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Cesaro convergence of sequences of bi-complex numbers using
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Abstract. In this article we have introduced the concept of Cesaro convergence, Cesaro null and Cesaro
bounded sequences of bi-complex numbers defined by BC-Orlicz function having hyperbolic norm. we
have investigated some of their algebraic and topological properties by defining a D-norm on these spaces.
Also inclusion results involving these sequence spaces have been established.

1. Introduction

Bi-complex numbers are being studied for quite a long time now. Probably Italian school of Segre [12]
introduced the bi-complex numbers. For more details on bi-complex numbers and bi-complex functional
analysis see ([14], [16], [11]). The hyperbolic numbers studied by Cockle [2], Lie and Scheffers [7]. Hy-
perbolic number system has been studied for various reasons. Many research developed the hyperbolic
numbers.

The sequence space has been investigated by different researchers from different aspects, such as Buck
[1], Fast[5], Schoenberg [13], Fridy [6], Rath and Tripathy [10], Tripathy and Nath[15].
A real sequence x = (xy) is said to be Cesaro convergent to [ if
n
lim 1 X = L
n—oo 1
k=1

Definition 1.1. An Orlicz function is a function M : [0, 00) — [0, o), which is continuous, non-decreasing and
convex with M(0) = 0, M(x) > 0, for x > 0 and M(x) — oo, as x — oo.
Lindendstrauss and Tzafriri [8] used the idea of Orlicz function to construct the sequence space

Oy = {xew:ZM(%)<oo,forsomep>0}.
k=1

The sequence space € is Banach space with the norm

[lx]] == inf{p >0: ZM(M) < 1}.
k=1 P
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The concept of Orlicz function has been applied for studying different classes of sequences by Datta and
Tripathy[3], Nath and Tripathy[9] and many more. In this article we developed the Cesaro convergence
using BC-Orlicz function. Throughout the article we denote Cy, C; and C; by set of real, complex and
bi-complex numbers respectively also we denote by w*, the sequences of all bi-complex numbers.

2. Definition and Preliminaries

2.1. Bi-complex Numbers
A bi-complex number ¢ is of the form

E=2z1+ izZz =Xx1 + ipCz + i2x3 + i1i2x4,

wherezy,z; € Cy and x1, X2, x3, x4 € Cp and the independent units 71, i, are such that if = i% = —landiiir = iy,
The set of bi-complex numbers C; is defined as:

Co ={&: & =21 +hzp;21,22 € Ci(11)},

where C1(i1) = {x1 + i1x2 : x1,x2 € Co}. C; is a vector space over Cy(i1). Other than 0 and 1, there are two

more idempotent elements in C, given by e; = %ﬂ and e; = 1‘% such thate; + e; = 1 and eje; = 0.

Every bi-complex number & = z; + 1,2, can be uniquely expressed as the combination of ¢; and e, namely
& =21 +izp = (21 — 120)e1 + (z1 + 122)ex = pre1 + paeo,

where py = (z1 — i122) and py = (21 + i122).
For & = z1 + iz € Cy, the norm is defined as

IElle, = VizP + |z
The product of two bi-complex numbers is connected by the following inequality:

1€ 7lle, < V21, Inlle,-

C, together with the norm defined above form a generalized algebra. Since C, = Cj and Cj; is complete
with respect to usual metric, it follows that C, forms a generalized Banach algebra.

The bi-complex number & = z; + 12> is called singular if |Z% + z%l =0.

The set of all singular numbers is denoted by O».

2.2. Hyperbolic Numbers
The hyperbolic number is of the form

o = xq + i1ixXo; X1, X2 € Co.
The idempotent representation of any hyperbolic number o = x; + i1ixx; is
a = 0161 + 0263,

where U1 =X1+X2,02 = Xp —X1.
The set of hyperbolic numbers is given by

D= {0161 + 0Up6y 1 01,07 € C()}
The set of positive hyperbolic numbers is given by

D, ={vie1 + v2ep : v1,v2 > 0}
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Let & € C,, then hyperbolic norm(D- valued) norm on C; is given by
I€lp = lualer + |p2lex € Dy
If &, € Cy, then
& +1lp <" &b + Inlp and 17l = [Elplnlp-

Let S be a subset of D. Consider the two sets D1 = {v1 : v1e1 + vper € S} and D, = {05 : v1e1 + vpe0 € S}
Then supremum of the set S is given by

sup S = e sup Dy + e sup D».
D

Similarly, infimum of the set S is given by

ing = e1inf D1 + e> inf D,.

The partial order relation on D is given by

a <' Bifand only if f —a € D,VYa, B € D.
Remark 2.1. Denote D7, by the the non negative extended hyperbolic numbers

D = {u1eq + uzea, p1, pi2 > 0} U {oo} U {00} U {ooey + uoes} U {u1eq — ooy}
Throughout the article we denote

Op = 0+ 0iyis.

Definition 2.2. A function Yp : D — D3, is called D-valued convex function if for every &,n € Dwith0 <" a < 1
such that

Yp(a& + (1 —a)n) < a¥p(E) + (1 - a)Yp(n).

Definition 2.3. [4] A convex function Yp : D, — D is said to be BC-Orlicz function if it satisfies the following
conditions

(i) Yp(Op) = Op;

(ii) limg 00 Yp(&) = 00*, where oo™ = je1 + 0oey = 008 + ey = 0oeq + 0oy and lime_,.o Yp(&) must exist along
any line in the hyperbolic plane and must be equal.

We denote the BC-Orlicz function by Mp.

Definition 2.4. An BC-Orlicz function Mp is said to satisfy the A2 -condition denoted by Mp € A3 if there exist
some hyperbolic constants K >" 0 and Eo(depending upon K) such that

Mp((2e1 + 2e2)E) < KMp(&),V0< &< &.

Definition 2.5. A function g : C; — D, is called D-norm if the following conditions are satisfied;
p1:g(&) > Op, forall & € Cy;

p2:9(=&) = g(&), for all & € Cy;

pa:g(E+n) < g(&) +g(n), forall &, € Cy;

pa: ax = a,|xx — x|lp — Op, then |ax &k — a&lp — Op.
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3. Main result

In this section we introduce the notion of different types of Cesaro convergence sequences of bi-complex
numbers defined by BC-Orlicz function. We investigate their different properties and we define the follow-
ing sets

&k — & |D)

n—oo 11
k=1

[b], Mp] = {é € w": lim 1 MD( Op, for some hyperbolic number « >’ 0}

n—oo N

1 v ,
[b5, Mp] := {5 €w' : lim — Z Mp (%) = Op, for some hyperbolic number o > 0}
k=1

[, Mp] = {5 € w': lim l Mp (%) <" 0, for some hyperbolic number « > O}.

n—oo 1
k=1

Theorem 3.1. The sets [b], Mp], [by, Mp] and [bZ,, Mp] are linear space over Cy \ O,.

Proof. Let &, i € [b},, Mp], then for some small hyperbolic numbers a1, a» >" 0 such that

1y ,
lim — Mp (@) < o0
n—oo 1N Py al

n—oo 11
k=1

lim 1 Mp (_|7Z<|D) < o

Let kl,kz € Cy \ 0O;. and a = maX{|k1|DC¥1, |k2|DC¥2}.

Now
k k
lim L 1 M (l 16k + 277k|D)
n—oo 1 04
k=1
, - k
< lim 1 Mo (|k1§k|D) ZMD(| 217k|D)
n—oo 1 7l—>°° n
k=1
1 v k k
~ im L MD(l 1|D|€k|D) ZM (l 2|D|77k|D)
n—oo 1 P o n%oo n a

:}g&% " MD(%D) HngMD(m}('D) :

Therefore, [b;,, Mp] is linear space over C; \ O,.

Result 3.2. Let Mp be BC-Orlicz function then

[by, Mb] c [b}, Mp] C [bs,, Mbp].
Theorem 3.3. The spaces [by, Mp] and [b;,, Mp] are solid.
Proof. Let & = (&) € [b%,, Mp], then

lim — L MD(
n—oo 1
k=1

|§k|D)
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Let us consider a sequence of bi-complex scalars (Cx) with |Cilp <1.

Now

S (42

n—oo 1

k=1
- lim 1y Mo (|Ck|D|cfk|D)
n—oo 1 44
k=1
< lim = ! MD (léle)
e

Hence, [b:,, Mp] is solid.
Similarly other cases can be proved.

Result 3.4. The spaces [b}, Mp], [by, Mp] and [bZ,, Mp] are not convergence free.
Theorem 3.5. Let M, and M2 be two BC-Orlicz functions with A% -condition, then

[b,, Mp1 U [b, M) € [b, M, + ME],

wherep =o,1, c0.

Theorem 3.6. Let M}, and M2 -be two BC-Orlicz functions with A -condition, then

(b2, M3] C [bi, M}, = MD].
Proof. Let & € [b oo/Mlzj]/ then

,P_Iﬂo ! ZMZ (|5k|D)
Let
= M (|5k|D)

Since M}, satisfies A2 -condition, so there exist K >" 0 and &(depending upon K) such that

ML (p) < KpM} (21 +2¢5),¥V 0 <" & < &,

Now,

lim L Z(Ml - M) (|5k|D)

n—oo 1

-t Y (v (52)

= lim — ZMl (p)

n—oo 11

< 7}1_1)2 . Z KpM,(2e1 + 2e7)
< .

Thus, & € [b:,, M}, MZ].

Hence, the theorem.

9773
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Theorem 3.7. Let Mp be any BC-Orlicz function, the space [bi,, M2 is a D-norm space with
k=1

g(&) = inf {a : Z [MD (%)] <" 1, for some hyperbolic number a > O} .

Proof. Since a >’ 0, s0 g(&) > 0 and g(—&) = g(&), Y& € [bi, M.
Let &, n e [b,, MZD], then for some hyperbolic numbers a;, a, >" 0 such that

Let

S = {a : [MD (M)] < 1},
k=1 a
i [MD |5k + nkb)] 1}/
1 i

e
{az 2 (& zkm )} y 1}

Leta = (a1 + az) € S, a1 = vje1 + 0,62 € Sy, a2 = vjey + v,e2 € Sy and a = viey + V.
Now,

gE+1n) = inf{az : Z [MD (@)] < 1}

k=1
= inf{vl YOS 5}61 + il’lf{vz YOS 5}62

:H

= inf{v, : q € S1)er +inf{v) : ax € Syle; + inf{v, : a1 € S1les + inf{v, : an € Solen
1 1 2 2

}
= inf{v, : a1 € S1}er +inf{v, : a1 € Siles +inf{v] : @ € Saler +inf{v, : ay € Sales

= inf{al : Z [MD(%)] < 1} + inf{az : Z [MD(%)] < 1}

k=1 k=1
=g(&) + g(n).

Hence, the theorem.
Conclusion. In this article, we have introduced the notion of Cesaro convergence of sequences of bi-complex
numbers defined by BC-Orlicz function. We have investigated its different algebraic and topological prop-

erties. There are very few articles on sequences of bi-complex numbers.
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