovi¢

* Corresponding author: Ahmed Ghezal

Email addresses: a.ghezal@centre-univ-Mila.dz (Ahmed Ghezal), imanezemmouri25@gmail.com (Imane Zemmouri)



A. Ghezal, I. Zemmouri / Filomat 37:29 (2023), 9879-9897 9880

values. It appears that feature such as regime changes remain uncaptured by this class of models. This
feature is best represented by regime switching models. Since the seminal paper by Hamilton [29], the use
of Markov-switching (in short, MS) models has become a powerful tool for modeling financial time series
and changes in regime into the classical time series models substantially increases their flexibility. Recently,
considerable effort has been dedicated to the analysis of various aspects of Markov-switching linear and
nonlinear models, including [1]-[7], [11], [13], [18], [24]-[27], [30], [35]-[36], [43] and many others. Due to
the importance of both MS and log GARCH models, we can combine these two approaches to form a new
model that can be defined as a bivariate process (¢;, 0;), where the process (0;) is a Markov chain defined on
a finite state space, and (¢;) is a log GARCH process.

The paper is organized as follows. In section 2, we introduce the class of Markov-switching asymmetric
log GARCH models and give some related notations and assumptions. In this section, we also introduce the
formulation of the state-space representation of the given process. Section 3 studies the existence of a strictly
stationary solution to the MS — Alog GARCH equation. Conditions for the existence of log —moments are
established. In Section 4, the strong consistency of the QMLE is established under mild regularity conditions.
Simulation results are reported in Section 5. Section 6 applies the MS — A log GARCH specification to model
the daily series of the exchange rates of the Algerian Dinar against the US-dollar. Section 7 concludes the

paper.

2. Markov-switching asymmetric log GARCH model

Let (e, t € Z) be a sequence of independent and identically distributed (i.i.d.) random variables with zero
mean and unit variance and let w, a;, fi and yj, for 1 <i < gand 1 < j < p, be real coefficients. Recall that a
standard asymmetric log GARCH process (¢, t € Z), Z = {0, £1, +2, ...} with standard log —volatility process

(log o2t e Z) is a solution to the equations
& =0, te”, (21)

where 0; > 0 and,
q p
loga? =+ ) " (aill 0 + il <o) log e, + Y yViloga (22)

which has also been previously suggested by Francq et al. [19], so, in this paper, we generate a new
and broader class of asymmetric log GARCH models, in which the parameters are allowed to depend on
the state of a non-observed Markov chain, as a result, we will provide a Markov-switching asymmetric
log GARCH(p, 9) model (MS — Alog GARCH,;) defined by Eq. (2.1) and the log —volatility process, i.e.,

q p
log atz =w(0) + Zi:l (@i (0¢) Lje,_0) + Bi (04) Lje,<0)) log ef_i + Zj:1 i (0¢)log otz_]., (2.3)

where 4 denotes the indicator function of the set A, and (0¢),cz is a Markov chain with finite state space
5 = {1, ..., d}, which is subject to the following assumption

Assumption 1. (0¢),cz is a homogeneous, stationary, irreducible and aperiodic Markov chain. The stationary

probabilities of (8;),c are denoted by (k) = P (09 = k) > 0, k € S, the transition probability matrix is denoted by P
and written in the following way P = (pij)(i Dess where p;j = P (0 = jlo;1 = i) for i,j € S. In addition, we shall
assume that e; and {(e,-1,06;) ,u < t} are independent.

Considering the assumptions made on the Markov chain we have (k) # 0, k € 5. In Eq. (2.3), for given
Ot = k, ¢ satisfies a standard asymmetriclog GARCH equation with coefficients w (k), (a; (k), Bi(k), 1 <i<q)

and ()/]' k),1<5< p) for all k € 5. The MS — Alog GARCHj is a general model including as special cases,
various models such as:

e Standard asymmetric log GARCH models (i.e., d = 1) (see., Francq and Zakoian [19]),
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¢ Independent-switching log GARCH,; models: This specialization, analyzed by Wong and Li [42] in
the ARCH case, () is an independent process,

e The usual symmetric MS — log GARCH,; models (i.e., a; (.) = B () for all i) (see., Francq and Zakoian
[20];d = 1),

e If p =0, we have

q
er= e, loga? =w () + ) . (@i (00 e, 0y + i (0 e, <0)) log e2 , t € Z,
and the process is called a Markov-switching asymmetric log ARCH, (in short, MS — Alog ARCHjy).

Now, we can rewrite (2.1) and (2.3) in an equivalent state-space representation in order to further simplify
the study, in the following we need some notations. Define the g—vectors

1), 2)r
§§ v (I[{gpo} loge?, ... R PP log gf_qﬂ), §§ V. (]I{Et<0} log ¢?,. % () log 5%—q+1)
(1)f,§£2)f, logd?,...,logo? ), F) = (1, 0 1,0, ),

and the (2g + p) —vectors ¢; := (g fpl -1y i)

t
b= (Q’(ZQ)’ 1’9@1))’ b= (LQE%HH)) and

Ay, (er) == (21 (6:) + F, log etz) Lie>0) + (%H (6r) + (Eo - Ez) log ef) Tie,<0) + @y, (01) in which the j— th entry of
ar (01) is w (6¢) and all other elements are 0. Here, O is the matrix of order k X I whose entries are zeros, for
simplicity, we set Ogy := Oy and O, := O,1). With these notations, we obtain the following state-space
representation log o7 = F;¢, or log ¢? = Fj¢, and

g=Ts(e)e_+A; (er), t€Z (2.4)
with 1’5, (er) :=T1 () l[{e,>0} + 1 (64) ]I{e,‘<0} + I'5 (6;) where
a6 o ag(Br) P1(6r) o B0 y1(6) e yp(6r)
rl (6t) - O 7
(29+p-12q+p)
Og20+)
L= ar () - a;0) P1(dy) o Be @) 1) o yp (61 |,
Og4p-1204p)
0 0 0 0 0 0
Ig) 941y O 91y Op-15m1) )
o) = 0 0 0 0 0 0
T Oy 1) ) 91y O-1p-1) )
ay (0r) 0 g (6) Pr(Or) o Be(Gr)  y1(0n) ey (60)
O(p-14) O(p-14) Ip-1) Oy

We are now in a position to present the first major finding of this paper

3. Stationarity and log —moments of the MS — Alog GARCHj, (p, q)

In this section, we begin by studying the existence of solutions to model (2.1) and (2.3). Note that (I'; (e;) , k)
is a sequence of i.i.d. random matrices independent of {g AT t} and (ék (Q) , k) is a sequence of i.i.d. random
vectors, for all k € G.

So, the existence of the strict stationary and ergodic solution to (2.1) and (2.3) is equivalent to the existence
of the strict stationary solution to (2.4). Processes similar to ¢, of (2.4) has been examined by many authors.,
e.g., Bibi and Ghezal [7] (see also Bougerol and Picard [9]) who established that the series

e= Y T (o) s e + A e, (3.1)
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constitute the unique, strictly stationary and ergodic solution of Eq. (2.4) if, the top-Lyapunov exponent

y (T) associated with the strictly stationary and ergodic sequence of random matrices I' = (s, (¢;) ,t € Z)
defined by

.1
@ = inf{ 2 {1og

T o) (s e

is such that y (I') < 0, where, as usual, empty products are set to be equal to Iz4.p). The choice of the
norm is unimportant for the value of the top Lyapunov exponent. However, in the sequel, the matrix
norm will be assumed to be multiplicative. Moreover, the existence of y (I') is guaranteed by the fact that

E {logJr ||1"5t (ef)”} < E{”Fé[ (et)“} < ooandE{logJr “é@ (ef)”} < E{”é@ (et)”} < cowherelog™ (x) = max (log x, 0)
and the right-hand member in (3.2) can be justified using Kingman’s subadditive ergodic theorem. Francq
et al. [16] showed that if an equation in the form of (2.4) with positive coefficients, (;,¢;) is a strictly
stationary ergodic process and if E {log+ ||1"5[ (et)”} and E {logJr ”é& (et)”} are finite, y (I') < 0 is the necessary
and sufficient condition for the existence of a stationary solution to (2.4). Bibi and Ghezal [4] showed
that, for the Markov-Switching BiLinear (MS — BL) model, there exists a representation of the form (2.4),
and for which the necessary and sufficient condition for the existence of a stationary MS — BL model is
y(I') < 0. The result can be extended to more general classes of MS — BLGARCH models (see., e.g. Bibi
and Ghezal [7]). The problem is more delicate with the MS — Alog GARCH because the coefficients of (2.4)
are not constrained to be positive. The following theorem gives us the main result for stochastic difference
Equation (2.4).

} (3.2)

Theorem 3.1. Suppose that E {log+ |log eg|} < coand if y (T') corresponding to a MS — Alog GARCHy (p, q) models
is strictly negative, then

1. Eq. (2.4) has a unique, strictly stationary, causal and ergodic solution given by the series (3.1) which converges
absolutely almost surely.

2. Eq. (2.3) and hence (2.1) admits a unique, strictly stationary, causal and ergodic solution given by & =

exp {%ljagt} or & = e;exp {%Zjigt} where ¢, is given by the series (3.1).

Proof. Through the E {logJr ||é(5r (er)]
(see., Kingman [33]), almost surely,

‘{H;:ol s (ef‘f)} As  (et-n)

when y (I') < 0, Cauchy’s root test shows that, the series (3.1) converges absolutely almost surely. The rest
of the proof follows essentially the same arguments as in Bibi and Ghezal [4] or Bougerol and Picard [9]
(see., Theorem 1.1) and Brandt [10] (see., Theorem 1). O

} <oandE {logJr ||I}3f (e,;)”} < oo and by the subadditive ergodic theorem

1/n
<expf{y D},

lim sup

n—+oo

Remark 3.2. Under the first assumption of Theorem 3.1 (i.e., E {logJr |log eﬁ)} < ), P(eg = 0) = 0 for all t. Thus,
the observed process satisfies €2 # 0 a.s.

Remark 3.3. The top-Lyapunov exponent y (I') is independent of the intercepts coefficients (w (k) ,k € 5).

Though the condition y (I') < 0 could be used as a test for the strict stationarity, it is of little use in practice
since this condition involves the limit of products of infinitely many random matrices. On the other hand,
some simple sufficient conditions ensuring the negativity of y (I') can be given

Theorem 3.4. Consider the MS — Alog GARCH, (p, q) model (2.1) and (2.3) with state-space representation (2.4).
Then y (I') < 0, if one of the following conditions holds true.
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1. E{log”ﬂj;}) Ty, (e,_]-)H} < OorE{”H] STs,, (e-)) ||} <1forsomet>1,

2. p(IT') < 1, where p (M) is the spectral radius of squared matrix M and |I'| := E {|1"5[

3. p(P(IT,])) < 1, for some v € ]0,1] with E {|€1|2V} < oo, where T := (E{|Tx (e1)|"}, k € 8) for some v € 10,1],
and let [M|" :=

|M§|V <Ml |§|Vfor any appropriate vector x and for any function M : S — M (n X n) , we shall note

PllM(l) e pdlM(l)
P(M) = : .. :
puaM(@d) ... paaM(d)

Proof. Because the top—Lyapunov exponent is independent of the norm, by choosing an absolute norm,
i.e., anorm ||| such that |L||” < [IlII" (e.g. IM]| = Z

ij
Kesten and Spitzer [32], we have almost surely tllg % log H H;;é Ts,.; (et, ])H < log p (IT']). On the other hand, by

) and according to

Jensen’s inequality we get almost surely y (I') < %E {log HH;;%, Ts,.; (et_ ])H} < % log E {H]_[j;é Ts,.; (et_ ])H} <
%log E {HH;;% |I*5H. (et_ j)|||} < logp(II'), so the result follows. Moreover, since p (IP (|I',])) < 1, there exists

u € 10,1[ such that lim sup, ||]Pt (|1"V|)H1/t < p. By Jensen inequality and submultiplicativity of the operator
|.I” we obtain

)
u

yDv= li%rn %E {log

Mor o)
< lim % logE {HHtil Lo, (et—j)
< 11m%logE HH Ls.; (et i

1/t

< lim sup log ||1Pt (T, |)||

O

Example 3.5. In the following table, we summarize the condition y (I') < 0 for some particular cases

Specification Condition y (I') < 0

Standard Alog GARCH, (1,1)® slogar (1) +y1 (D] < (s — ) log 1 (1) + 1 (1)]

Symmetric MS —log GARCH, (1,1) Yy (k) log |ay (k) +y1 (K)] < 0

MS ~ Alog GARCH, (1,1) Yi (k) slogar (b) + 1 (k)\ < T (k) (s = Dlog 1 (k) + y1 ()]
MS - Alog ARCH, (1) T2, laa RF [ o]~ <1

@s=P(ey>0) >0

Table 1. Condition y (I') < 0 for some specifications.

For the model MS — Alog GARCH, (1,1), the existence of explosive regimes, (i.e., for some k € 5, such that,

(aq (k) + 91 (k)|ﬂ(k)s |ﬁ1 (k) + 1 (k)(n(k)(lfs) > 1) does not preclude the existence of strictly stationary solution. So, local
stationarity is not necessary for global stationarity and global stationarity is not sufficiently for local stationarity. For
d=2and y1()=0,a1(1) =21 (2) =4, p1(1) = ;1(2) = b, ©(2) = 0.25 and with e, ~ N(0, 1), the regions of
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strictly stationary are shown in Figl. below

. Asymmetric and standard models
. N T \‘\I\ T T T

—-—-doshdot stand-AlogARCH(1)
solid Asym-MS-logARCH(1)

Fig1.Region of stationarity for Example 3.5.

Remark 3.6. The process (2.4) is not a Markov process in general. But the extended process (Et = (g){, 6t)l ,te Z)
is a Markov chain with a state space R**P X § whose n—step transition probability is given by P™ (g,A) =
P (En €A EO = z) for any Borel set A € Braiys, where €, be an arbitrarily specified random vector in R+ and
independent of(Fk (er), A (er), t € Z) ,forallk € 5.

Remark 3.7. [Non-necessity conditions of Theorem 3.1]Assume for instance that p = q = 1 and ay () = p1(.). In
that case y (T) < 0 is equivalent to T]¢_, |a1 (k) + 91 (k)|n(k) < 1. In addition, assume that e* = 1 a.s. Then, when
H,’le |a1 (k) + 91 (k)ln(k) # 1 with |0z1 (k) + 91 (k)|n(k) # 1 Vk €5, there exists a stationary solution to (2.1) and (2.3)
for each regime k € S defined by &, = ey exp (34 (K)), with A (k) = ag (k) (1 = az (k) = y1 (k)" k €S.

For the GARCH model, in a general, and the MS — BL model, in particular, the strict stationarity condition
requires the existence of a moment of certain order v for |¢;|. Therefore, we will reinforce this important
consequence of the proposed MS — Alog GARCH models. The following theorem gives us the existence of
fractional log —moments

Theorem 3.8. Consider the MS — Alog GARCH, (p, q) model with associated state-space representation (2.4) and
assume that y (I') < 0 and that E {|1og et2|T} < oo for some T > 0. Then there exists v > 0 such that E {)log ofr} < 00

and E{|log etz|v} < co.
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Proof. Since y (I') < 0, there is a positive integer ¢ such that E {log “Hf;é L5, (et_,-)”} < 0and we get

{1 ]}

, means the m—block matrix (I(n)f...fl(n)) , Ity is the n X n identity matrix and IT'([(»)) =

(n(l)l(n), . n(d)I(n)) .Otherwise, we use Lemma 4.2 of Bibi and Ghezal [4], to get E {”Hfgl F%_i (eto_,-)”V} <1
for some (v, fy). The rest of the proof is the same as the proof of Lemma 4.2 in Bibi and Ghezal [4]. O

Ky ® DI (T2 ' <o

for all t, where T/
(mn

Remark 3.9. Many references assumed independent and identically distributed standardized innovations (i.e., the
strong case). Theorem 3.8 is no longer valid when the i.i.d. assumption on (e;, t € Z) is breached (Hamadeh and
Zakotan [28] for further discussions). While Escanciano ([15], 2009), and Francq and Thieu ([22], 2019) established
statistical inference of QMLE for semi-strong standard GARCH and semi-strong standard APARCH — X models

respectively, i.e., when (e;, t € Z) is a quasi-strong assumption of type E {ef ITH} =1 for each t, thus, it would be
beneficial to generalize the current results of MS — AlogGARCH when (e;, t € Z) is semi-strong.

By the previous theorem, it will be important to know if the strictly stationary solution has log —moments
of higher-order. For this, we shall be interested in conditions ensuring the existence of higher-order

log —moments for strictly stationary (|10g & |) in the MS — Alog GARCH model having state-space represen-
tation (2.4).

Theorem 3.10. Consider the MS — Alog GARCH, (p,q) model with associated state-space representation (2.4)
and assume that y (I') < 0 and that E{|loget2|m} < oo for any integer m > 1. If p(]P (|I’(m)|)) < 1, where
r] = (E{jren, )]
r—times. Then E{|logat2(m} < coand E {|log etz|m} < .

ke S) with @ is the usual Kronecker product of matrices and T®" =T ®T'® ... ®T,

Proof. It is easily seen that E {|§‘f””(n)|} < 1[’(

o) P (TN IL(A]), where &, = {ITj5 T, (o)}

s, (Et—n) and |é(m)| = (E{|é§r:k (e1)|},,k € S) Hence ”ét(k)”m S H|r(m))k”1/m Hlé(m)ml/m- So, by Jordan

decomposition,

k .
|f (’“)| H converge to zero at an exponential rate as k — oo, the rest of statements are

immediate. [

Next, we present the log —moment conditions around a smaller size of another sequence of matrices. For

this, we introduce the p V g—vectors g} := (log atz, ..., log Gtz—qu +1) and Eé = (1, Q/(p\/q—l))' Now, it is shown

how these notations lead to obtain the following state-space representation log o7 = F30, and

0, = Ay, @), + 15, (@) Es t € Z, (33)
where
Avrs, (Ler) o Apvgs, (LPV7e;)
Ag () = ( (L) e Apvgs (L0
(qu—l) —(qu—l)

isan (pVg) X (p V q) matrix, L denotes the lag operator, A;s (x) = @; (0r) Lzso) + Bi (08) Ljx<oy + yi (01), i =
1,..,p V g with the convention y;(.) = 0 fori > ¢q, a;(.) = Bi() = 0 for i > p and 15, (er) = w(0s) +
Z?zl (azi (6 {Lie>0) T Bi 1) ]I{L,'MO}) L'loge?. Note here that (A= (e1)) is a sequence of dependent random

matrices and (nétzk (es) £3) is a sequence of dependent vectors for all k € 5.
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Theorem 3.11. Let (&4, t € Z) be a strict stationary solution of Eq. (2.1) and (2.3), with associated state-space
representation (3.3) and assume that E{|loget2|} < oco. If p(P(IA]) < 1, where |A| := (|A(6; = k)|, k €5), then

E {|logaf|} < coand E {|log etz|} < 0.

Proof. From (3.3), we then have

|9t| < Zizo {H;:) ‘Abf—/ (ef—f)l} |776,_‘ (et_i)‘ES’

in order to give a full-scale overview, consider for instance the case i = 2, we then have

Ao, (e1-2)
- Mg, (er-1) 0
{szo ‘Aéf_,- (et—j)‘} |ns.2 (e-2)| E5 = Avsy (e12) oy (ea)|| 1 + |ns., (er-2)] 1 ,
—(p\/q—Z) Q(p\/q—?))

and we get

E{{TTL, o (e s n)| Exf = E{{TT o [ (0]} In@a)| Exf = P2 GADTI (] )

because 15, ,=k (¢;—2) is a function of e;_3 and its past values for all k € 5, where

AL (6) . /\qu(ét))

Aét =
(®) ( Lpvg-1) Opva-1)

A=k = E{Aisk(e)}, 1 <i<pVa,n@ =k =E{ny(e)} forall k € § and || := (|n (6 = k)
Thus, in general, we can be easily obtained

E{{TT o [ (o)l o el Eaf = E{{TT o [ (o) In @0l Esf = g, P GADTI(] ).

the condition p (P (|A])) < 1 entails that E {|gt|} is finite. [J

,keS)

Remark 3.12. In Theorem 3.11 we have got the log —moment conditions around a smaller size of sequence (As, (et))
of matrices (i.e., q V p size) but dependent, while Theorem 3.10 gives the log —moment conditions with (s, (e;)) is a
sequence of i.i.d. and the (2q + p) size.

Corollary 3.13. Consider the MS — Alog GARCH, (1,1) model and under the conditions of Theorem 3.10, if

p(P ((£<m>)) <1, where g™ := (™ () = s|ar () + 1 (0" + A =5) |1 R) + 1 ()| Kk €S), (3.4)

then E {|log ot2|m} < coand E {|log et2|m} < co. In particular, noting here that whend = 2, withpyy = pp = 1-q = %,

then the condition (3.4) is equivalent to the following two conditions

(1= ) (1) + p"(2)) <2

For MS — Alog ARCH, (1) model with aq (1) =0, 1 (2) = 1 (1) =4, p1 (2) = band e, ~ N (0,1), the regions are
shown in Fig 2. below

{ (27 = D) ™M™ (2) + (1 - ) (" (1) + p™(2)) < 1 '
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T T T T T T T
solid m=2
3 — - — - doshdot m=3 H
dotted m=4
2r a
1 a
o of a
—1F -
oL m
3+ m
Il Il Il Il Il Il Il
-3 -2 -1 0 1 2 3

Fig 2. Plots of the boundary curves for MS — Alog ARCH>(1) model.

4. Estimation of the MS — Alog GARCH model using QML method

The statistical inference for MS — Alog GARCH model is rather difficult, and one of the key issues because
that observations at any time are then dependent on the whole regime path, whereas the likelihood becomes
quickly intractable as the total length of observations increases. But by transforming it into an infinite order
MS — Alog ARCH model, we get the possibility of writing a likelihood that can be handled directly. Some
specific models were considered in the literature (see., for instance, Francq and Zakoian [18], Xie [43],
Ghezal et al. [5] — [7], [24], for further discussions). In this section, we consider the quasi-maximum
likelihood estimator (QMLE) for estimating the parameters of MS — A log GARCH model gathered in vector

9 = (g’,é’,z’,g’) € © c RU#2+p) where a = (Q’,Qi,...,g;), [_3’ = (El,,é;), Z’ = (Z;”Z;) and ;Z’ =

(1)) with @ 1= @ (1), s @), 0 3= (@5 1),y @), = (B (1), o i (), Vo= (0,71 @)
and p; =(p,1<k<dl#k)foralll1 <i<g,1<j<pandl <! <d. The true parameter value denoted

by 6, € © is unknown and should be estimated. For this purpose, let {¢1, ..., €,} be a realization from the
unique, causal and strictly stationary solution of (2.1) and (2.3) and assume that the orders p,q and the
number of regime d are assumed to be known and fixed and (e;) is standard Gaussian with mean zero and

variance one. A QMLE of 0 is defined as any measurable solution En of

Qn = arg r&a@an (Q), (4.1)

where L, (Q) is the Gaussian likelihood function, given by summing, over all the possible paths of the
Markov chain,

L, (Q) = Z 7 (s1) {ﬁ Ps,-l,s,} {ﬁ g5/ (€1, .y 5[)} ’ (4.2)
i=2 =1

$1,.-,51€S
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where

(61, 1) . i
E1,-.,€1) = ex -,
I (271)1/2 05,(81,...,81,1) P 2031(61,...,61_1)

with the conditional log —variance process satisfy

-1
loga?{(sl,...,el_l)— sl)+Z a] (sl)]I& >0} +ﬁ] 51)][{5, <0})logel i
j=1

) s~ _ p -1 — d T ai(s)z
with logo2 = @ (s1) if [ = 1, where @ (s) = (1 =XV (Sl)) w(s1), aj(s) = el Cuamrw SR I 0)
Yr Bi(s)z . . .
[0y We can write the likelihood function (4.2) as a product of

- di
and Bj(s;) = —(—
! Az \(1- Y7 yiGs)2 )
matrices, as follows

L.(0) = 1, {H Py (9(c1, -, a»}ﬂ(gm», 43)
=2

where 1, denotes the vector of order d whose entries are all ones. Now, we define here g, (& € ¢-1jo0)
(resp. gs, (& €1-1p)) as the density of ¢; given the all previous observations until infinite past (resp. previous
observations until €1) and let hg (&] € ¢-100) (resp. hg (&:l €4-1j1)) be the corresponding logarithms. For this
purpose, we define the conditional likelihood function based on all observations from infinite past noted

L, (Q) defined as similar to equation (4.2) except replacing the density gs, (€1, ..., €1) by g5, (&t € 1—1j00), we have

Li(0 (_ =1, {H Po (g (el &1 1|oo))} (g (&1l €0i)), (4.4)
where Py (9 (&1l €1-1100)) and I1(g (1] € o)) replace g, (€1, ..., €1) by g5, (il €1-1j0), 51 = 1,., dand [ = 1,..,n in
matrix Pg (g(e1, ..., €1)) and vector I1(g (¢1)).

Remark 4.1. It should be noted that asymptotically, the stationary distribution 1t (k), k € S will not affect the
estimation (see., Leroux [34] for more details).

Remark 4.2. Francq et al. [19] proved the inference for stationary standard asymmetric log GARCH1 (p, q) models
(ie., d = 1) based likelihood. So, it would be interesting to study the strong consistency of the QMLE for the
MS — Alog GARCH,(p, q) model while some parameters are locally outside the stationarity domain, thus we can
generalize those results.

Remark 4.3. Numerous authors have pointed out the choice of the initial values is unimportant for the asymptotic
behavior of the QMLE. However, it may be significant from a practical point of view.

The next results in this paper establish the strong consistency of En.

4.1. Strong consistency of QMLE
The following assumptions will be used to establish the strong consistency of the QMLE estimator.

Al. 6, € © and O is a compact.

A2,y (FO) < 0 for all 6 € © where I’ denotes the sequence (Ts, (¢;),t € Z) when the parameters O are
replaced by their true values 6,,.
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A3. Forany 0,0" € ©, if almost surely hg (& €-1j00) = hg- (€¢] € 4-100) then 0 = 0.
A4. The observed process satisfies E { |10g é§|} < 0o,

A5. The support of ¢y contains at least two positive values and two negative values and E Hlog eér} <
for some v > 0.

Assumption Al. the compactness of © is assumed in order that several results from the real analysis may be
used. Asseen in Theorem 3.1 Assumption A2., ensure that the process (&, t € Z) admits a strictly stationary
and ergodic solution. Assumption A3., is made to guarantee the identifiability of parameter 6. Assumption
A4. can be replaced by the sufficient conditions given in Theorem 3.8. Assumption A5. eliminates a mass
at zero for the innovation, and, for identifiability reasons, imposes non-degeneracy of the positive and
negative parts of ¢).

Now, we will appear the consistency of QMLE for the MS —log GARCH model (Theorem 4.7). Our method
has availed from the work of Ghezal [24], which depends on Lemmas 4.4 — 4.6, below. First, the following
Lemma 4.4 presents that the uniform asymptotic forgetting of initial values

Lemma 4.4. Under the assumptions A1-A5, almost surely, uniformly with respect to 6 € ©

lim %log L, (Q) = lim 1 logzn (Q) = Eg, :hg(8f| st,uw)}.

n—o0 n—oop

Proof. Note that logzn (Q) = Zlhg (&l €¢-1j00) and log L, (Q) = Zlhg (&l €¢-111), so,
t= t=

1 n ]_ n 1 n
=Y. hg (e €-11) = = Lho (&l € 4-1j00) + = 1 (hg(&l €4-111) — ho (&l 8t-1|oo))-
ni=1 =1 Ni=1

Now for any I > 0, define the process H; (m) = sup |hQ (etl € -1pp-1) — ho (et € H|oo)), then for each fixed m, the
I>m

process (H; (m) , t € Z) is stationary, ergodic and Eg, {H; (m)} < +o0. We have

n

. 1
lim sup —Z (hg(EtI €1-1n) — ho (&l ft—llw))

e =l

. Iy
< lim sup EZ (hg(stl €4-111) — ho (& et_1|o<,)|
=1

n—oo

n

< lim sup 1 Z H; (m) = Eg, {Ho (m)} .

=00 o1

Since, lim E 0, {Hp (m)} = 0, then the result of the first assertion follows. [

We will next compare the likelihood L, (Q) (resp. Ly (Q)) with the one evaluated at the true parameter 0,,.
L. (9)

L (6)

identifiability assumption.

Write I, (Q) = % log[ ], and the following lemma follows from Lemma 4.4, Jensen’s inequality and

L (0
Lemma 4.5. Under the assumptions A1-A5, lim % log [~ n( — )] = lim I, (Q) < 0 with equality iff © = 6, for all
n—o0o Ln QO n—oo

0 0.
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Proof. Under conditions A1-A5 almost surely I, (Q) is well defined. Moreover, by Lemma 4.4 and Jensen’s
inequality, we have

he(€t|€t—1|oo)} loo E {h9(€t|8t—1oo)
Y QO <

IimI,(60)=E log ——M8@™— <log1=0.
n—e0 (_) % { & hg, (&l € t-100) hg, (& é‘t—1|oo)} J

By the condition A3, I,, (Q) converge to Kullback-Leibler information which equals to zero iff 6 = 8°. O

Theorem 4.7 below follows easily from the following lemma together with the identifiability assumption.
Lemma 4.6. Under the assumptions A1-A5. For all 0" # 0,, there exists a neighborhood V (Q*) of O"such that,
almost surely

lim sup sup I, (Q) <0.
n—+oo QG(V(Q*)

Proof. In view of equation (4.4), we have

{H]Pe(!](ftlgt—uoo))} {H H’H(H(Etl&—uoo))}”-

{t_ﬁz Po (9 (& €t—1|oo))}'| =Egp {hg(éﬂ gt_lloo)}.

min 72(k)g (€11 € o) < L (6) < maxm(k)gi (€1l €0p)

So, we obtain lim LlogL, (Q) = lim log
n—o0

n—oo

. Because the matrix norm is

Let V,, @) = {Q: ”Q—E” < %} and set ! = Qs(‘l/lp@ H]I’Q(g(etlet_uoo))
76 m\Z =

multiplicative, we obtain on V,, (é)

n+k n ntk
sup [ [Po (g (e e )| < sup || ] [P (9 (erl )| sup | [ [ P (o (erl )]
0 ||t=2 0 ||i=2 [EA | P
that implies logX?! , < logXl. +logX" . for any positive integers n and k. Hence <log x n) is

subadditive, stationary, ergodic process and Eg, {log Z;’fﬂ} is finite. From the subadditive ergodic theorem
* 1 1 m — 1 m 1
we can get ¢y, (Q ) = nh_r)r;; logXl! = Lr;{EEQO =log ZM} a.s. Note that if (p(Q) denotes the Lyapunov

exponent associated with the sequence of random matrices (IPQ (g9 (el €4-1100)) , t € Z) ie.,

7

1 5o 1 -
¢(6) = inf-Eg {bg }”ﬁ Jlim ~log| [ [Po (g (erl 1))
t=2

n>1

HIPQ (9 (et etqp))

ﬂ]PQO (g9 (&l € t-100))

t=2
By dominated convergence theorem, it follows that for m large enough, we obtain

f<ote)-

1
then, from Lemma 4.5, there exist e > 0 and n. € IN such that n_E 0, {log
€

}< ¢ (6)-.

7

N m

bn (07) < nlEQU {log 1']11@ (9 (el €r110))
€ t=1

and the rest follows by Lemma 4.4. [
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Second, we are now in a position to state the following consistency theorem

Theorem 4.7. [Strong consistency] Let (’Q\n)n be a sequence of QML estimators satisfying (4.1). Then under as-

sumptions A1-AS5, En is strongly consistent in the sense that En — 0, a.s. whenn — +oo.

Proof. The proof of Theorem 4.7 is similar in Bibi and Ghezal [5] for the MS — BL model. For this purpose,
suppose (0,) does not converge to 0,
n = n(ng) > ng with ||Qn - Qo” > €. Using Lemma 4.6, it follows that L, (Qn) <L, (QO). Moreover, we use the

definition of QMLE given by (4.1), we have L, (Qn) = supL, (Q) >L, (QO) for any compact subset © of ©
0e®"

a.s. So, de > 0 such that for each integer ny there is an integer

containing 0, and this contradiction completes the proof. [

Remark 4.8. Chan [12] and Jensen and Rahbek [31] established statistical inference of QMLE for nonstationary
standard GARCH models i.e., when y (FO) > 0. Consequently, it would be profitable for MS — Alog GARCH to
generalize the strong consistency of QMLE in which all regimes are explosive.

Remark 4.9. Francq and Zakoian [17] established asymptotic distribution of the quasi-maximum likelihood QMLE
when some coefficients are equal to zero, thus, it would be beneficial to generalize the strong consistency of QMLE for
MS — Alog GARCH when 6, is on the boundary.

Remark 4.10. It is worth noting that the MS — EGARCH model, i.e.,

o o tez 45
log o2 = @ (&) + L., (s (5r) evi + Bi (00 levil) + X7, v (00) logo? . €% (*3)

has similarities with the MS — Alog GARCH, but no similar results, proving the asymptotic properties (see.,
Wintenberger [41] for further details).

5. Simulation studies

To evaluate the performance of the QML method for parameters estimation, we carried out a simulation
study based on two stationary MS — Alog GARCH,(1,1) models (d = 1 and d = 2), for innovation errors, we
use Gaussian N(0, 1) and Student’s t5 innovations. We simulated 500 data samples with different lengths.
The sample sizes to be examined in this simulation study are n = 1000, n = 3000 and n = 10000. The
corresponding parameter values are chosen to be satisfied the stationary condition (3.2) . For each trajectory
the vector 0 of parameters of interest has been estimated with QMLE noted as E The QMLE algorithm has
been executed for these series under MATLABS using ” fminsearch.m” as a minimizer function. In the tables
below, the roots mean square errors (RMSE) of 0 (i), i = 1,..,d (d + 3), are displayed in parenthesis in each
table, the true values (TV) of the parameters of each of the considered data-generating process are reported.

5.1. Standard asymmetric log GARCH model

First, we present an example illustrating our theoretical analysis, which is the standard Alog GARCH; (1, 1)
model, the vector of parameter 0" = (w, @1, f1, 1) is chosen to subject the following condition

lan (1) + 1 O [B1 ) +91 D]~ < 1.

The results of the simulation are shown in Table 2,
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n = 1000
Tv N(©,1) f5
@ |[040 0.4084(0.0269)  0.4035(0.0403)
@ || 0.05 0.0528(0.0173)  0.0522(0.0297)
B | 035 0.3535(0.0176)  0.3526(0.0291)
71 || 070 0.6928(0.0195)  0.6939 (0.0329)
n = 3000
@ || 040 0.4036(0.0245)  0.4033(0.0275)
@ || 0.05 0.0510(0.0113)  0.0521(0.0163)
B | 035 03517(0.0130)  0.3519(0.0183)
71 | 070 06973(0.0167)  0.6972(0.0214)
1 = 10000
@ || 040 04019(0.0103)  0.4007 (0.0156)
a1 || 0.05 0.0506(0.0064)  0.0506(0.0104)
B | 035 0.3508(0.0063)  0.3507(0.0103)
71 || 070 0.6987(0.0072)  0.6989 (0.0119)

9892

Table 2. Average and RMSE of QMLE for standard Alog GARCH; (1,1) model.

5.2. MS — Alog GARCH model

Second, we will present an example illustrating our theoretical analysis to estimate MS—A log GARCH,(1, 1).
Therefore, we consider the most widely used two-regime switching model (i.e., d = 2). The vector of
interest parameters to be estimated is 0’ = (g’,gi,ﬁ;,y;,p’) where @’ = (w (1), (2)), & = (a1 (1),a1(2)),

ﬁ; =(p1(1),p1(2), )/; =(y1(1),y1(2)) and p’ = (p12, p21) is chosen to ensure the stationary condition, i.e.,

2

[T lea®) + 710 [B1k) +1(0)

k=1

—(1-s)7t(k) <1

The results of the simulation are gathered in Table 3,

n 7000 3000 10000
™v  N@©1D) 5 N©,1) fs N©,1) f5
@ || 035 0.3478(0.1243) 0.3428(0.2345) | 0.3515 (0.0628) 0.3578 (0.1299) | 0.3513 (0.0322) 0.3516 (0.0680)
0.10  0.0961(0.1286) 0.1072(0.2577) | 0.0982(0.0623) 0.0985 (0.1426) | 0.0992 (0.0333) 0.0978 (0.0719)
a, || 0.05 0.0499(0.0272) 0.0536 (0.0400) | 0.0498 (0.0146) 0.0521 (0.0219) | 0.0503 (0.0079) 0.0504 (0.0123)
0.60  0.6007 (0.0234) 0.6024(0.0398) | 0.6001 (0.0180) 0.6014 (0.0259) | 0.6003 (0.0090) 0.6007 (0.0154)
B, || 030 0.2995(0.0237) 0.3012(0.0349) | 0.3009 (0.0148) 0.3022 (0.0227) | 0.3008 (0.0078) 0.3012(0.0116)
040 0.4024(0.0227) 0.4040 (0.0364) | 0.4005 (0.0163) 0.4023 (0.0210) | 0.4002 (0.0081) 0.4004 (0.0140)
y, | 050 04982(0.0318) 0.4952 (0.0485) | 0.4993 (0.0223) 0.4980(0.0327) | 0.4994 (0.0100) 0.4994 (0.0150)
075 0.7497 (0.0418) 0.7520 (0.0692) | 0.7498 (0.0279) 0.7493 (0.0429) | 0.7494 (0.0124) 0.7491 (0.0208)
p | 0.80 0.7987(0.0356) 0.7973(0.0449) | 0.7991 (0.0192) 0.7985(0.0295) | 0.7993 (0.0120) 0.7990 (0.0176)
025 0.2529(0.0387) 0.2538(0.0598) | 0.2511 (0.0268) 0.2526 (0.0364) | 0.2503 (0.0116) 0.2508 (0.0205)

Table 3. Average and RMSE of QMLE for MS — Alog GARCH, (1,1) model.

Now let us devote a few comments in order, Table 2 shows that the strong consistency of QMLE of standard
models s fairly satisfying and the associated RMSE decreases closely as the sample size increases. Regarding
outcomes associated with MS—Models reported in Table 3, it is obvious that the strong consistency is fully
approved.
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6. Empirical application

In this section, we apply our model for modeling the foreign exchange rate series (¢t)1»1 of the Algerian
Dinar against the U.S. Dollar (USD/DZD) from January 3, 2000, to September 22, 2011 (3050 observations)
and ¢; ~ N (0,1). We then removed all dates when the market was closed (i.e., holidays and weekends).
The graphics of prices, the daily returns series of prices (r; = 1001log (&:/&¢-1));»1 , squared, absolute and
log —absolute returns are plotted in Fig3.

000g 00es 000S 0oct 000L 0oc 0 000g 00es 0008 0ocr 000I 0oe 0

(I, ol

000e 00csS 000S 00cr 000r 00¢ 0 000€ 00cS 000S 00ct 000r 00¢ 0

1 1 1 1 1 1 08
000€ 00cS 000S 00cr 0oor 00e 0

Fig3. The plots of the price series (), (r;), (|r]), (rf) and log (|r¢]).

In Table 4 below, we present some elementary descriptive statistics of the series (&)1, (1)1, (I7¢])1»1 and
2
(rt )tzl !

Series mean Std. Dev Median Skewness Kurtosis Min Max Arch(300) J. Bera LBtest

(&r) 73.451 4.2424 73126  -0.6005 3.7642 60.345  81.281 100% 258 x 10> 100%
() 0.0000  3.0000 0.0000  1.0000 13.000 —19.000 33.000 100% 1.3x10*  100%
() 0.0000 2.0000 1.0000  3.0000 21.000 0.0000  32.000 90,3% 449 x10* 100%
(rf) 0.0000  0.0000 0.0000  0.0000 1000.0 0.0000 1000.0 00% 357%x107  00%

Table 4: Summary statistics for daily crude oil prices series (¢;);»1, their returns, (r;)s1, (I7¢]);s1 and (r,z)t>1 .

The result shown in Table 4 for the kurtosis of the log —return series is 13, which indicates that models based

on the Gaussian assumption may not well describe the data. Thus could not reject the null hypothesis HO:

tz) which presents a significant ARCH
t>1

effect in its residuals because there is not enough evidence, while by Arch(300) column, reported in Table
4 for testing RO : “"No residuals heteroscedasticity of (r;)»;” shows that through the first three hundred
lags, RO should be rejected. Furthermore, by looking over at the graphics shown in Fig4 of the sample

"The residuals of (;);»; are not correlated” contrary to the series (r
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autocorrelations functions of the series (|7¢]);>1, (rf)t>

) and (7)1

. ﬁ”(h) .
005' ‘ i
0 T L1 11y ] ﬂ -

oosH—F—F+— T 1
0 5 10 15 20 25

Lag
"b\\nl(h) - ﬁrg(h)

03¢ '

0.2 ‘ 0.1} ‘ |
01} L___ _ ]
ok ‘l‘”‘”‘ﬂ‘[‘ﬁh"ﬂ‘l‘;tﬁl‘ 0 ﬂ 'TT.;”TT—TI ‘T.nT
e 10 20 0 10 20

Lag Lag

Fig4. The sample autocorrelations functions

of the series (7;);, (|r]); and (rt2)t :

9894

one can observe that (7;);.; presents a Taylor-effect (characterized by f)\yf (k) < ppr(k) for some k > 1), and
hence you must reject the modeling of the series (;);,; by standard GARCH models in favor of certain
asymmetric models, such as r; = h;e; where I is the corresponding asymmetric volatility process which is a
measurable function of {r,,_1, m < t} and the innovation term (¢;) is subject to some theoretical distribution.
Now, we assume that the volatility associated with (). satisfies MS—Alog GARCH(1, 1) with two regimes,
i.e., 0y = 1 corresponds to Monday with probability 7 (1) and 6; = 2 for the other days with equiprobabilities
11(2). The estimated parameters of the 2—regimes MS — Alog GARCH(1,1) model and their RMSE are

reported in Table 5.

Days 0 T B,

2y P

Monday 0.3392  0.0581  0.3242
(0.0081) (0.0041) (0.0015)
Other days | 0.0643  0.5808  0.7693
(0.0128)  (0.0018)  (0.0009)

0.7606 | 0.7439 0.2561
(0.0009) | (0.017) (0.023)
0.8870 | 0.2851 0.7149
(0.0008) | (0.044) (0.039)

Table 5. QMLE estimate and their RMSE.
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The plot of the corresponding volatility is shown in Fig. 5.

10 T T T T T T

1

0 1 1 1 1 1 1
500 1000 1500 2000 2500 3000

Fig5. The estimated volatility from MS — Alog GARCH(1, 1) model.

The diagnostic of residual associated is shown in Fig. 6.

15 T T T T T T

10 - 1

-10 1

residual of MS-AlogGARCH

15 1 1 1 1 1 1
500 1000 1500 2000 2500 3000

0.2 T T T T T

0.15 - T

01 1

1 1 1 1 1
0
0 100 200 300 400 500 600

p-values of residual for MS-AlogGARCH
Fig6. Top panel: residual associated with MS — Alog GARCH(1, 1). Bottom panel:
p—values of residual associated with MS — Alog GARCH(1, 1).
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Table 5 displays the estimated MS—Alog GARCH(1,1) models. This table shows that the MS—Alog GARCH
(1,1) has been accurately estimated. Note that the parameters mentioned in this table satisfy the strictly
stationary condition and the estimated models also satisfy the assumptions A1-A5 used to show the
consistency.

7. Conclusion

This paper proposes a new Markov-switching asymmetric log GARCH model with constant transition
probabilities by integrating the standard Alog GARCH model with a hidden Markov chain, within each
regime, there is a different Alog GARCH-type model. Therefore, this new model is an extension of the
standard model with constant coefficients, where the positive coefficients are dropped and the volatility is
not bounded below which needs an additional log —moment assumption, compared to the MS — GARCH
model. Furthermore, this model can be used to capture three important dynamic characteristics of time
series, regimes, asymmetric, and conditional heteroskedasticity. So, we provide some explicit results for
the structural and asymptotic properties of the MS — Alog GARCH process. First, we found sufficient
conditions for the existence of moments and log —moments of the strictly stationary solutions. Second, we
showed the strong consistency of the QMLE under mild assumptions. Lastly, the proposed methodology is
illustrated through a simulation study helps to clarify the consistency of the estimators (for both Gaussian
and Student’s innovations) and an empirical application to the exchange rate of the Algerian Dinar against
the U.S. Dollar.
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