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A new perspective on Fibonacci and Lucas numbers

Nilay Degirmen®, Cenap Duyar?

?Ondokuz Mayis University, Deparment of Mathematics, Samsun, Turkey

Abstract. In the present work, we introduce a new version of Fibonacci and Lucas numbers which we
will call non-Newtonian Fibonacci and non-Newtonian Lucas numbers. Also, we discuss a variety of
some properties of them. Furthermore, we give some formulas and identities such as Binet’s formula, the
d’Ocagne’s identity, Cassini’s identity and Gelin-Cesaro identity involving these new types and we find
the generating functions for these numbers.

1. Introduction and Preliminaries

Since Newton and Leibnitz introduced modern calculus, many calculi have been created with differ-
ent aspects. A known and favored technique of introducing a novel mathematical system is to modify
the axioms of a known one. Grossman and Katz [19] established a new family of calculi, named non-
Newtonian calculus which culminated in their little book Non-Newtonian Calculus, and gave definitions
of contemporary types of integrals and derivatives transforming the acts of addition and subtraction into
multiplication and division in the period between 1967 and 1970. They defined an infinite family of calculus
which involves some special calculi such as geometric calculus, harmonic calculus, bigeometric calculus,
anageometric calculus (see [17, 18]). Furthermore, a mathematical problem, which is difficult or impossible
to solve in one calculus, can be effortlessly exposed through another calculus.

Since the leading-edge work of Grossman and Katz, non-Newtonian calculi have become a hot issue
in recent times due to prevalence of excellent applications for some problems, e.g., in economy, quantum
calculus, biomathematics, calculus in variantions, actuarial science, finance, economics, demography, signal
processing and thermostatistics [3, 6, 12, 13, 15, 16, 20, 27, 30-32, 34].

An arithmetic is a complete ordered field whose realm is a subset of IR. Non-Newtonian calculi utilize
different types of arithmetic and their generators. Let a be a bijection whose domain R and whose range is
asubset A of R. Then, it is called a generator with range A and defines an arithmetic. The range of generator
a is denoted by IR,.. Also, every element of R, is called a non-Newtonian real number. Choosing a = I and
a = exp, the classical arithmetic and the geometric arithmetic are obtained, respectively, and also, R; = R
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and Reyx, = R*.
a—arithmetic

Realm A(=Ry)

Addition x+y=ajat(x)+al(y)
Subtraction x—y=ala(x)—at(y)
Multiplication ~ x Xy =af{a!(x) x a7 (y)
Division x/y = ta=a {5:]1((;))} (y # 0)
Ordering x<yessal@<al(y)

IfxeR,and 0 < x (or x < 0), then we say that it is a a—positive number (or a—negative number).
Additionally, R} denotes the set of a—positive numbers. Also, @ (—x) = « {—a‘l (x)} = —xforallx € R. On

the other hand, the number x X x is called the a— square of x, denoted by 2 Ifx e R} U {0}, then we say

that a [ Val (x)] is the a— square root of x, denoted by vx [7,19].

Italian mathematician Leonardo Fibonacci created a new number sequence called Fibonacci numbers.
These numbers worked as a model for studying the growth of rabbit populations (see [9]). Also, the rate of
two consecutive Fibonacci numbers reaches the golden ratio 1, 61803399....Fibonacci numbers are connected
with Lucas numbers.

Subsequently, the study of numerical sequences of such numbers is a great topic of research and since
the second half of 20th century it starts to become more popular for researchers. Also, Fibonacci numbers,
Lucas numbers and the golden mean arise in the investigation of numerous areas of art and science, and
they have many original generalizations in different ways with various aspects. In addition, [25] is a good
resource for the rich applications and usefulness of these numbers. Some pivotal attempts at generalizing
these numbers are [1, 2, 5, 14, 21, 22, 24, 28, 29] which each approached them with a different perspective.

For self consistency, we give a brief introductory of Fibonacci and Lucas numbers which focuses on the
nomenclature used in this paper.

Fibonacci numbers are the terms of the integer sequence

{0,1,1,2,3,5,8,13,21,34,55,89,144,233, ..., F,, ...}
defined by the recurrence relation
F,=F,1+F,,foreachne{2,3,4,..}

with Fy = 0, F1 = 1, it is well known as the n—th term of the Fibonacci sequence (F,) which is a numerical
sequence.
Lucas numbers are the terms of the integer sequence

{2,1,3,4,7,11,18,29,47,76,123,199, ..., L,, ...}
defined by the recurrence relation
L,=L,1+L,,foreachne{2,3,4,..}

with Ly = 2,L; = 1, it is well known as the n—th term of the Lucas sequence (L,) which is a numerical

sequence.
For n,m > 0, the following relations hold (see [4, 8, 10, 23, 25, 26, 33]):

Fy + Fy1 = Fppo. (1)

Ly, + Lys1 = Lyso. 2)
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Ly =Fup1+Fp. (3)
Ly = Fpy2 — Fuoa. (4)
Fa+ P2, =Fo. (5)
F2, -F  =F,. (6)
FuFum + FusiFps1 = Fuamet. (7)
FuFp — FyFpgr = (_1)14 Finn. (8)
Foim = FpaaF + FuFpsa. (9)
n __ nn
g =P (10)
=B
and
L,= 7/” + ﬁn (11)
where y = HT\@ and f = PT‘@
Fi = FuotFpaFuiFap = 1. (12)
Fui1FnioFnie — FC:,+3 = (_1)n Fy. (13)
n n n
Y Fe=Fuo=1, Y Fa=Fana =1, ) Faur = Faeo. (14)
k=0 k=0 k=0
Besides, for n1, 7 > 1, the following relations hold (see [4, 10, 23, 25, 33]):
F = FyoiFa = (Z)™. (15)
L;Zq —Lyp1Lps1 =5 (_1)11 . (16)
F?—F, F, = (-1)""F2. (17)
L2~ L, Ly, =5(=1)""F. (18)

Motivated by rich applications of both non-Newtonian calculus and numerical sequences, in this article,
we present and study non-Newtonian Fibonacci and non-Newtonian Lucas numbers as a new addition to
the existing literature. Hereupon, we connect such numbers with the classical Fibonacci and Lucas numbers.
Also, we investigate non-Newtonian versions of some important identities and remarkable formulas given
for classical Fibonacci and Lucas numbers in a new and direct way. Furthermore, such numbers generalize
the known corresponding numbers, so our results are stronger than counterparts in the literature and they
gain importance as a starting point for new applications to many interesting problems in various aspects
e.g. the applications to problems in encryption theory.

2. Non-Newtonian Fibonacci and Non-Newtonian Lucas Numbers with Some Properties

In this part, we define the concepts of a non-Newtonian Fibonacci number and a non-Newtonian Lucas
number with a new perspective on the concepts of a Fibonacci number and a Lucas number. We also
deal with the non-Newtonian versions of some formulas and identities in analogy with some well-known
identities and formulas for classical counterparts and evince their relationships with each other.
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Definition 2.1. The non-Newtonian Fibonacci and non-Newtonian Lucas numbers are defined
NNF, = F, = a(F,)
and
NNL, =L, = a (L),

respectively where F,, and L, are the n—th Fibonacci and Lucas numbers, respectively. The set of non-Newtonian
Fibonacci and non-Newtonian Lucas numbers are denoted by SNF and 8NL, respectively. That is,

NNF = {NNF,:neN}

= {0, 1,1,2,3,5,8,13,21,34,55,89,144, ..., F,, .. }
and
NKL = {NNL,:n €N}
= {2, 1,3,4,7,11,18,29,47,76,123,199, ..., L., .. }

If we use the generator I defined by a (x) = x for all x € R, we obtain Fibonacci and Lucas numbers with
respect to classical arithmetic, respectively.

Also, by choosing the generator exp defined by « (x) = ¢* for all x € R, we obtain Fibonacci and Lucas
numbers with respect to geometric arithmetic, respectively, as follows:

NNGF = {a(F,):neNN}
= {ep” ‘ne€ ]N}
= {eo,el,el,ez,e3,65,eg,el3, e, }
and
NNGL = {a(L,):ne€ NN}

{eL" tne ]N}
= {ez, el e3¢ ¢, et e, . eln, } .

In what follows, we focus on some relations for non-Newtonian Fibonacci and non-Newtonian Lucas
numbers and relationship between each other.

Theorem 2.2. Let XNF,, and 8SNL,, be a non-Newtonian Fibonacci number and a non-Newtonian Lucas number,
respectively. For n,m > 0, the following equalities hold:

1) NNF,, + 8NF,41 = NNF,.40.

2) NNL, + NKL,11 = NKL,45.

3) NNF,_1 + 8NF,;1 = NNL,,.

4) NNF, 1o — 8NF,, 5 = 8NL,,.

5) NRF, + NNF2 | = NRFp41.

6) NNF2 | — NNF2 | = NNF,.

7) NNE,, X NNF,,; + 8XNF, 11 X NNFp41 = 8SNXF 41
Proof. Based on addition and subtraction property of non-Newtonian real numbers, from (1), (2), (3) and

(4), the proofs of 1), 2), 3) and 4) are clear.
5) From (5) and addition and multiplication property of non-Newtonian real numbers, we have

NNF2 + NNF2

n+1
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= NNF, X NNF,, + 8NF,.11 X N8F,11

= a(Fn)xa(Fn)‘i'a(FnH)Xa(FnH)

= « {aila (F) xata (F,,)} +a {ofla (Fui1) X a ' (Fn+1)}

= a {a‘la {a‘la (F) xala (Fn)} +ala {a‘la (Fpi1) X ol (F,,+1)}}
= a (Ff, + F§+1)

= a(Fau+1)

= NKFy41

which is the desired result.
6) Similarly, by (6) we get

NNF2, | S NNF2_

= NRNF,;1 X NNF,11 — 8KF,_1 X XNF,,_{

= a(FnH)Xa(FnH);a(Fn—l)).(a(Fn—l)

= afaa(Fu) xaa (Fa)) ~afaa (Far) x a”la (Fo)

= «a {a‘loz {a‘la (Fps1) X ol (Fn+1)} +ala {oc‘loz (Fpo1) X ol (F,,_l)}}
= 0‘<F;24+1 +Pi71)

= a (F2n)

= NNFy,.

It results that NNF2 |~ NNF2_ = RNF,,.
7) The equation (7) implies that
NNF,, X NNF,,; + 8NF,, 1 X NNF,01
= a(Fn)xa(Fm)'i'a(FnH)xa(FmH)
= a {a‘loz (F) xala (Fm)} +a {a‘la (Fus1) X o' (Fm+1)}
= «a {a‘loz {a‘la (Fy) xata (Fm)} +ala {a‘la (Fus1) X a7l (Fm+1)}}
= a (FnFm + Fn+1Fm+1)

= a (Fn+m+1)
= NNFpimet

as desired. O

Remark 2.3. 1) If we choose the identity function I instead of o in the definition of non-Newtonian Fibonacci and
non-Newtonian Lucas numbers, then we obtain classical Fibonacci and Lucas numbers. Therefore, Theorem 2.2
generalizes related relations in the literature.
2) Taking o = exp, we obtain some geometric relations as follows:
an+Fn+1 — eF)HZ’ eLn+Ln+1 — eLn+2’ an—1+Fn+'l — eLn, an+Z_Fn—Z — eL

n
7

2 2 2 2
er,+FVH_1 = 6F2n+1/ erH_l _Fn—l — eFZn, nFm+Fn+lFm+1 — eFVz+m+1/
forn,m > 0.

In the next theorem, we derive the D’Ocagne identity including non-Newtonian Fibonacci numbers.
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Theorem 2.4. The D’Ocagne identity of the non-Newtonian Fibonacci numbers 8XF,, and NKF,, is given as

NNE,, X NNF, 11 — NNF,..1 X NNF,, = (;i)” X NNEF,
forn,m > 0.

Proof. From the D’Ocagne identity (8) of Fibonacci numbers, we obtain that
NNE,; X 8NF,41 — NNFj01 X NNF,

= a(Fm)xa(FnH);a(FmH)).(a(Fn)

= aloaEn) xaaEnn)f ~afaa Epn) x a”ta (F)

= « {a‘loz {a‘la (F) X a e (F,,+1)} —ala {a‘la (Fisr) Xt (F,,)}}

= a(FuFus1 — FusFn)

=« ((_l)n Fm—n)

RV

= (—1) X NNF1i
which is what we wanted to see. [
Remark 2.5. 1) If we use the generator a = I in the definition of non-Newtonian Fibonacci and non-Newtonian
Lucas numbers, Theorem 2.4 turns into the D’Ocagne identity for Fibonacci numbers.

2) The generator a = exp yields the identity eFrFr1=FnaFu = o=V'"Fon for 1 m > 0 which we call the geometric
D’Ocagne identity. In fact, the equalities

NNF,, X 8NRF,1 — N8F0q1 X NNF, = el x el = efm x ol
e(lneF"' Inefn+1)—(Inefm+1 Inefr)

FnFn1=Fp+1Fn

e
and
n times
. e e
Lo\ . . . .
(—1) XNNF, = e lx..xe !l xeln
n times
—_——
- Jn el Ine  inefnn
= e(_l)nmen
explain it.

We are ready to give the Honsberger’s identity of the non-Newtonian Fibonacci numbers.
Theorem 2.6. The Honsberger’s identity of the non-Newtonian Fibonacci numbers for n,m > 0 is given as
NNF,m = NNF,,_1 X NNF,;, + NNF,;, X NNF 1.

Proof. Taking into account the Honsberger’s identity (9) of Fibonacci numbers, one can easily reach that
NNF,_1 X NNF,;, + NNF,; X NNFjp41
= a(Fup1) >.<05(Fm);05(1:n)>~<‘X(Fm+1)
= alaaF) xalaF)) +alaaF) x a a (Fri))

= « {a‘loz {a‘la (Fu_1) X a™ ' (Fm)} +ala {a‘la (Fy) xala (Fm+1)}}
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a (Fn—lFm + FnFm+1)
a (Fpim)
prnﬂn-

O

Remark 2.7. 1) Note that for the generator o = I, we obtain the well-known Honsberger’s identity.
2) By putting a = exp, the geometric Honsberger’s identity is derived as follows:

Fos Fn_1Fu+F,Fpys
el nim e 1EmTEntm l,
f()7 n,m > “

The following theorem reveals the Binet formulas for a Fibonacci number and a Lucas number with
respect to the non-Newtonian calculus.

Theorem 2.8. Assume that NKF,, and XL, be a non-Newtonian Fibonacci and a non-Newtonian Lucas number,
respectively. For n > 0, the Binet formulas for them are given by

SNE, = L P,
y-P
and
NNL, = 7"+
where y = #a and B = i;;/ga.

Proof. Considering subtraction and division operations in the set of non-Newtonian real numbers and by
virtue of Binet formula (10) for Fibonacci numbers, we get

. en a‘l(j/ﬁéﬁﬁ)
v at(y = B)

n times n times

! (yxyx...xy);(ﬁxsx...xg)

ot (7 )
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a(Fy)
= NNF,.

On the other hand, by doing the necessary calculations and using addition operation in the set of non-
Newtonian real numbers and Binet formula (11) for Lucas numbers, one can uncomplicatedly see that

n times n times

-7

ViR = ala? (yxyx...xy)+(5xgx...x5)

e 6ol ]
= ot afortal(ot () ool ()

= a(" +p")
= a(Ly)
= NKNL,.

O

Remark 2.9. 1) We draw attention that the Binet formulas for non-Newtonian Fibonacci and Lucas numbers are
generalizations of Binet formulas for Fibonacci and Lucas numbers, respectively which are obtained by putting the
generator a = I.

2) According to geometric arithmetic we obtain the following formulas and call them the geometric Binet formula
for Fibonacci numbers and the geometric Binet formula for Lucas numbers, respectively:

r V=B

=T, ="t

forn > 0.
The next theorem is non-Newtonian versions of Cassini’s identities for Fibonacci and Lucas numbers.

Theorem 2.10. The followings are the Cassini’s identities for NKF,, and NL,, forn > 1:

Al

1) NRF2 = 8NF,_1 X8NF,1 = (1)
2) NNL2 = NNL, .y XRNLy1 = 5% (“1)

Proof. 1) Using Cassini’s identity (15) and making the necessary calculations we get the subsequent result.

NNF2 - 8NF,_1 X NRF,i1
= RNF, X NNF, — 8NKF,_1 X 8NF,,11
= a(Fn) >ko‘(Fn) ;a(Fn—l)xa(FnH)
= « {aila (F) x ata (F,,)} —a {ofla (Fuo1) X a™la (Fn+1)}
{a‘la {a‘la (F) xala (Fn)} —ala {a‘la (Fp1) X ol (F,,+1)}}
= a(F} - FuiFun)
((_1)n+1)

=

Il
Q
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n+1 times
—_——

= a|(-1)..(-1)

n+1 times

= ala(a(-1))..at(a(-1)

= a(-1)X..xa(=1)
n+1 times
N

= (“1)x..x (1)
oy
_ (_1>Tl+
2) Using the identity (16) for the proof of 2), we get the results. [

Let’s continue with the Catalan identities for F,, and L,, in non-Newtonian sense.

Theorem 2.11. For n,r > 1, the Catalan identities for NKF, and 8NKL,, are as follows:

1) NNF2 = NNF,., XRNF,.., = (<1) X NNF2.
2) NNL2 © NNL,_, XNNL,, = 5% (“1) % NNF2.
Proof. 1) After some elementary calculations, it can be computed similar to the property 1) in Theorem 2.10

taking it into account (17) and the proof is straightforward.
2) Using Catalan identity (18) and making simple computations we compute the following expression:

NNL2 = 8KL,_, X NNL,,

= NNL, X NNL, — NNL,_, X NNL,,

= a(Ly) X a (Ln) —a (Ln-r) X a (Li+r)

= a {a‘loz (Ly) xata (Ln)} —a {oz‘la (L) X o la (Ln+r)}

= «a {a‘loz {a‘la (Ly) xata (Ln)} —-ala {a‘la (L) X o ta (L,W)}}

= a (L;21 - Ln—an+r)

= a(5(-1)""F)

= 5x (1) XNNF2
which ends the proof. [
Remark 2.12. 1) Notice that Theorem 2.10 and Theorem 2.11 extend the known Cassini’s identity and Catalan
identity, respectively.

2) We say that Theorem 2.10 is a special case of Theorem 2.11 choosing r = 1.
3) Substituting exp for the generator a, the following identities are added to the literature:

2 _ 1) . . . . .
Fo-Fuibun = oD (Geometric Cassini’s identity for Fibonacci numbers),

Lﬁ_Ln—lL;Hl — 65(_1)”

e
e (Geometric Cassini’s identity for Lucas numbers),

eFiFurFuer = VB (Geometric Catalan identity for Fibonacci numbers),
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L% —Lu—rLn+r 65(_1)”41:3

e

(Geometric Catalan identity for Lucas numbers),
forn,r>1.
In the following theorem, we explore the Gelin-Cesaro identity in non-Newtonian sense.

Theorem 2.13. For n > 0, the Gelin-Cesaro identity of the non-Newtonian Fibonacci numbers 8NF,, is given as

RNF} 2 8NF,_1 X NRE,_p X NNF,i11 X 88F,pp0 = 1.
Proof. In view of (12), we get

RNF! 2 8NF,_1 X NRF,_p X NNFy11 X N8Fip0
= RNF, x NNF, x 8KF, X 8NF,,

ZRNE,1 X 8N,y X 88F,41 X N8Fyip0
= a(Fn) >ko‘(l:‘n) >V<0[(Fn)>.<0“(Fn);af(Fn—l)>'<0‘(Fn—2) >.<0‘(F7H—1) >.<0‘(Fn+2)
= «a {aila (F) xata(F,) xala(F,) xala (F,,)}
“afaa (Fr) X ala (Fr) X a7 @ (Fn) X a7 (Fra)

ala {a‘la (F) xa'a(F,) xata(F,) xa la (F,,)}

o

—alalaT @ (Fm) xala (Fag) X a7l (Fran) X a7 (Fua))
= a(F) ~ Fu-1Fu-2FunFso)
= a()
1.

The proof is completed. [

Remark 2.14. 1) We note that Theorem 2.13 turns into the known Gelin-Cesaro identity when the generator is
chosen as a = I.

2) According to geometric arithmetic, the Gelin-Cesaro identity of the non-Newtonian Fibonacci numbers turns
into

eFﬁ_Fn—an—ZFrHlFrHZ =e
wheren > 0.
Now, we derive the Melham's identity for NNF,,’s.

Theorem 2.15. For n > 0, the Melham’s identity of the non-Newtonian Fibonacci numbers 8NXF,, is given by

NNF,.01 X RNFye2 X NNFye = NNFS, 5 = (<1)" X NNF,.
Proof. From (13), it can be seen that

NNF,.41 X NNF,,.0 X NNF,16 — NNF?_,
= RNF,i1 X NNE,,5 X 8NF, 16 = NNF,3 X RRE, 15 X NRE,5
= a(Fu1) X @ (Fuy2) X @ (Frse) = a (Fuea) X @ (Fpy3) X @ (Fuy)
= afaa(Fun) X a @ (Fui2) X a”'a (Fog)

“afaa (Fras) x a7 (Fuua) X a7la (Fuss))
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a ol (Fe) X a7l (Fraa) X a7l (Fras)|
!
—a ' {a‘loc (Fuss) X ala (Fuys) X o' (Fn+3)}
= a(FuaFuaFure - F.s)
= a((-1)"F,)
= (afla [(-1)"]xala (Fn))
= a[(-D"]xa(F)
NSRSV
= (£1) xNNF,,
as desired. [

Remark 2.16. 1) Notice that if we choose the generator as o = I, the last theorem produces the Melhan’s identity
provided for the F,,s.
2) The Melham’s identity of the non-Newtonian Fibonacci numbers is

an+1Fn+2Fn+6*F::l+3 — e(*l)w}:u
for n > 0 in the geometric arithmetic.

The subsequent theorem introduces some summing formulas of non-Newtonian Fibonacci numbers.

n
Theorem 2.17. We have the following formulas where the symbol , Y, denotes the finite sum according to a—arithmetic
k=0
andn >0 :

1) o L NNFe = NREp0 — 1.
k=0

2) 4 i NNFa = NNFiq — 1.
k=0

3) akz NN1:2k+1 = NNRFp,40.
=0

Proof. 1f we use (14), it is obtained that

aixxpk a [Zn“a—l (xxpk)] =a [Zn"Pk]

k=0 k=0

a(Frz=1) = a(aa (Fa) —a”'a (D)
a (Fuy2) — (1) = NRFy 40 — i/

- a [Za-l (NNFZk)] —a (Zsz]
k=0 k=0

o (Fau = 1) = a (07 (Fanr) — a7l (1)

@ (Fans1) —a (1) = N8Fpq — 1,

aiNNFZIﬁl = a [ia_l (NNszH)] =a [inkﬂ]

k=0 k=0
@ (Fany2) = 8NFap2.

This finalizes the proof of 1), 2) and 3). O

g!
%
v
ot
S
[
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Remark 2.18. 1) Theorem 2.17 generalizes the formulas of sum of the first n terms, sum of the first n even terms,
sum of the first n odd terms of Fibonacci numbers.
2) The generator a = exp produces some new formulas as follows:

1 n n
Y. Fe Y, Fox Y ok
k=0 — EF”+271, k=0 eFZTH-l *1, k=0 * — eF2n+2

forn>0.

After obtaining these famous identities and formulas, in closing of this article, we present generating
functions of the non-Newtonian Fibonacci numbers and non-Newtonian Lucas numbers.

Theorem 2.19. Generating function of the non-Newtonian Fibonacci numbers is

gsne i Ry = Ry, guxr(y) = Loz.

Y-y
Proof. Assume that the generating function of the non-Newtonian Fibonacci number 8NF,, has the form

(o]

gssr (1) =a ) (NNFy x y7),

n=0

where the symbol , }, denotes the non-Newtonian real number series which can be found in [11].
n=0
Then, after the needed calculations, we get the following equations:

gsse(y) = aZ (NNFn X y”)
n=0
= 0+y+ ai(m& x ")
n=2
= y+ ai (NNF, x y") + i (NNF,2 x ")
n=2 n=2
yXgswr(y) = Z (NNF X y””) =y Z (NNF,,_l X y”),
n=1 n=2
y2 X gsne(y) = “Z (NNFn X y"’Q) =, Z (NNF,,_Z X y”).

S
I
o
L
N

n

So, it follows that

(i —y- ]/2) X gxxr (V)

gwwr (1) = (v % gswr () = (]/2 X gNNF (y))

[y+ i (NNF,1 x ") + az (NNF,2 x ")

—[i (NNF,1 x o } [i (NNFup x y" }
n=2 n=2

Hereupon, we derive that the function gxxr (v) =

Y« as the desired result. [
~y-y?
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Theorem 2.20. Generating function of the non-Newtonian Lucas numbers is

2
gxst Ry = Ry, e (v) = —ya.
—y y?

Proof. Suppose that the generating function of the non-Newtonian Lucas number XL, has the form

00

JNNL (y) =a Z (xan X y") .

n=0

Thus, with some computations, we get gusz (1), ¥ X gsse () and y2 X gxnr (), as follows:
g (y) = 24y + "‘Z (NNLn X yh)
n=2

= 24y+ i (NNLt % ") + i (NNL,2 X "),
n=2 n=2

5 (xan * y"*i)

y X gxne (¥)

fe=}

- dxy+ i (xan x yﬂ“)
n=1

= 2xy+ i (NNL,1 x y"),
n=2

“i (xan * ym) — i (NRL,—2 % )
n=2

n=0

y2 X gxse (V)
So, one can easily see that
(i Syt yz) X gt (1)

= gae () =~ (X g () (VQ X gNNL (y))

24y + ai(xm_lxy )+ i NNL, 2 X ")
=2

n=2 n
[i (NNL,_2 x ")

n=2 n

4[2>'<y-i- ai(NNLn 1><y

= 21y

It results that gxwi () = - The proof is completed. O
Remark 2.21. 1) The generating functions gusr and gss, are analogues of the generating functions of F,’s and L,,’s
defined by gr (y) = ﬁ and g (y) = é—fyy respectively. In fact, it is enough to write a = I.

2) Geometric generating functions of Fibonacci and Lucas numbers are

Iny

JNNGE (y) — elflnyf(]ny)z
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and
2-Iny

g8NeL (y) — el—lny—(]ny)z ,

respectively.

3. Conclusion and Future Works

The aim of this article is to derive Fibonacci and Lucas numbers in the non-Newtonian sense and to
construct some important properties and identities of them such as Binet’s formula, summing formulas,
ngenerating functions, Cassini’s identity and Catalan’s identity. The study fills the gap here by introducing
non-Newtonian Fibonacci and non-Newtonian Lucas numbers to the most existing literature by combining
the definitions of Fibonacci numbers, Lucas numbers and non-Newtonian real numbers. Due to the fact
that Fibonacci numbers are used in encryption theory, we believe that our findings contribute to researchers
for future works as a new perspective.
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