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Abstract. We introduce Kantorovich variant of Stancu-Lupag operators and study convergence and g-
statistical convergence properties using Korovkin theorem. Rate of convergence is analyzed in terms of
modulus of continuity, elements of Lipschitz class and Peetre’s K-functional. Direct theorems are proved
and Voronovskaja type theorem is established. Graphical analysis of convergence and error estimations are
presented with the help of MATLAB.

1. Introduction

Weierstrass approximation theorem is the foundation of approximation theory, which states that any
continuous function defined on a closed and bounded interval can be uniformly approximated by some
polynomials. In order to provide a clear, concise and elegant proof of this pre-eminent theorem, S.N.
Bernstein pioneered the renowned polynomials known as the Bernstein polynomials in 1912. Thenceforth,
various studies have emerged to investigate the approximation properties in different settings and spaces.
A bunch of operators have been constructed, e.g. Kantorovich [9], Mirakjan [13], Szasz [24], Stancu [23]
and many more. These operators offer the enhancement of approximating functions of various kinds
and produce better and finer estimates. For example, an imperative discrete operator was suggested by
renowned Romanian mathematician Alexandru Lupas [12], which is for u > 0, m € N defined by

L) = (1 -ay™ Y @h(%)ﬂ, >0,
=

where (8); =B+ 1)(f+2)...(B+j—1),j = 1and () = 1, for the function / : [0, c0) — R.
By considering a = 1, O. Agratini [1] obtained the following operators
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and extended these operators to Kantotrovich type operators

) Jacl

Koulli ) = 5z Y (’Zl;')] ﬁ " h(%) >0 @)

j=0

in order to approximate the Lebesgue integrable functions and studied their approximation properties. One
can refer to ([10],[14],[16],[19],[20],[21],[22],[25]) for more results about Kantorovich type operators. Stancu
type generalizations of various operators have been constructed and investigated, e.g., in ([8],[6], [15]).

Khan and Khan [11] constructed the Stancu type generalization of Lupas operators in (1) as follows:

0o

G0 =5 Y @g(—j = ) )

= 2/t “\m+n

where I : [0,00) = R, 0 < y < i and studied approximation properties for these operators in [11].

We introduce the following Kntorovich type generalization of Lupas operators defined in (3) and
proves some approximation results for them

jHy+l

o (m+1) x> (mu); (e
V(1. —
N [ o, @

m+1)

where
h:[0,00) >R, 0<y <.
Plugging in to y = 1 = 0, the operators presented in (4) reduce to the Kantorovich-Lupas operators given

in (2). Clearly, our operators are more general.

2. Auxiliary results

We have the following lemma.

Lemma 2.1. Forei(t) = t, (i=0,1,2,3), the following estimates are obtained

(0) Kl " (eo;u) =1

N ge v, oy M 2y +1
(i) Koy (er;u) = R T

2 2 2 1
(id) K ez 1) = — 12 m2y+3) Gy +3y+1

P " e T 32
m 5 3Qy+5m , . (6y% + 18y + 17)m N (4 +6)* +4y +1)
u u

N (1) =
(i) o (esi ) = (m + 17)3u 2(m +n)? 2(m +n)? 4(m +n)?

Proof. With easy calculations, (i) is obtained.
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(ii) We have
(44D
*) (m + T]) (mu)] T
7.1
7(m (ell - Qmi Z 2]]| ((]+y)) sds
m+1
= S (m o Z 2].].( [G+y+17 =+ )]
Z (mu 2y +1 i (mu);
2’”““(111 +1)) = 21]' 2’””(m +1) ey 2/
Z(mu+1)] 1 2y +1 Z(mu)j
2mu+1(m + n) j- 1(] — 1)[ 2mu+1(m + n) 2]]|
. om 2)/ +1
Com+ r]u 2m+1n)’
(iif)
(+y+l)
. _(m+1) (mu); (o
Wz 2
(}(m (82 T omu ZO 2j ]' ((m )) ds
= m+17
1 (mu); .
= S 2 > LG+ y+ 17 = G+ )]
. 2 e
~ 1 o (mu); 2y+1 = (mu); 3243y +1  (mu);
= 2 + )2 ;‘ 2t 1 T G )2 Z;- it LT 32+ 2 ;; 2]l
_ omu(mu+1) o (mu+2); 2 2mu(2y + 1) Z (mu + 1)
= 2mu+2(m + n)z = 2j—2(]‘_2)| 2mu+1 m + TI)Z 2/ 1 ] 1)!
372+ 3y +1 = (mu);
3 ﬁwmi B Yo
. 2 i 2!
_ m? P m(2y+3)u N (3y2+3y +1)
(m +1n)? (m +1n)? 3(m+m)?*
(iv)
KM ey 1) = (m+mn) Z (mu); (M;) $s
m 37 - mu — 2]]| ((/ﬂ))
= 1)
1 o (mu); PN
= 22,2"”‘(7’11 + n)B Z 2]]| [(] + V4 + 1) - (] + ‘)/) ]

4 (mu); 62y +1) = (mu);
mu 32 ]]3+ mu BZ "]2
T 12 (m +1n)° £ 27! 4.2m(m + 1) = 27!

6(2 2 1 443 244 1 — i
N (2% +2y + )Z(mu), V> +6y° +4y + Z(mu),

4'271114(”1 + n)3 2]]' 4. 2mu (Wl + T])3 =0 2

_ mu(mu + 1)(mu + 2) Z (mu+3);3 3(27/ + 3)mu(mu + 1) x= Z (mu +2)j
= 2mu+3(m + n)3 2j— 3(] - 3)| 2mu+3(m + 77)3 2j- 2(] — 2)1
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[

= (mu+1)i1 42 +6y2+4y+1 Z (mue);

mu(3y? + 6y + 4) Z .
2mi(1m + 1)3 = 2i71(j = 1)! 2mu2(1m + 1)3 = 2ij!
m* . 3Qy+5m* , . 6y + 18y + 17)mu (4P +6y* +4y +1)
2(m + )3 4(m + )3 '

T 2menp?
This proves the lemma completely. [

We compute moments in the following.
Lemma 2.2. The first, second and the third moments for the operators (4) are obtained as

N ey ) 2y +1
@) Kt - u); ) (—m+n R
2 2
N 2 m ) (2m—(2y+1)(17+1)) By +3y+1)
- = -1
(i) R (= )% 1) ((m +1) ) (m+n)? 3(m+n+1)?
. 3 . B(n+1)(—4 DEyn+1
(i) I (= w)’; u) =( T ) 34 S0 1 m+(n+3 Jern+1))
(m+n) (m+mn)
4y +5-2(n+1)3y*+3y +1)) AP +6yr+4y +1)
2(m+1n)3 4(m +n)3
Proof. (i) follows by the linearity of the operators K u).
(ii) Making use of Lemma 2.1 and linearity, we have

IG (= ) u) =K (5 u) — 2u9G) (8 w) + 12K (1 u)
oomr m(2y+3)qu (32 +3y+1)
~ (m+n)? (m +n)? 3(m +1n)?

2 1
] L. * +u?
m+n 2(m + 1)

[ m? 2m , (m2y+3) 2y+1 . (32 +3y+1)
S \m+n)? m+n (m+n)? (m+n) " 3(m +n)?
S m 2 (2m—(27/+1)(17+1)) +(3y2+3y+1)
“ o+ R A 7R

(i)
TG (= w)’su) = K85 ) = BudG N (#; u) + 36K, () — 1Ly (1; 1)

B ( m3 ) 5 3m*Qy+5) , (6y*+18y +17)m
=|— - u* + u
(m+mn)3 2(m +n)? 2(m +n)?
@ +6)° +4y+1)  3m? P 3m(2y +3) 2
4(m + )3 (m + n)? (m +n)?

3 2
3y +37/+1u+ 3m u3+3(2y+1)
(m+n)? m+n 2(m+n)
m > . [3m*2y+5) 3mQy+3) 3m2y+1)] ,
(e )7 S e J
(m+1) 2(m + 1) (m +1m) (m+n)
[m(6y2 +18y+17)m  3y2 +3y + 1] @2 +6y2+4y +1)
2(m+ 1) (m + n)? 4(m +n)3
5 3+ D(-4m+(n+1D2yn+ 1))u2

=((mn-|1-17)_ )3u - (m+n)3
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+(47/ +5-2(+1)3y2 +3y +1)) . 4P +6y2 +4y +1)
2m + n)? " 4(m + )

7

which proves the Lemma 2.2. [J

Lemma 2.3. Forany h € [0, 00), we have
19, (s w)| < |Ihll.

Proof. From the definition of K, given in (4), we have
JHy+1
*+) (m + T}) (mu)] e
Ym
9G] < = Z ), s

m+1)

r]) ( L[)] m+r]
<||h|| Jmu Z 2]]| ]:+/

m+n
f
< ||h||Z ey = L
= 2

3. Convergence in weighted space

This section is devoted to investigate convergence of our operators K, "'(;u) in weighted space of
functions. Let 8,[0,00) = {h | h : [0, ) — R} such that [h(u)| < Myp(u), where M, is a constant associated
with the function k and p(u) = 1 + u? is a weight function. Define

[h(u)]
lIkll, = su .
o ue[o,lzo) p(u)
Also, let C,[0, 00) = {h € B,[0, ) : h is continuous on [0, )}, and
Cg[O, 00) = {h € Cy[0,00) : lim;, e lZE” is f1n1te}
We have

Lemma 3.1. Let K" (.; u) be operators defined by (4). Then for the weight function p(u) = 1 + u?, we obtain

196 " (ps )l <

where K is a positive constant greater than 1.

Proof. Using linearity and Lemma 2.1, we obtain

K1+ u%; 1)

= K" u) + 9 ;u)

N m? 2 m(2y+3)u N (32 +3y+1)
(m +mn)? (m +n)? 3(m + 1)>

K" (p; 1)
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Then, 1K, (p; wllp

1 m? u>  m2y+3)
= sup{
u=0

m? m(2y + 3) . (3y?+3y+1)

< +
(m+m? - m+n?  3(m+n)?
. . m? . m2y+3) _ ~ _ 1:
Noting that Jin, g = 1 150, Ter = 0= 100, "o

that
196, (p; w)ll, < K,
which proves the lemma. O

The following theorem is proved.

Theorem 3.2. Let K;,)""(.;u) be the operators defined by (2
each g € Cg[O, 00), we obtain

Tim [5G, (g; 1) — g(u)ll, = 0.
Proof. 1t is sufficient to show that

lim ||%,)"(#;u) — u']l, = 0, fori=0,1,2.
m—oo

From Lemma 2.1 (i), we have K;"'(1;u) = 1, so

(3y%+3y+1)

u +(3y2+3y+1) 1 }

1+uz+(m+17)21+u2 (m+n)? 1+u? 3m+n)? 1+u?

W)Z 7

1) and p(u) = 1+ u? be the weight function

19" (1; 1) = 1l = 0.

By Lemma 2.1 (i), we get 1K, "(e1; u) — eill,

su UL L 2y+l _u
MZI(? m+n 1+u2 2m+1n)1+u?

m N 2y +1
m+n 2m+n)’

IA

Hence, we obtain
lim ||, (e1; u) — exll, = 0.
m—00

In view of Lemma 2.1 (iii), one infers that
1 " (e2; 1) — el

~ ( m? ) u? . mQy+3) u (3y2+3y+1) 1
B S:;g (m + n)? 1+u2 (m+n)? 1+u? 3m+n)? 1+u?
m? m2y +3) (32 +3y+1)
( — ) + — 0 as m — oo,
(m+mn)? (m +n)? 3(m + 1)

and this leads to
lim [, " (e2; ) — eallp = 0,
m—00

and this completes the proof in view of [5]. O

10112

we find that there exists a constant K > 1 such

. Then for
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4. Main Results

In this section, we compute the rate of convergence of the operators K. "(,; u) in (4)to the function & in
terms of modulus of continuity, elements of Lipschitz class and Peetre’s K-functional.
Let 6 > 0, C3[0,00) = {f € Cp[0,0); f, f € Cp[0, )}
We compute the approximate order of operator K, "'(.;u) in terms of the elements of the usual Lipschitz
class. Let h € C[0,0) and 0 < ¢ < 1. We recall that f belongs to Lipa((c), when

[h(u) — h(v)| < Mlu—0|°; forall u,v € [0, ). )
We prove
Theorem 4.1. For all h € Lip (o), we have

196" (5 1) = Bl cpo,e0) < MO,

where

~ m 12 2m—Qy+1)(n+1) 392 +3y+1\2
"’_(((m+n)_)+ (m+1)? +3<m+n>2)

and M is a positive constant.

Proof. Let h € Lippi(o) and 0 < ¢ < 1. Using the properties of linearity, monotonicity of K,,""(.;u) and (5),
we get

Gy w) =BGl < I () = )l u)

MG (It = ul’; 1)

INIA

Applying the Holder s inequality with n = 2 and m = 5%, we obtain
19G " (h; 1) = h(u)] < MG (1t = ul; )
For u € [0, ), if we take the maximum of both sides of above equation, then we have
(s 0) = h(uu)ll < M(max K (1t = ul’; w))®

if

o m 12 2m—Q2y+1(n+1) 32 +3y+1\2
m_(((m+77)_ ) - (m +1)? - 3(m + )2 )'

Taking into consideration Lemma 2.2 (ii), the proof is completed. [

Next, we will study the rate of convergence of the positive linear operators K, ""(.; 1) by means of the
following Peetre’s K-functional for i € C3|[0, oo] defined as

Ka(h,6) = inf{llh = fll + SlIf”Il : f € C5l0, c0)}. (6)
Then there exists a constant 9 > 0 such that

Ka(,6) < Dan(h, Vo), 7)
and the modulus of continuity of second order is defined as

wy(h; \/5) = sup sup {|h(u + 2k) —2h(u + k) + h(u)]}. (8)
0<k< V5 u€[0,00)
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Forh € Cé[O, 0), the usual modulus of continuity is defined as

w(h;0) = sup sup {|h(u + k) — h(u)l}.
0<ks< V6 #€[0,0)

The following properties are also met by w(h; 0)
1) }Sirr& w(h;6) = 0,

@) () - h@)] < w(l; 5)(1 ; <é—>)
We have
Theorem 4.2. Let h € C[0, o) and v € [0, 00), then the following holds

TG54 = h(@)| < 20(0; 57" ©).

10114

Proof. Using the linearity and positivity of the operators as well as applying the property (2) of w(k; 0), we

have
1K " (h; 1) = h()| < K, " (1h(u) — h(v)]; 0)
< w(k; 5)(1 + é«;f”((u " v)).

The intended result is easily followed by selecting & = 6,,"" = K, "(u—v)%v). O

Theorem 4.3. Let h € C[0, ). Then, there exists a constant D > 0 such that

YAy “(y,m) ronu 1 )
T s ) — h(w)] < Daoalh, AJETP(w)) + w(h, e T

where

2
&) = G = ) + (I 2V+1))

m+n  2(m+n
Proof. For u € [0, o), we consider the auxiliary operators ?Z’n defined by
T ) = K 0;10) + ) = (K85 10)

By the linearity and construction of K, ', we have K, (1;u) = 1and K, (1) = .
Let f € C3[0, ). Using Taylor’s expansion of f ats = u, we have

* (s —u)?
76 = )+ s =@+ [ ES
On applying %Zﬂl (,;u) on both the sides, immediately follows

}M)

(mu N 2y +1 )
m+n  2(m+n) v

76,50 - fa < 76"

| s —0)f@)o

i 2y+1

o 241
fm+q + 2
u

<G = Pl +

+

[f” (0)ldv

mu 2y +1
+
m+n  2(m+n)

2
) Tl
= &P w7l

(10)
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From (6), we have
170" (h; )] < 3|[h] (11)

Forge C‘Z}[O, o) and using (8) and (7) in (6) we obtain

I  u) = h()l < 15,y (= Fu)] + 15, (F;10) = £u)
+1F0) = )+ i 2+ v+ )—h(u)'
m+n  2(m+n)
mu 2)/ +1
h(m +1 " 2(m+1

. *(Vrr]) 1’ . y — T’u 1 )
<4llh— fll+ &P +w(’1f mrn | 2m+n)

< dllh - fll+ 1K, (F;u) — Fa)l +

))_h(”)‘

On taking the infimum of the right side over all f € C%[O, ), we get

VI L) y—nu 1 )
15 I u) — h(u)] < 4Ka(; 15 (u>>+w(h, e B

Thus by using (7), we get

160 ) = WGl < D05 P00 + i E )

m+n " 2(m+1)
which completes the proof. [
Lemma 4.4. For the operators in (4), we further have

(a) Lim m(FK,"((t —ujw) =y —1n-3

(b) lim m(%,(t — u)?;u)) = 1.

Theorem 4.5. Let K" (.; u) be operators in (4) and if h” exists at a point u € [0,c0), for h € C[0,00). Then the
following holds

Lim (K, () = h(u)) = (y = n + g)h'(u) + 1 (u).
Proof. We write Taylor’s expansion
h(t) = h(u) + (t — w)h'(u) + %(t —u)? W (u) + p(t, u)(t — u)?, (12)

where ¢(t, u) is the remainder and ¢(t, u) — 0 as  — u. Applying the operators K, "(.; u) on both the sides
of (12), we obtain
I () = h(u) = KGN (E— w); u)h' ()

b I R )+ 9 )~ )

By Cauchy-Schwarz inequality and Lemma 2.2 (ii), we get

Nl=

97 (pte 1) - ) < (62,0501 (967 - s0)
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Since K" (h; u) — h(u), we have
Tim 5 (@A) = @) =0,
0.

lim m 7, (@?(t, u); )
m—o0

Combining the above equations using the Lemma 4.4, it is easily seen that

im m(K;,)"(h;u) — h(w)) = Lm m lim m(%K;,)"((t — u); u))
+  lim m(%G(t — u)*; w)) + lim m(K;,) " (p(t, u)(t — u)?))
m—o00 m—o0

(= 0+ D)+ )

which proves the theorem. [

5. q-statistical convergence
In this section, we prove g-statistical convergence of operators K, "(;; u). Recently, g-statistical conver-

gence was introduced in [4] and used in [3], [7], [6], [17] and [18]. Let us first review some definitions from
g-calculus. For any non-negative integer s, the g-integer of the number s is defined as

1-q° .

— ifg#1
Bh={” A

s ifg=1,

where g is a positive real number.
The g-factorial is defined as:

(21,1, ifs=1,2,.
Isly! = {1 ifs = 0.

and

Tt (1+qku) s=1,2,...
1 o= k=0
(1 +w), { 1 s=0.

For integers 0 < I <'s, the g-binomial coefficient is defined by

s | [s]!
! q_ s =1t

The g-analogue of integration, introduced by Jackson [7] in the interval [0, 4], is defined by

faf(x)dqx =a(l - q)Zf(aq")q”,O <g<landa>0.
0 n=0

The g-analog of Cesiro matrix ¢, is defined as

Ci(g) = (C}zk(qk));“ik:O’

where

q .
Cik(qk)={[w1+_1]qr ifk<n }

b

0, otherwise
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which is regular for g > 1.
Let & be a subset of IN. Then, the asymptotic density of & is defined as

n(8) = lim %#{k <n:keg,

where # represents the cardinality of the set.
The g-density is defined as

0(8) = ni(¥) = lim inf (€ ),
-1

= lim inf T ,q21
N—00 L n]
JES

A sequence & = (&) is g-statistically convergent to v, written as st, — lim &, = v, if for every € > 0, 1,(F¢) = 0,
where & = {k <n:|& — 1| > €}. That s, for each e > 0,

1 _
11?7#{k3n:qk -tz e} =0.

[n]

If n(&¥) = 0 for an infinite set &, then 1,(¥) = 0. Therefore, statistical convergent sequence is always
g-statistical convergence but not conversely (see [2], Example 15). We have

Theorem 5.1. Forallh e Cg[O, o0], we have
sty — lim 1K " (h; 1) = ()|, = 0, u € [0, ).

Proof. In order to prove the theorem, it is suffices to show that
sty — linrglll’l(;y’”(ei; u) —eill, =0, fori=0,1,2

Since K, "(eo; 1) = 1 then st, — lim,, 1K, " (eo; 1) — eoll, = 0.
By Lemma 2.1, we have

“, 1 m 2y +1
o e (e e N T
< UL sup L 2+l sup L
m+n uel0e0) 1+ u?  2(m+n) ue0e0) 1+ u?
1l m 2y +1
§‘m+n_ ‘2(m+n)"

Now, for a given € > 0, the following sets are considered:

H,: = {m NG en; u) — ull > E}r
1| m €

Hy: = {m'i‘m+n_l'25}'
2y +1 €

Ho: = {m"Z(mm) 25}'

This implies that H; C H, U H3, which shows that 6,(H1) < 0,(H2) + 04(H3).
Hence by taking the limit m — oo, we will obtain

sty — lir{lnlﬂ(;,y’”(el;u) —ull, =0.



By Lemma 2.1, we have

19 " e2; ) = 2,
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up
u€el0,00)

m2

(m +1n)?

1
1+u?

m2y +3)

S
(m + 77)2 u€l0,00) 1+u?

(ﬁ - 1)u2 +

12
sup

uef0,00) 1+u?

m(2y +3)

3y +3y+1

(m + n)?u

u 32 +3y+1

For a given € > 0, the following sets are considered.

T1:

T>:

T3 :

Ty

_ {m
{m

32 +3y+1

"2
{m:'—(m+n)2 -1
- m(2y +3) S
S (mtn? T

=

QW m

\%

3(m + 1n)?

l

m

)
)

{m NG ea; 1) — u?l] = 6},

3(m + 1n)?

3(m + 1)?

1

P ——-
uel[0,00) 1+u?

This implies that 77 € 72 U 73 U 74, which shows that 6,(771) < 04(72) + 64(73) + 04(T4).
Letting m — oo, we have

sty = Hm 176" (e2; 1) = 1], = 0.

This completes the proof of the theorem. [

6. Graphical analysis and error estimation

10118

In this section we demonstrate approximation by our operators in (4) through a number of numerical
examples with graphical visuals and compare error estimates with the help of MATLAB to substantiate
theoretical results using different values of parameters. These operators have the benefit of allowing
approximation process in spaces of integrable functions on [0, o). Additionally it offers approximating
operators greater flexibility.

Example 6.1. Let h(u) = u* —9u> + 23u® — 15u, y = 2, =3 and m € {15, 30, 50, 80}. We demonstrate absolute
error, E;)""(h;u) = |5, ""(h; u) — h(u)| of the operators K, (h; u) with the function h(u). Figures 8.1 and 8.2 depict
the operators K, (h; u) approaching towards the function h(u) and the errors respectively. Absolute error at various
points is given in Table 1.

u
m 0.5 1.0 1.5 2.0 25 3.0 3.5 4.0 4.5 5.0
15 | 0.5447 0.0451 1.2183 1.5425 0.3614 2.2043 5.2575 7.1243 5.3543 3.2795
30 | 0.3348 0.0133 0.7099 0.8893 0.1615 0.3882 3.1988 4.2342 29823 2.5439
50 | 0.2200 0.0051 0.4561 0.5684 0.0898 0.9205 2.0912 2.7391 1.8692 1.8253
80 | 0.1451 0.0021 0.2968 0.3688 0.0530 0.6100 13744 1.7891 1.1972 1.2630

Table 1 Absolute Error of approximation by K,/ (h; u) for h(u) = u* — 9u® + 23u? — 15u for y = 2, = 3.
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Fig 8.1 Convergence of K, " (h; u) to h(u) = u* — 9u® + 23u? — 15u
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Fig 8.2 Absolute Error of approximation of K, (; u) with h(u) = u* — 9u® + 23u? — 15u

10119

Example 6.2. In this example, we consider the function h(u) = u® — 6u® + 8u and take the values of parameters as
y =1, n =2 and keep the values of m as in previous example. Then the approximation and absolute error are graphed

in Figures 8.3 and 8.2 respectively. Table 2 embodies absolute errors at various points for this function.

u
m 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0 4.5 5.0
15 | 0.0550 0.2454 0.1093 0.6931 1.1902 1.2844 0.6599 0.9993 4.0092 8.6857
30 | 0.0401 0.1486 0.0596 0.3980 0.6800 0.7191 0.3289 0.6772 2.4858 5.2832
50 | 0.0279 0.0967 0.0373 0.2538 0.4325 0.4531 0.1954 0.4609 1.6362 3.4507
80 | 0.0190 0.0634 0.0239 0.1644 0.2797 0.2914 0.1211 0.3096 1.0792 2.2662

Table 2 Absolute Error of approximation of K, (; u) with h(u) = u® — 6u + 8u fory =1, n = 2.

Example 6.3. Figure 8.5 displays the approximation behaviour of operators (4) for h(u) = 2u®> — 19u* + 54u3 —
45u%, v = 1, 1 = 3 for the same values of m as considered in earlier examples. Error graphics is shown in Figure 8.6.
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Fig 8.4 Absolute Error of approximation of K" (; u) with h(u) = u® — 6u> + 8u

The absolute error at various points is given in Table 3.

u
m 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0 4.5 5.0
15 1 0.5189 1.5643 19965 7.0113 6.8195 4.2619 26.4522 50.0216 50.8049 14.2844
30 | 0.2937 0.9643 1.1905 4.2266 3.9877 3.0520 16.9444 31.4244 31.0672 11.5553
50 | 0.1853 0.6353 0.7725 2.7569 2.5655 2.1304 11.3398 20.8567 20.3646 8.4593
80 | 0.1192 0.4197 0.5057 1.8105 1.6711 1.4530 7.5580 13.8347 13.4079 5.9247

Table 3 Absolute Error of approximation of %, " (h; u) with h(u) = 2u® — 19u* + 54u® — 45u% for y = 1, = 2.
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From Examples, 6.1, 6.2 and 6.3, it is easily observed that the approximation by K, "'(h;u) betters

on realizing bigger values of m.

In the ensuing examples, we compare approximation by our operators (4) with the approximation by

Kantorovich-Lupas operators defined in (2) and that of the Stancu type Lupas operators given in (3).
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Fig 8.5 Convergence of K, " (h; u) to h(u) = 2u® — 19u* + 54u° — 4512
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Fig 8.6 Absolute Error of approximation of K" (; u) with h(u) = 2u® — 19u* + 54u° — 4512

Example 6.4. We consider h(u) = u* —9u® + 23u® — 15u, and m = 30 with y = 1,1 = 2. Figure 8.7 demonstrates a
comparison of convergence of our operators K, " (h; u)(magenta) (4) with the operators L,,(h; u) in (1) and operators
Kn(h; u) in (2) to the function h(u). Absolute errors are computed in Table 4 and depicted graphically in Figure 8.8.
From these figures, it is clear that operators in (2) give better approximation than operators L,,(, ; u) and Ky (, ; u).

u

m=30 0.5 1.0 1.5 2.0 25 3.0 3.5 4.0 4.5 5.0
Ly 0.3471 0.1143 0.3986 0.8914 1.0643 0.6171 0.7500 3.3372 7.4443 13.3715
Ko 0.3690 0.2323 0.3017 0.8828 1.1612 0.7868 0.5904 3.3204 7.7531 14.2386
%,/ | 03275 0.0100 0.6404 0.8811 0.3908 0.8305 2.4415 3.7596 3.7610 1.0805

Table 4 Comparison of Absolute Error of approximation by operators K (h; u) with £,(, ;1) and Ko, (,; u) for h(u) = u* — 9u® + 23u® — 15u

Also, Table 5 presents error of convergence for our operators for the function of Example 6.4 for
various pairs of parameters, for equally spaced points between 0.5 — 5.0. Converging behaviour and
absolute errors are displayed graphically in Figures 8.9 and 8.10 respectively.
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Fig 8.8 Comparison of Absolute Error of approximation by operators I (h; u) with £,,(,; 1) and K, ; 1)

u y=0,1=0 y=1n=1 y=1,n=2 y=2,n=2
0.5 0.3690 0.3736 0.3275 0.3348
1.0 0.2323 0.2223 0.0100 0.0133
15 0.3017 0.3745 0.6404 0.7099
2.0 0.8828 0.8507 0.8811 0.8893
2.5 1.1612 0.8246 0.3908 0.1615
3.0 0.7868 0.0988 0.8305 1.3882
3.5 0.5904 1.3396 2.4415 3.1988
4.0 3.3204 3.3192 3.7596 4.2342
4.5 7.7531 5.4842 3.7610 2.9823
5.0 14.2386 7.2944 1.0805 2.5439

Table 5 Absolute Error of approximation of K, "' (h; 1) with h(u) = u* — 9u® + 23u? — 15u for different values of y ana .
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Fig 8.9 Convergence of K, " (h; u) to h(u) = u* — 9u® + 23u? — 15u
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Fig 8.10 Absolute Error of approximation of K, (; u) with h(u) = u* — 9u® + 23u? — 15u

7. Conclusions

We constructed a generalization of Kantorovich variant of Stancu-Lupas operators and investigated
approximating properties. Basic estimates and convergence theorems have been established using Korovkin
theorem. Approximation results are obtained in weighted space. It is shown that error estimation results
of the generalized operators are significantly sharper.
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