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Abstract. The Caputo Fabrizio fractional integral operator is one of the key concepts in fractional calculus.
It is involved in many concrete and practical issues. In the present study, we have discussed some novel
ideas to fractional Hermite-Hadamard inequalities within a Caputo Fabrizio fractional integral framework.
The fractional integral under investigation is used to establish some new fractional Hermite-Hadamard
inequalities. The findings of this study can be seen as a generalization and extension of numerous earlier
inequalities via convex function. In addition, we demonstrate a few applications of our findings to special
means of real numbers.

1. Introduction

Fractional calculus, which is interested with differential and integral operators of non integer orders, is
nearly as old as classical calculus, which is concerned with integer orders. Because the classical calculus
operators cannot model the entirety of real-world phenomena, scientists and authors investigated gener-
alizations of these operators. As of present now, a lot of researchers are very interested in the theory of
fractional calculus. Particularly for the fractional calculus, such as the definitions of Riemann-Liouville
and Caputo, there is a wide range of studies and literature. The Riemann-Liouville derivative is a general
concept that, according to some definitions, is the most uniform and natural. Due to the fact that the
necessary initial conditions are themselves fractional, which is probably incorrect for physical situations,
it has significant drawbacks when used to modeling physical problems. The Caputo derivative has the
advantage of being acceptable for physical conditions because it requires only typical type [1] initial con-
ditions. However, these are not the only ways to define and describe fractional calculus. Convex functions
have a famous and scientific history, and for almost a century, they have been the focus of study. Due to
the quick development of the theory and the wide-ranging applications of fractional calculus, inequalities
with unique convex functions have been a significant research problem for many researchers. By utilizing
convex functions, mathematicians have proposed numerous types of inequalities or equalities, including
the Hermite-Hadamard type, the Ostrowski type, the Hermite-Hadamard-Mercer type, the Bullen type, the
Opial type, and other types. Many researchers are interested in the Hermite-Hadamard inequality [2] out
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of all of these integral inequalities.

h
(x1 + x2

2

)
≤

1
x2 − x1

∫ x2

x1

h (x) dx ≤
h (x1) + h (x2)

2
.

It has been the most well-known and helpful inequality in mathematical analysis since its discovery
in 1883. Other authors have also worked on improving this condition for different classes of convex
functions and mappings, as shown in these articles[3–14]. It is crucial to note that the idea of fractional
calculus was first introduced in 1695 by Leibniz and L’Hôspital. To the science of fractional calculus and
its numerous applications, other researchers, such as Riemann, Liouville, Grünwald, Letnikov, Erdéli, and
Kober, have made significant contributions. Fractional calculus has attracted the interest of many physical
and engineering professionals due to its behavior and ability to resolve numerous real-world problems. The
importance of fractional operators in the development of fractional calculus is highly crucial. Numerous
engineering and science fields, including as physics [15], epidemiology [16], medicine [17], nanotechnology
[18], economics [19], bioengineering [20], and fluid mechanics[21], utilized fractional calculus. Several
researches have shown that fractional operators can explain complex multiscale phenomena that are difficult
to model using traditional mathematical calculus. It has been known in recent years that presenting well-
known inequalities employing various novel ideas of fractional integral operators is extremely popular
among mathematicians. For other fractional-order integral inequalities, see the articles discussed in [22–30]
in this connection.

2. Preliminaries

Weirecallisomeiknowniconcepts relatedito ourimainiresults.

Definition 2.1. See [31, 32]. Let I beia convexisubset ofia realivectorispaceR andilet h : I→ R beia function. Then,
aifunctionih is saiditoibe convex, if

h
(
ηx1 +

(
1i − iη

)
x2

)
≤ ηh (x1)+

(
1 − η

)
h (x2)

holds for all x1,x2 ∈ I and η ∈ [0, 1] .
In [33, 34], HudzikiandiMaligrandaiconsiderediamong other, classiof functions whichiare s-convexiin theisecond

sense

Definition 2.2. [33, 34]. A function h : R+ → R where R+ = [0,∞) isisaidito beis−convex initheisecond sense if

h
(
ηx1 +

(
1 − η

)
x2

)
≤ ηsh (x1)+

(
1 − η

)s h (x2)

holdsiforiall x1,x2 ∈ [0,∞), η ∈ [0, 1] andifor someifixed s ∈ (0, 1] isidenoted by k2
s . It canibei easilyiseen thatifor

s = 1, s-convexifunctionireduces toithe ordinary convex function.
Hudzik and Maligranda also established a result that if s ∈ (0, 1), h ∈ k2

s implies h ([0,∞)) ⊆ [0,∞), provedithat
allifunctions from k2

s , s ∈ (0, 1) areipositive.

Example 2.3. [33, 34]. Let s ∈ (0, 1) and x1, x2, x3 ∈ R.Weidefineitheifunction h : [0,∞)→ R as

h
(
η
)
=

{
x1 η = 0,
x2ηs + x3 η > 0 .

We can easily checked that

(1) if x2 ≥ 0 and 0 ≤ x3 ≤ x1, then h ∈ k2
s ,

(2) if x2 > 0 and x3 < 0, then h < k2
s .
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Theorem 2.4. [35]. Supposeithatih : [0,∞) → [0,∞) isian s−convexifunction inithe secondikind, where s ∈ (0, 1),
and let x1,x2 ∈ [0,∞), x1 < x2. If h ∈ L [x1, x2], thenithei followingiinequalitiesihold:

2s−1h
(
κ1i + iκ2

2

)
≤

B (α)
α (x2i − ix1)

[(
CF
x1

Iα h
)

(k) i + i
(

CFIαx2
h
)

(k) −
2 (1i − iα)
α (x2i − ix1)

h (k)
]

≤
h (κ1) + h (κ2)

si + i1

Lemma 2.5. [35]. Let I beia realiinterval such that x1,x2 ∈ I0, the interior of I with x1 < x2. Let h : I0
⊆ R→ R beia

differentiableimapping on I0, x1,x2 ∈ Iwith x1 < x2. If h′ ∈ L
[
x1,x2

]
, then following equality holds:

h (κ1) + h (κ2)
2

−
1

x2 − x1

∫ x2

x1

h (u) du =
x2 − x1

2

∫ 1

0

(
1 − 2η

)
h′

(
ηx1 +

(
1 − η

)
x2

)
dη.

Lemma 2.6. [35]. Let I beia realiinterval suchithat x1,x2 ∈ I0, the interior of I with x1 < x2. Let h : I ⊆ R→ R beia
differentiableimapping on I0, x1,x2 ∈ Iwith x1 < x2. If ih′ ∈ L

[
x1,x2

]
, and 0 ≤ α ≤ 1, thenifollowingiequality holds:

x2 − x1

2

∫ 1

0

(
1 − 2η

)
h′

(
ηx1 +

(
1 − η

)
x2

)
dη −

2 (1 − α)
α (x2 − x1)

h (k)

=
h (κ1) + h (κ2)

2
−

B (α)
α (x2 − x1)

((
CF
x1

Iα h
)

(k) +
(

CFIαx2
h
)

(k)
)
,

where k ∈ [κ1,κ2] and B (α) > 0 is a normalization function.

Definition 2.7. See [36]. Let
[
x1,x2

]
→ R. Then, Riemann-Liouvilleifractionaliintegrals Iαx+1

h
(
η
)

and Iαx−2
h
(
η
)

ofiorder α > 0 are defined by

Iαx+1 h (x) =
1
Γ (α)

∫ x

x1

(
ηi − ix

)α−1 h
(
η
)

dη, x > x1,

Iαx−2 h (x) =
1
Γ (α)

∫ x2

x

(
xi − iη

)α−1 h
(
η
)

dη, x < x2.

Definition 2.8. See [37–39]. Let h ∈ H1 (x1,x2
)
, x1 < x2, α ∈ [0, 1], then theinotion of leftiand rightiCaputo-

Fabrizioifractionaliintegralsiare defined by(
CF
x1

Iα h
)

(x) =
1i − iα
B (α)

h (x) i + i
α

B (α)

∫ x

x1

h
(
η
)

dη

(
CF Iαx2

h
)

(x) =
1i − iα
B (α)

h (x) i + i
α

B (α)

∫ x2

x
h
(
η
)

dη,

where B (α) > 0iis ainormalizationifunctionithat satisfies B (0) = B (1) = 1.

3. Caputo Fractional Integral type inequalities

This section explains how to use theiCaputo-Fabrizio fractionaliintegral operator to derive ainew identity
foridifferentiable convexifunctions. Then, taking thisiidentityiinto consideration, numerous improvements
are shown using some basic integral inequalities.

Lemma 3.1. Let h : I → R be three timesidifferentiableifunction on I0. If h′′′ ∈ L [κ1,κ2] , then we have the
following equality for Caputo-Fabrizio fractional integral operator:

(κ2 − κ1)3

96

∫ 1

0

(
1 − η

)3
[
h′′′

(
1i − iη

2
κ1i + i

1 + η
2
κ2

)
− h′′′

(
1 + η

2
κ1i + i

1i − iη
2
κ2

)]
dη
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=
B (α)

α (κ2 − κ1)

[{(
CF
x1

Iα h
)

(k) +
(

CFIαx1+x2
2

h
)

(k)
}
+

{(
CF
x1+x2

2

Iα h
)

(k) +
(

CFIαx2
h
)

(k)
}]

−h
(
κ1 + κ2

2

)
−

(κ2 − κ1)2

24
h′′

(
κ1 + κ2

2

)
, (1)

k ∈ [κ1,κ2] and B (α) > 0iis ainormalization function.

Proof. Let

I =
(κ2 − κ1)3

96

∫ 1

0

(
1 − η

)3
[
h′′′

(
1i − iη

2
κ1 +

1i + iη
2
κ2
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− h′′′

(
1i + iη

2
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1i − iη
2
κ2

)]
dη

=

∫ 1

0
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1 − η

)3 h′′′
(

1i − iη
2
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1i + iη
2
κ2

)
dη −

∫ 1

0

(
1 − η

)3 h′′′
(

1i + iη
2
κ1 +

1i + iη
2
κ2

)
dη

= I1 − I2.

By using integration by parts, we get

I1 =

∫ 1

0

(
1 − η

)3 h′′′
(

1 − η
2
κ1 +

1 + η
2
κ2

)
dη

=
2
(
1 − η

)3 h′′
( 1−η

2 κ1 +
1+η

2 κ2

)
−κ1 + x2
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1

0

−

∫ 1

0

2
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2 κ2

)
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dη

=
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κ2i − iκ1
h′′

(
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2

)
+

6
κ2 − κ1
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2
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=
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2
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1i − iη
2
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=
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2
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(κ2i − iκ1)3 h
(
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2
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+

96

(κ2 − κ1)4

∫ k

κ1+κ2
2

h (u) du +
∫ κ2

k
h (u) du

 . (2)

Multiplying both sides of the equality (2) by (κ2−κ1)3

96 and adding 2(1−α)
(κ2i−iκ1)B(α) h (k), we have

(κ2 − κ1)3
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(
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2
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)
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−
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(κ2 − κ1)4

∫ k
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B (α)

h (k)

= −
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−
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−
1
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2
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(k) i + i
(

CF Iαx2
h
)

(k)
)
. (3)

Similarly, we obtain

I2 =

∫ 1

0

(
1i − iη

)3 h′′′
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1i + iη
2
κ1 +

1i − iη
2
κ2

)
dη

=
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(
κ1i + iκ2

2

)
−
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(κ2i − iκ1)2 h′
(
κ1i + iκ2

2

)
+

48

(κ2i − iκ1)3 h
(
κ1i + iκ2

2

)
−
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(κ2 − κ1)4
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h (u) dui + i
∫ κ1+κ2

2
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h (u) du

 . (4)

Multiplying both sides of the equality (4) by (κ2−κ1)3

96 and adding 2(1−α)
(κ2i−iκ1)B(α) h (k), we have

(κ2 − κ1)3

96

∫ 1

0

(
1 − η

)3 h′′′
(

1i + iη
2
κ1 +

1i − iη
2
κ2

)
dη +

2 (1 − α)
(κ2i − iκ1) B (α)

h (k)

=
(κ2i − iκ1)2

48
h′′

(
κ1i + iκ2

2

)
−

(κ2i − iκ1)
8

h′
(
κ1 + κ2

2

)
+

1
2

h
(
κ1 + κ2

2

)
−

B (α)
α (κ2 − κ1)

((
CF
x1

Iα h
)

(k) i + i
(

CFIαx1+x2
2

h
)

(k)
)
. (5)

From equalities (3) and (5), we obtain the equality (1).
This completes the proof .

Theorem 3.2. Let h : I→ R be threeitimesidifferentiableifunctionion I0. If h′′′ ∈ L [κ1,κ2] and |h′′′|is s−convexifunction,
we have the following inequality for Caputo-Fabrizio fractional integral operator:∣∣∣∣∣ B (α)

α (κ2 − κ1)

[{(
CF
x1

Iα h
)

(k) +
(

CFIαx1+x2
2

h
)

(k)
}
+

{(
CF
x1+x2

2

Iα h
)

(k) +
(

CFIαx2
h
)

(k)
}]

−h
(
κ1 + κ2

2

)
−

(κ2 − κ1)2

24
h′′

(
κ1 + κ2

2

)∣∣∣∣∣∣
≤

(κ2 − κ1)3

3 × 2s+5

[
3.2s+5

− 6s2
− 42s − 84

(s + 1) (s + 2) (s + 3) (s + 4)

]
(|h′′′ (κ1)| + |h′′′ (κ2)|) ,

whereik ∈ [κ1,κ2] and B (α) > 0 is ainormalizationifunction.

Proof. UsingitheiLemma 3 andifactithat |h′′′| isis−convexifunction, we have∣∣∣∣∣ B (α)
α (κ2 − κ1)

[{(
CF
x1

Iα h
)

(k) +
(

CFIαx1+x2
2

h
)

(k)
}
+
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2

Iα h
)

(k) +
(

CFIαx2
h
)

(k)
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−h
(
κ1 + κ2

2

)
−

(κ2 − κ1)2
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h′′

(
κ1 + κ2

2

)∣∣∣∣∣∣
≤

(κ2 − κ1)3
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∫ 1

0

(
1i − iη

)3
(∣∣∣∣∣∣h′′′

(
1i − iη

2
κ1 +

1i + iη
2
κ2

)
− h′′′

(
1i + iη

2
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2
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)∣∣∣∣∣∣
)

dη
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)3
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≤
(κ2 − κ1)3

96

∫ 1

0

(
1 − η

)3
((

1 − η
2

)s

|h′′′ (κ1)| +
(

1 + η
2

)s

|h′′′ (κ2)|
)

dη

+
(κ2 − κ1)3

96

∫ 1

0

(
1 − η

)3
((

1i + iη
2

)s

|h′′′ (κ1)| +
(

1i − iη
2

)s

|h′′′ (κ2)|
)

dη

=
(κ2 − κ1)3

96 × 2s

(∫ 1

0

(
1 − η

)s+3 dη |h′′′ (κ1)| +
∫ 1

0

(
1 − η

)3 (
1 + η

)s dη |h′′′ (κ2)|
)

+
(κ2 − κ1)3

96 × 2s

(∫ 1

0

(
1 − η

)3 (
1 + η

)s dη |h′′′ (κ1)| +
∫ 1

0

(
1 − η

)s+3 dη |h′′′ (κ2)|
)

=
(κ2 − κ1)3

3 × 2s+5

[
3.2s+5

− 6s2
− 42s − 84

(s + 1) (s + 2) (s + 3) (s + 4)

]
(|h′′′ (κ1)| + |h′′′ (κ2)|) .

Note that∫ 1

0

(
1 − η

)s+3 dη =
1

s + 4
,∫ 1

0

(
1 − η

)3 (
1 + η

)s dη =
3.2s+5

− s3
− 12s2

− 53s − 90
(s + 1) (s + 2) (s + 3) (s + 4)

.

This completes the proof.

Corollary 3.3. If iwei choose s = 1 in iTheorem 3, then we have∣∣∣∣∣ B (α)
α (κ2 − κ1)

[{(
CF
x1

Iα h
)

(k) i + i
(

CFIαx1+x2
2

h
)

(k)
}
+

{(
CF
x1+x2

2

Iα h
)

(k) i + i
(

CF Iαx2
h
)

(k)
}]

−h
(
κ1i + iκ2

2

)
−

(κ2 − κ1)2

24
h′′

(
κ1i + iκ2

2

)∣∣∣∣∣∣
≤

(κ2 − κ1)3

384
[|h′′′ (κ1)| i + i |h′′′ (κ2)|] .

Example 3.4. iClarification related toitheifollowingiexpressionioccursiiniTheorem 2

P :=
(κ2i − iκ1)2

24
h′′

(
κ1i + iκ2

2

)
, (6)

weiconsideritheifunction h (x) = x
x2+2 onitheiintervali [x1, x2] = [0, 1] . Then,iweihave

y (x) : = ih′′ (x) =
2x

(
4x2
− 3

)
(x2 + 2)2 ;

P =
1
24

h′′
(1

2

)
= −

46
2187

.

The Figure 1 represents the relationship between the functions h(x) and y(x).

Theorem 3.5. Let h : I → R be threeitimesidifferentiableifunction on I0. If h′′′ ∈ L [κ1,κ2] and |h′′′|q is s-
convexifunctioniwhere 1

p +
1
q = 1, p, q ≥ 1, then we have the following inequality for Caputo-Fabrizio fractional

integral operator:∣∣∣∣∣ B (α)
α (κ2 − κ1)

[{(
CF
x1

Iα h
)

(k) +
(

CFIαx1+x2
2

h
)

(k)
}
+

{(
CF
x1+x2

2

Iα h
)

(k) +
(

CFIαx2
h
)

(k)
}]

−h
(
κ1 + κ2

2

)
−

(κ2 − κ1)2

24
h′′

(
κ1 + κ2

2

)∣∣∣∣∣∣
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Figure 1: Graphical description of (6).

≤
(κ2 − κ1)3

96 × 2
s
q

(
1

3p + 1

) 1
p
(

2s+1

s + 1

) 1
q (
|h′′′ (κ1)|q + |h′′′ (κ2)|q

) 1
q ,

whereik ∈ [κ1,κ2] and B (α) > 0 isiainormalizationifunction.

Proof. Usingithe Lemma 3, Hölderiinequalityiand fact that |h′′′|q isis−convexifunction, weihave∣∣∣∣∣ B (α)
α (κ2i − iκ1)

[{(
CF
x1

Iα h
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2

h
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}
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)
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(
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h
)
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−
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2
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≤

(κ2 − κ1)3

96

∫ 1

0

(
1i − iη

)3
[∣∣∣∣∣∣h′′′

(
1i − iη

2
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)
+ h′′′
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2
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1i − iη
2
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]
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=
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0

(
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+
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q

+
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1
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) 1
p


(∫ 1

0
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+

(∫ 1

0

∣∣∣∣∣∣h′′′
(
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2
κ1 +

1i − iη
2
κ2

)q∣∣∣∣∣∣ dη
) 1

q


≤
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(
1

3p + 1

) 1
p
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(
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2

)s
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0

(
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2
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+

∫ 1

0

(
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2

)s

|h′′′ (κ1)|q +
∫ 1

0

(
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2
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|h′′′ (κ2)|q
] 1

q

=
(κ2i − iκ1)3
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s
q

(
1

3pi + i1
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p
[( 1
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)
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(
2s+1
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s + 1

)
|h′′′ (κ2)|q

+

(
2s+1
− 1

s + 1

)
|h′′′ (κ1)|q +

( 1
s + 1

)
|h′′′ (κ2)|q

] 1
q

=
(κ2 − κ1)3

96 × 2
s
q

(
1

3p + 1

) 1
p
(

2s+1

s + 1

) 1
q [
|h′′′ (κ1)|q i + i |h′′′ (κ2)|q

] 1
q .

This completes the proof.

Theorem 3.6. Let h : I→ R beithreeitimes differentiableifunction on I0. If h′′′ ∈ L [κ1,κ2] and |h′′′|q isis−convexifunction
where q > 1, then we have the following inequality for Caputo-Fabrizio fractional integral operator:∣∣∣∣∣ B (α)

α (κ2 − κ1)

[{(
CF
x1

Iα h
)

(k) +
(

CFIαx1+x2
2

h
)

(k)
}
+

{(
CF
κ1+κ2

2

I α h
)

(k) +
(

CFIαx2
h
)

(k)
}]

−h
(
κ1 + κ2

2

)
−

(κ2 − κ1)2

24
h′′

(
κ1 + κ2

2

)
−

4 (1 − α)
α (κ2 − κ1)

h (k)

∣∣∣∣∣∣
≤

(κ2 − κ1)3

96

(1
4

)1− 1
q

(( 3.2s+5
− s3
− 12s2
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1
2s (s + 4)

|h′′′ (κ1)|q
) 1

q

+
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1

2s (s + 4)
|h′′′ (κ2)|q +

(
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− s3
− 12s2

− 53s − 90
2s (s + 1) (s + 2) (s + 3) (s + 4)

)
|h′′′ (κ1)|q

) 1
q
 .

whereik ∈ [κ1,κ2] and B (α) > 0 isia normalizationifunction.

Proof. UsingitheiLemma 3, poweri-meaniinequality andifactithat |h′′′|q isis-convexifunction, we have

∣∣∣∣∣ B (α)
α (κ2 − κ1)

[{(
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Iα h
)

(k) +
(
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h
)
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+
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)
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−
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)∣∣∣∣∣∣
≤
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(
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2
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+

(∫ 1

0
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1 − η
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)1− 1

q
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+

(
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2

)s
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(

1 − η
2
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|h′′′ (κ2)|q
] 1

q

dη

=
(κ2 − κ1)3
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(1
4

)1− 1
q

(( 3.2s+5
− s3
− 12s2

− 53s − 90
2s (s + 1) (s + 2) (s + 3) (s + 4)

)
|h′′′ (κ2)|q +

1
2s (s + 4)

|h′′′ (κ1)|q
) 1

q

+

(
1

2s (s + 4)
|h′′′ (κ2)|q +

(
3.2s+5

− s3
− 12s2

− 53s − 90
2s (s + 1) (s + 2) (s + 3) (s + 4)

)
|h′′′ (κ1)|q

) 1
q
 .

This completes the proof.

Theorem 3.7. Let h : [κ1,κ2] → R beithreeitimes differentiableifunction oni (κ1,κ2) with κ1 < κ2. If |h′′′|
isiconcaveion [κ1,κ2], then we have the following inequality for Caputo-Fabrizio fractional integral operator:∣∣∣∣∣ B (α)

α (κ2 − κ1)

[{(
CF
x1

Iα h
)

(k) +
(

CFIαx1+x2
2

h
)

(k)
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+

{(
CF
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2

Iα h
)
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(

CF Iαx2
h
)
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−
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24
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2

)∣∣∣∣∣∣
≤

(κ2 − κ1)3

384

[∣∣∣∣∣h′′′ (2κ1 + 3κ2

5

)∣∣∣∣∣ + ∣∣∣∣∣h′′′ (3κ1 + 2κ2

5

)∣∣∣∣∣] ,
where k ∈ [κ1,κ2] and B (α) > 0 is a normalization function.

Proof. From Lemma 3, we have∣∣∣∣∣ B (α)
α (κ2 − κ1)
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)
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+
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)

(k) i + i
(
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By the Jenseniintegraliinequality, we have∫ 1
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and analogously∫ 1
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Combination of the above inequalities (7)and (8) give the result. That is∣∣∣∣∣ B (α)
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This completes the proof.

Theorem 3.8. Let h : [κ1,κ2] → R beithree timesidifferentiableifunction oni (κ1,κ2) with κ1 < κ2. If h′′′ ∈
L [κ1,κ2] and |h′′′|q is s−convexioni [κ1,κ2], for someifixed s ∈ (0, 1] and q > 1, then we have the following
inequality for Caputo-Fabrizio fractional integral operator:∣∣∣∣∣ B (α)
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,

whereik ∈ [κ1,κ2] and B (α) > 0 isia normalizationifunction p−1 = 1 − q−1.

Proof. Using Lemma 3, we have∣∣∣∣∣ B (α)
α (κ2i − iκ1)

[{(
CF
x1

Iα h
)

(k) i + i
(

CFIαx1+x2
2

h
)

(k)
}
+

{(
CF
x1+x2

2

Iα h
)

(k) +
(

CF Iαx2
h
)

(k)
}]

−h
(
κ1i + iκ2

2

)
−

(κ2i − iκ1)2

24
h′′

(
κ1 + κ2

2

)∣∣∣∣∣∣
≤

(κ2 − κ1)3

96

∫ 1

0

(
1i − iη

)3
[∣∣∣∣∣∣h′′′

(
1i − iη

2
κ1 +

1i + iη
2
κ2

)
+ h′′′

(
1i + iη

2
κ1 +

1i − iη
2
κ2

)∣∣∣∣∣∣
]

dη

=
(κ2i − iκ1)3

96

∫ 1

0

(
1i − iη

)3

∣∣∣∣∣∣h′′′
(

1i − iη
2
κ1 +

1i + iη
2
κ2

)∣∣∣∣∣∣ dη
+

(κ2i − iκ1)3

96

∫ 1

0

(
1i − iη

)3

∣∣∣∣∣∣h′′′
(

1i + iη
2
κ1 +

1i − iη
2
κ2

)∣∣∣∣∣∣ dη.
ByiusingitheiYoung, siinequality stated as

κ1κ2 ≤
1
p
κ

p
1i + i

1
q
κ

q
2,



S. Qaisar et al. / Filomat 37:29 (2023), 10093–10106 10103

we obtain ∣∣∣∣∣ B (α)
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This completes the proof.

4. Application to Special Means

Weishalliconsiderithe followingispecial means:
(a) ArithmeticiMean:

Ai = iA (κ1,κ2) : i = i
κ1i + iκ2

2
, κ1,κ2i ≥ i0;

(b) GeometriciMean:

Gi = iG (κ1,κ2) : i = i
√
κ1κ2 κ1,κ2i ≥ i0;

(c) HarmoniciMean:

Hi = iH (κ1,κ2) :=
2κ1κ2

κ1 + κ2
, κ1,κ2i ≥ i0;

(d) LogarithmiciMean:

L (κ1,κ2) :=
κ2 − κ1

lnκ2 − lnκ1
κ1,κ2 > 0, κ1 , κ2;

(e) GeneralizedilogarithmiciMean:

Lr
r = Lr

r (κ1,κ2) :=

 κr+1
2 − κr+1

1

(r + 1) (κ2 − κ1)


1
r

r ∈ R − {−1, 0} , κ1,κ2 ∈ R, κ1 , κ2.

Itiis welliknow thatiLr
r isimonotonicinondecreasing overir ∈ R with L−1 = L. In particulariwe haveithe

following inequalities

H ≤ G ≤ L ≤ A.
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Proposition 4.1. For some n ∈ z {−1, 0} , 0 ≤ κ1 < κ2, then we get∣∣∣∣∣∣L (κ1,κ2) i − iAn (κ1,κ2) −
n (n − 1) (κ2i − iκ1)3

24
An−2 (κ1,κ2)
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≤
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384

[
|κ1|

n−3 + |κ2|
n−3

]
.

Proof. Theiassertionidirectly followsifromiTheorem 2 applyingifor h (x) = xn and α = s = 1, & B (0) =
B (1) = 1.

Proposition 4.2. For some n ∈ z {−1, 0} , 0 ≤ κ1 < κ2, and 1
p +

1
q = 1, 1 < q < ∞, then∣∣∣∣∣∣L (κ1,κ2) i − iAn (κ1,κ2) −

n (n − 1) (κ2 − κ1)3

24
An−2 (κ1,κ2)

∣∣∣∣∣∣
≤

n (ni − i1) (ni − i2) (κ2 − κ1)3

96

(
1

3p + 1

) 1
p
(1

4
|κ1|

q(ni−i3) i + i
3
4
|κ2|

q(ni−i3)
) 1

q

+

(3
4
|κ1|

q(ni−i3) i + i
1
4
|κ2|

q(ni−i3)
) 1

q

 .
Proof. Theiassertionidirectly followsifromiTheorem 3 applyingifor h (x) = xn and α = s = 1, & B (0) =
B (1) = 1.

Proposition 4.3. For some n ∈ z {−1, 0} , 0 ≤ κ1 < κ2, and q > 1, then∣∣∣∣∣∣L (κ1,κ2) i − iAn (κ1,κ2) −
n (n − 1) (κ2 − κ1)3

24
An−2 (κ1,κ2)

∣∣∣∣∣∣
≤

n (n − 1) (n − 2) (κ2 − κ1)3

384

(2
5

) 1
q

(|κ1|
q(ni−i3) +

3
2
|κ2|

q(ni−i3)
) 1

q

+

(3
2
|κ1|

q(ni−i3) + |κ2|
q(ni−i3)

) 1
q

 .
Proof. Theiassertionidirectly followsifromiTheorem 4 applyingifor h (x) = xn and α = s = 1, & B (0) =
B (1) = 1.

Proposition 4.4. For some 0 ≤ κ1 < κ2, then∣∣∣∣∣∣L−1 (κ1,κ2) − A−1 (κ1,κ2) −
(κ2 − κ1)3

12
A−3 (κ1,κ2)

∣∣∣∣∣∣
≤

(κ2 − κ1)3

64

[
|κ1|

−4 + |κ2|
−4

]
.

Proof. Theiassertionidirectly followsifromiTheorem 2 applyingifor h (x) = x−1 and α = s = 1, & B (0) =
B (1) = 1.

Proposition 4.5. For some 0 ≤ κ1 < κ2, and 1
p +

1
q = 1, 1 < q < ∞, then∣∣∣∣∣∣L−1 (κ1,κ2) − A−1 (κ1,κ2) −

(κ2 − κ1)3

12
A−3 (κ1,κ2)

∣∣∣∣∣∣
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≤
(κ2 − κ1)3

64

(
1

3p + 1

) 1
p
(1

4
|κ1|

−4q
i + i

3
4
|κ2|

−4q
) 1

q

+

(3
4
|κ1|

−4q i + i
1
4
|κ2|

−4q
) 1

q

 .
Proof. Theiassertionidirectly followsifrom Theorem 3 applyingifor h (x) = x−1 and α = s = 1, & B (0) =
B (1) = 1.

Proposition 4.6. For some 0 ≤ κ1 < κ2, and q > 1, then∣∣∣∣∣∣L−1 (κ1,κ2) i − iA−1 (κ1,κ2) i − i
(κ2 − κ1)3

12
A−3 (κ1,κ2)

∣∣∣∣∣∣
≤

(κ2 − κ1)3

64

(2
5

) 1
q

(|κ1|
−4q i + i

3
2
|κ2|

−4q
) 1

q

+

(3
2
|κ1|

−4q
i + i |κ2|

−4q
) 1

q

 .
Proof. Theiassertionidirectly followsifrom Theorem 4 applyingifor h (x) = x−1 and α = s = 1, & B (0) =
B (1) = 1.

5. Conclusions

Fractional calculus is an intriguing subject with many applications in the modelling of natural events.
We currently need to strengthen and improve our ability to generalize several recent results directly
related to the subject of fractional calculus. Using fractional calculus tools and operators, many authors
have generalized a variety of alternative fractional operators. Caputo-Fabrizio fractional integral is one
of these operators. With regard to the Caputo Fabrizio fractional integral, Some new fractional integral
Hermite Hadamard type inequalities for three times differentiable mapping have been established using
the current fractional integral. Furthermore, we have obtained newly established inequalities using several
special means. It is an intriguing and novel problem from which future scientists can obtain comparative
inequalities for Atangana fractional.

References

[1] Diethelm, K.: The Analysis of Fractional Differential Equations: An Application-Oriented Exposition Using Differential Operators
of Caputo Type. Springer, Berlin (2010).

[2] Hadamard, J. Étude sur les propriétés des fonctions entières en particulier d’une fonction considérée par Riemann. J. Math. Pures
Appl. 1893, 58, 171–215

[3] Alomari, M.; Darus, M.; Kirmaci, U.S. Refinements of Hadamard-type inequalities for quasi-convex functions with applications
to trapezoidal formula and to special means. Comput. Math. Appl. 2010, 59, 225-232.

[4] Mumcu, I.; Set, E.; Akdemir, A.O.; Jarad, F. New extensions of Hermite-Hadamard inequalities via generalized proportional
fractional integral. Numer. Methods Partial Differ. Equ. 2021, 1-12.

[5] Liu, K.; Wang, J.; O’Regan, D. On the Hermite-Hadamard type inequality for -Riemann-Liouville fractional integrals via convex
functions. J. Inequal. Appl. 2019, 27.

[6] Xi, B.Y.; Qi, F. Some integral inequalities of Hermite-Hadamard type for convex functions with applications to means. J. Funct.
Spaces Appl. 2012, 980438.
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[34] Kirmaci US, Bakula MK, Özdemir ME, Pecaric J: Hadamard-type inequalities for s -convex functions. Appl. Math. Comput. 2007,

193: 26–35. 10.1016/j.amc.2007.03.030
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[36] Sarikaya, M.Z.; Set, E.; Yaldiz, H.; Ba şak, N. Hermite–Hadamard inequalities for fractional integrals and related fractional

inequalities. Math. Comput. Model. 2013, 57, 2403–2407.
[37] Caputo, M.; Fabrizio, M. A new definition of fractional derivative without singular kernel. Prog. Fract. Differ. Appl. 2015, 1,

73–85.
[38] Abdeljawad, T.; Baleanu, D. On fractional derivatives with exponential kernel and their discrete versions. Rep. Math. Phys. 2017,

80, 11–27.
[39] Abdeljawad, T. Fractional operators with exponential kernels and a Lyapunov type inequality. Adv. Differ. Equ. 2017, 313.


