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2-normal composition operators with linear fractional symbols on H?>
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Abstract. In this paper, some sufficient and necessary conditions for the composition operator C, to be
2-normal are investigated when the symbol ¢ is a linear fractional self-map of ID.

1. Introduction

Let H be a complex Hilbert space, B(H) be the space of all bounded linear operators defined in H. An
operator T € B(H) is called normal if it satisfies the condition [T, T*] = 0, where [T,T*] = TT* — T*T. An
operator T € B(H) is subnormal if there is a Hilbert space K containing H and a normal operator M on K
such that MH € H and T = M|H. An operator T is called quasinormal if [T, T*T] = 0. An operator T € B(H)
is called p-hyponormal if (T*T)? > (I'T*)’, where 0 < p < 1. If p = 1, T is said to be hyponormal. An
operator T € B(H) is called binormal when [T*T, TT*] = 0. An operator T is said to belong to © class if
[T*T, T + T*] = 0. From [1, 9], we see that

quasinormal C binormal

normal C quasinormal C subnormal C hyponormal.

The operator T is said to be n-normal if T* commutes with T", that is [T*, T"] = 0. When n = 2, the operator
T is called 2-normal, that is, [T*, T2] = 0. It is clear that a normal operator is a 2-normal operator, but the
converse is not true.

Let ID denote the open unit disk in the complex plane C. Let H(ID) be the space of those analytic functions
on D. The Hardy space H*(D) is the space of all f € H(D) for which

(o)

2
Aoy = ) lanl? < oo,

n=0

where {a,} is the sequence of Maclaurin coefficients for f. The space H? is a reproducing kernel Hilbert
space. In other word, for any w € D and f € H?, there exists a unique function K;, € H? such that

f(w) = <f/ Ky).
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It is well known that K, (z) = —

1-wz*

Let ¢ be an analytic self-map of ID. The composition operator C, with symbol ¢ is defined by

Cof =fop.

It is easy to see that C},Ka(2) = Ky(a)(2) for any a € D. For f € L*(dD) and g € H?, the Toeplitz operator T

on H? is defined by Tf(g) = P(fg), where P denotes the orthogonal projection of L? onto H2. It is easy to
check that
T}Ka = f(a)Ka

for any a € D and f € H*(ID), the bounded analytic function space in ID.
H. Schwarz [11] showed that C,, is normal if and only if ¢(z) = az with |a| < 1. S. Jung, Y. Kim and E.

Ko [10] proved that C,, is quasinormal if and only if C, is normal, where @(z) = %% is a linear fractional

self-map of D with ¢(0) = 0. Also they proved that, when ¢(z) = == with u # 0 and [0| > 1 + [ul, C,, is
binormal if and only if C, is hyponormal, or C,, is subnormal. Fatehi, Shaabani and Thompson studied
hyponormal and quasinormal weighted composition operators on H? and the weighted Bergman space A2
in [8]. For more study on composition operators on H?, see [2-11].

In this paper, we discuss 2-normal composition operators with linear fractional symbols on H2. The

necessary and sufficient conditions for C,, to be 2-normal are given when ¢(z) = % is a linear fractional
self-map of ID. In particular, when ¢(z) = Zgig is a linear fractional self-map of D, we prove that C, is

2-normal if and only if C,, is normal when b = 0 or ¢ = 0. We also give an example of a linear fractional
self-map ¢ which induces a 2-normal operator C,, but not a normal operator.
2. Auxiliary results

In this section, we state some lemmas which will be used in this paper.

Lemma 1. [11] Let ¢ be an analytic self-map of ID. Then C, is normal if and only if ¢(z) = az with |a| < 1.

Lemma 2. [3, Theorem 2] Let ¢(z) = X be a linear fractional transformation mapping ID into itself, where
ad —bc # 0. Then o(z) = —EEZZ_EE maps 1D into itself, g(z) = ﬁ and h(z) = cz + d are in H*, and

C, = T,C,T}.

The map o is called the Krein adjoint of ¢. g and & are called the Cowen auxiliary functions.

Lemma 3. Let ¢(z) = 22 be a linear fractional self-map of D. Then

cz+d
" B cla+d)
CoCoCoka® = —@ + om0
bc + d? c(a +d)

- K o2(«x
\ocr B-ba+da  ca+d - @+boa) " @

for any a € D with c(a + d) # (a* + be)a, where o(z) = %.

Proof. Let a € D with c(a + d) # (4> + bc)a. Then

1
1 - apa(z)
_C 1 . Az+B

P _ gla+bozeabbd T TPCz+ D’
(ac+cd)z+bc+d?

CyCpCpKa(z) =Ci,Ka(a(2)) = C
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where
A=uac+cd, B =bc+d?,

C = c(a +d) — a(a* + bc), D = (bc + d*) — b(a + d)a.
From [10, Lemma 2.3] and C # 0, we have

Az+B A B A
YCz+D EK(”(O)(Z) * (5 B E)Kw(—%)(z)'

. _ d)
Since %‘ = c(a+dc)(—a;(a2+bc)/
B A _ be + d? ~ c(a+d)
D C be+d-ba+da ca+d - @+boa’
and . , — .
C a(@ +bc)—(ac+cd
)
D (bc+d) - aab + bd)
we obtain
. B c(a+d)
CoCoCokel®) =iy —(@ 1 b0 0
bc + d? c(a +d)
Nocr@—varda card—@+boa Kptoatan(@)-
|
Lemma 4. Let ¢(z) = gig be a linear fractional self~map of ID. Then
CyCCKal2) = cla+d)
cla+d) — (a% + be) p(a)
bc + d? cla+d
+ — - @+ —] Koyp(@)
bc+d?—-ba+d)p(a) cla+d)—(a®+bc)p(a)

(c@ + d)[(ac + cd)z + be + d?]

B (c@ + d)[(ac + cd)z + be + d2] — @a + b)[(a2 + be)z + ab + bd]

for any a € D with c(a + d) # (4 + be)p(a), where o(z) = %.

Proof. For any a € D with c(a + d) # (a* + bc)p(«), according to the proof of [10, Lemma 2.3], we have that

cla+d
CpCpCoKal2) = @+d)
c(a+d) — (a* + be) p(a)
be + d? cla+d
+ — - @+ d) — | Ko p(a)) (2)-
be+d? —bla+dp(a) cla+d)—(a> + be) p(a)
On the other hand,
. 1
C(,,C(PC(,,KQ(Z) = CpCpKop(a)(2) = Koy (92(2)) = ————

1= p(a)92(2)
1

_ aa+b (@+bc)z+ab+bd
ca+d (ac+cd)z+be+d?

B (ca@ + d)[(ac + cd)z + be + d?]

@@+ d)[(ac + cd)z + be + d2] — @ + b)[(a + be)z + ab + bd]
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Lemma 5. Let ¢ be an analytic self-map of D. If C,, is 2-normal, then ¢(0)p2(0) = 0.
Proof. Note that
1

—_— = 1
1 - 0¢2(0)

(C1,CyCyKo, Ko) = (Ko © 2, Ko) = Ko(p2(0)) =

and

<C¢C¢C;K0, K0> = (an(O) ° @2, Ko> = _;
1= 9(0)p2(0)
Since C,, is 2-normal, we get the desired result. [J

As an application of Lemma 5, we get the following simple example.

Example 1. If p(z) = 3iz + 1, then @y(z) = =1z + i+ 1. Since p(0)p2(0) # 0, C,, is not 2-normal by Lemma 5.

3. Main results and proofs

3.1. Automorphism

Theorem 1. Let ¢ be an automorphism of ID. Then the following statements are equivalent.
(i) Cy is 2-normal;
(i1) p(z) = Az, |A| = Lor p(z) = == fora € D.

Z

Proof. (ii) = (i). If ¢(z) = —Az, |A| = 1, then C, is normal by Lemma 1 and hence C, is 2-normal. If
¢(z) = == for a € ID, we note that (¢ o )(z) = z, which implies that

C;,CpCp = CpCyCy-

Thus, C,, is 2-normal.
AMz—a)

(i) = (ii). Assume that C, is 2-normal and ¢(z) = ===, where a € D and || = 1. We note that
— la*(A - 1)
Nor(0)= 22—~ _ ¢
¢(0)p2(0) Aaf —1

from Lemma 5. Then |a|>(A —1) = 0. Hence [aj = 0or A = 1.
If a =0, then p(z) = —Az, |A| = 1. If A = 1, then ¢(z) = £=%, as desired. The proof is complete. [J

az-1

3.2. Linear fractional self-maps with ¢(0) = 0

Theorem 2. Let ¢(z) = 2 be a linear fractional self-map of D and @(0) = 0. Then C,, is 2-normal if and only if
Cy is normal.

Proof. Sufficiency. It is obvious.
Necessity. Assume that C,, is 2-normal. Since ¢(0) = 0, a # 0, and ¢(ID) C D, we can set

wherem = £, n = % and [n| 2 1+ |m|. If m = 0, then ¢(z) = Z. So C,, is normal.

Now we assume that m # 0. Then |n| > 1. For Lemma 3 we obtain that

m(1l +n) 1

== = = 1
ml+n)—a ml+n)—aq_ ﬁ(&fmg(ﬁ;ﬁwzn )

2|

C;,CpCyKa(z) =
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for & # m(1 + n). From Lemma 4 we get that

m(1 + n)(ma + n) o 1

CypCyC Ky (z) = - — — —

oCoCokal2) m(l+n)ma+n)—a m(l+n)(ma+n)— a1 — Fmnua+n) (2)

(ma+n)n?
for & # m(1 + n)(ma + n). Since C,, is 2-normal, by (1) and (2) we get that
m(1 + n) o 1
—a —a a—m(1+n)

ml+n)—a m(l+n)—aq_ Wa_aman))"m'zn
_ ml+n)(ma+n) o 1
“m(l+n)ma+n)—a  m(l+n)(ma +7) —aq _ Emlmema)

Gra+myn’
for any a € D with & # m(1 + n) and a # m(1 + n)(ma + n). That is,

B am(l +n)(ma+n-1) o 1
- - o +71) —al — a—m(1+n)
[m(1 +n)—a]lm(l+n)(ma+n)—a] ml+n)—aq_ m
N a 1
m(l + n)(ma +n) —a 1 _ azmUtnmati) ’
(ma+n)n?

which gives that

o —m(l+n))+n*n

x a4 T a—m(l+n) @ —m(1 + n)(ma + 1)
R e s

‘5[’”“*”)%%)—@(1-a‘m“w)(m—aw) )

(ma + n)n?
a—m(l+n) )
m(a —m(1 +n)) + [n?*n

+a[m(1 +n) —al (1 -
for any a € D with & # m(1 + n) and @ # m(1 + n)(ma + n). Multiply this by (ma + 1), we get

- . ~ a—m(1l+n)
0 =am(1 + n)(ma +n—1) (1 m(@ —m(1 + n)) + [n2n )

.(W+ﬁ_§—m(1+n)(m_0z+ﬁ)z)

n2

3)

—a[m(1 +n)(m_a+ﬁ)—a](m—a+ﬁ_ a—-m(l +n)(m+ﬁ)z)

2
a—-m(l+n)
m(ax — m(1 + n)) + |n*n

+E[m(1+n)—§](1— z)(W+ﬁ)

for any a € D with a # m(1 + n) and a # m(1 + n)(ma + n). Since (3) holds for any z € D, the coefficient of
z% in (3) must be zero. This implies that
a—m(l+n) E—m(1+n)(W+ﬁ)_0

am(l +n)(ma +n — Dm(a —m(1+n)) +|nPn "

Since m # 0, from the last equality we obtain that
a(l+n)(ma+n—-1)=0
for any a € D with a # m(1 + n) and a # m(1 + n)(ma + n). After a calculation, we get
ml+n)a*+1+n)@E-1)a=0

for any @ € D with @ # m(1 + n) and a # m(1l + n)(ma + n), which is a contradiction. So m = 0 and
¢(z) = ,In| = 1. Therefore C,, is normal. The proof is complete. [J
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3.3. Linear fractional self-maps with c = 0
Lemma 6. [9] If ¢(z) = 25 is a linear fractional self-map into ID and ¢ = 0, then
Cp = G T3,
d
~bz+d’

a2z _
—bz+d

where 5(z) = and §(z) =

Theorem 3. Let ¢(z) = if;—j:g be a linear fractional self-map into ID with ¢ = 0. Then C,, is 2-normal if and only if C,,
is normal.

Proof. Sufficiency. It is obvious.
Necessity. Suppose that C, is 2-normal, that is,

C1,CpCyKa(2) = CpCyClKal2)

for any @,z € D. Since ¢ = 0, we set ¢(z) = sz +t, wheres = 4, t = g and |s| + |t| < 1. Put

sz
= i Z): —.
1-1z g 1-tz

According to the proof of [9, Theorem 2.4], by Lemma 6 we obtain that

(2)

C;,CyCopKa(2) = C,Co T, C Ty Ka(2) = g(a)g(0(@)Kpoy(a) (2)
1
1—ts + 1)@ — [F+ (sPs — |tPs - 1) @]z

On the other hand, we have
CpCpClKa(z) = CiT,Co T Koo (2) = g(())g(0(9())) Koy (i) (2)

_ 1 1 1

1 - tp(a) 1 - talp(@)) 1 - o2(p(a)z
_ 1 1 1

1- 1-— __so(p(@)

(@) 1~ o(p(@) 1 - S

_ 1 1

1 -tp(a) 1 - to(p(a)) - so(p(a))z

1
C1- tp(a) — stp(a) — s2p(a)z
1

1— 5@ — [t — Hs)2@ — s|t]2 — s|s]2az — s2Fz

Since C,, is 2-normal, we get

1
1= Hs + 1)@ - [£+ (sPs - |ts - [tP) @] z
1
= = = = (4)
1 —tsa — |t|? — t|s]*a — s|t]2 — s|s]2az — s2tz
for any a,z € ID. Taking a = 0 in (4), we obtain
1 1
— = —— 6)
11—t —s|tf —s2tz 1-tz
forany z € ID. So we havet = 0 or s = —1. If s = -1, we know that ¢ = 0 since |s| + || < 1. Therefore, by

Lemma 1 we get the desired result. The proof is complete. [
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3.4. Linear fractional self-maps with ¢(0) # 0and a =0

Lemma 7. Let ¢ : ID — ID be a constant function. Then C,, is 2-normal if and only if ¢ is zero on ID.

Proof. Let ¢(z) = c for some c € D. Then

. . 1 1 11
C(PC(PC(PKQ(Z) = C(PC(ng,((p(Z)) = 1——5(C‘Cq7C(PK0(Z) = 1_—&K(p(0)(2) = 1 aCE’

and
1 1

- p@gpaz) 1P

for any @,z € D. Hence C,, is 2-normal if and only if c = 0. O

CyCypCpKa(2) = Kooy (#2(2)) =

Theorem 4. Let ¢(z) = 2L be a linear fractional self-map of D with ¢(0) # 0 and a = 0. Then C,, is not 2-normal.

cz+d

Proof. Since ¢(0) # 0 and a = 0, we can set p(z) = uzl_w where u = ; and v = %. If u =0, then @(z) = % #0

and so C,, is not 2-normal from Lemma 7. Suppose C,, is 2-normal and u # 0 and v # 0. Form Lemma 3, we
get

u+ 02 e

C;C(p C(pKa (2) = Ky () (2) + K(p((rz(a))(z) (6)

Uv — ua u+0v2-—va  uv-—ua
forany z € D and a € D with uv # ua. From Lemma 4, we have

(ua + ) (uvz + u + v?)

CoCoCoKa() = (ua + ) (uvz + u + v?2) — (Uuz + v) @)
forany z € D and a € D. In particular, taking a = 0in (6) and (7), we get

q@%m@:il (8)

v—z

and

CoCpCpKo() = E(uvzﬁiuzi::)til +0) ®)
Since C,, is 2-normal, (8) and (9) are equal, that is,

_5 __ o(uvz + u + v?) (10)

v—z o(uvz+u+v?) — (uz + )
for any z € ID. After a calculation, we obtain that

ulofz? + [Pz — v =0

for any z € D. Since v # 0, dividing both sides by [v]?>, we get

uz?+vz-1=0 (11)

for any z € D, which is a contradiction. Hence Cy is not 2-normal. [
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3.5. Linear fractional self-maps with ¢(0) #0,a # Oand ¢ # 0

Lemma 8. Let ¢(z) = 222 be a linear fractional self-map of D with ¢(0) # 0, a # 0 and ¢ # 0. If Cy, is 2-normal,
then
(@ + bo)p(0) # c(a + 1).

Proof. 1f (a* + bc)p(0) = c(a + 1), then we obtain that a®b = (a+1—|bP)c. Since a # 0 and ¢(0) = b # 0, it must
be hold thata+1—|b* #0,and soc = ﬁ%—blblz Therefore,

az+b
p(z) = —
ezt
After a calculation,
— _(a+1-1bP)bl?
PO#20 = o

Sincea +1— [b]> # 0 and b # 0, p(0)p2(0) # 0. Thus C, is not 2-normal by Lemma 5. [J

az+b
cz+1

Theorem 5. Let ¢p(z) = be a linear fractional self-map with ¢(0) # 0,a # =1 and c # 0, then C,, is not 2-normal.

Proof. Assume that C, is 2-normal. By Lemma 3, we get

cla+1
C;,CpCpKalz) = @+1) )K(p(m(Z)

c@a+1)—(a%+bc)a
( bc+1 cla+1)

(12)
\oeri-b@ria casD-@+ bc)a)K@(Uz(a))(Z)

for any a € D with c(a + 1) # (a* + bo)a.
From Lemma 4, we see
cla+1)
cla+1)— (a2 + bc)w
. [ be+1 ~ c@+1)
bc+1-ba+Dpla) ca+1)—(@?+bc)p(a)

CpCyCiKal2) =
(13)

] Ko p()(2)

for any a € ID with c(a + 1) # (a2 + be)p(a). Since c(a + 1) # 0 and (a2 + bc)p(0) # c(a + 1) from Lemma 8, we
can take @ = 0 in (12) and (13). Then

) 1
C,CpCoKo(2) = ——= (14)
1-bz
and
CyCoCoKo(2)
cla+1 bc+1 ca+1
= @+1) — + — - @+1) = [ Koyp(0))(2)
cla+1)—(@+bc)b \bc+1-ba+1)b cla+1)—(a%+bc) (15)
B c@@a+1) _ bl(be + 1)(@? + be) — be(a + 1)?] 1
_ b _ _ 5 24be)b—(a+1)c
cla+1)— (@ +bc)b  [bc+1— b+ D][c(a+1) — (a2 + be)b] 1 — %
Let

A=bc+1-|bPa+1), B=cla+1)—@®+bo)b.



R. Yang et al. / Filomat 37:29 (2023), 9845-9853 9853
Since C,, is 2-normal, (14) and (15) are equal, i,e.,

1 _ca+1) bl(be + 1)(a® + be) —be(a+1)2] A
-5, B AB A+ Bz

for any z € ID. Hence,
b[(bc +1)(@* + bc) —be(@ +1)*]JA _ ca+1)(1 - bz) — B
AB(A + Bz) B(1 - Ez)

for any z € ID. Calculating the above equation and noting that the coefficients of z2 must be zero, we obtain

that AB%c(a + 1)5 = 0. However, b, c(a + 1), A and B are all nonzero, which gives a contradiction. Hence C,,
is not 2-normal. [

In the end of this paper, we give an example of a linear fractional self-map ¢ which induces a 2-normal
operator C, but not a normal operator.

Example 2. Let ¢(z) = =22 be a linear fractional self-map of D with ¢(0) # 0 and ¢ # 0. Since

cz+1
P2(2) = p(p(2) =2, C, = Cy, = 1

and so
C(*PC(,,C(,7 = CV,C(,,C}*P.

Hence C,, is a 2-normal operator. However, according to Lemma 1 we see that C,, is not a normal operator.
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