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Abstract. In this work we construct the concept based on the extension of n-quasi-p-isometric operators
of a single operator studied in [11, 14] to the multi-dimentional operators. we are introducing some
new interesting results of these family of tuples of operators that are expanding some results of recently
published works based on a single operator.

1. Introduction

Let X (resp. Y) be a complex Banach (resp. Hilbert) space and B[X] (resp. B[Y]) be the algebra of
bounded operators on X (resp.Y) and say Ly (resp. Iy) be the identity of B[X] (resp.B[Y]), then an operator
A € BlY], its range, kernel and adjoint of A represent by R(A), ker(A) and A* respectively.

Any A € B[Y]is called p-isometry for p > 0 if

p
Z(_l)P—z(Fl’)A*zAz —0, (1.1)
1=0

or equivalently,
- p
Z(—l)”‘l( l)||A’x||2 =0 VYV xel, 1.2)
1=0

P P!
where (l) = l'(p——l)' [1—3]

Such p-isometry was represent by Authors [1-3]. Several properties have been studied as nilpotent per-
turbations, products and tensor products of such operators (see [2, 3]. The extension of these family of
operators to (p, g)-isometry on general Banach spaces has been studied by Sid Ahmed [13], Bayart [4] and
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Hoffman et al. [9]. Given p € N and g € (0, ), an operator A € B[X] is called an (p, g)-isometry if and only
if

P
Z(—l)”"(rl))llAlxllq 0 (YxeX (see[4 15]).
1=0

In [14], the authors has construct the concept of the family of n-quasi-p-isometry operators on Hilbert space
which extended the family of p-isometry operators. An operator A € B[Y]is called n-quasi-p-isometry if it

hold the following inequalities
*n(Z( 1)p I( ) *IAI) 0,

or if )
Z(—1)P—’(’l’)||Al+”x||2 =0, VxeUV.
1=0

We find in [11] that the products of some n-quasi-p-isometry are p-isometry, the powers of an n-quasi-
p-isometry are n-quasi-p-isometry and the perturbation of n-quasi-p-isometry by nilpotent operators are
n-quasi-p-isometries.

Recently, we have seen the concept of n-quasi-(p, g)-isometries on a Banach spaces has been introduced in
[10] which gives and extension of these family of (p, 4)-isometry on Banach spaces as follows: An A € B[X]
is called an n-quasi-(p, g)-isometry if it is hold the relation

p
Z<—1>P"(7)||A”"x||q =0, VxeJ,

1=0
for some positive integers n, p and real g € (0, ).

Ford € Z,,let A = (Ay,--- ,A;) € B[X]? be c.to. (abbreviated c.t.o.) and y = (y1,-++,ya) € Z% (multi-
indices) and set y! := y1!---y,!. Further, we define A’ := AV1 Al’z AZ“ where A;./’ is represent the product
of A; times itself y; times.

In [7], the authors has construct the family of p-isometry c.t.o. ona Hilbert space. AnS = (S, -, S,) € B[Y]*
is called p-isometry c.t.o. if

4
Y (-1y- l( )[Z s*?’s>] = (1.3)
1=0 =R

or

Z( 1P~ I( )[Z IISVx||2J 0 forall x € X. (1.4)

Iy 1V

An extension of p-isometry c.t.o. to (1, ,n4)-quasi-p-isometry c.t.o. was construct in [5] as follows. If
A= (Al, o, Ag) € BY]?bean (ny,--- , g)-quasi-p-isometry c.t.o. if

ﬁA;”f(Zp:(—n( )Z A*VAY)ﬁA =0,
=1 =0 =t 7 =1
or

o) Zuws)-
1=0 '

=t
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forallx € Y, wheren = (ny,- -+ ,ng).

In this work, we see an extension of the n-quasi-(p, g)-isometry operators to the multi-dimensional operator
theory on Banach spaces.

This work based on the family of multivariable operators on Banach space which shows a extended of
n-quasi-(p, q)-isometry operators and the concept of (11, - - , n4)-quasi-(p, g)-isometry c.t.o.
2. (nq,--- ,n4)-quasi- (p, g)-isometric tuples

On Banach space, the idea of a (111, - - - , n4)-quasi-(p, g)-isometry-(c.t.o.) has been developed

Definition 2.1. Let A = (Ay,--- ,Ay) € B[X]Y, 0 = (n1,-++ ,ny) € Z% and p is a positive integer. A is called
(n1,- -+, ng)-quasi-(p, q)-isometry c.t.o. if

Zp“(—l)ﬂ-l(’; )( Z %llA”ﬁxll") =0. 2.1
=0

NER

Ifd =1, then (2.1) coincides with (1.3).

Remark 2.2. (1) If R(A;” ) C ker(AZk) for nny # 0O, for some | and k, then A is a (ny,-- -, ng)-quasi-(p, q)-isometry
c.t.o.

(2) Every (p, q)-isometric c.t.o. is an n-quasi-(p, q)-isometry c.t.o. for (ny,--- ,ng) € N<.

Remark 2.3. Let A = (A1, A;) € B[X]? be a c.t.o. Then we observe that
(i) Ais (1,1)-quasi-(1,q)-isometry c.t.o. if

A1 AT — AT Apx]l? — || A1 AZx]l" = 0.
(if) Ais an (1, 1)-quasi-(2, g)-isometry c.t.o. if
lA1 Axx]|” — 2(||A%x||”7 + | AZxll" — IIAfAﬁxllq) + [|AJxll? + [|A3x]|7 = 0.
Remark 2.4. Let A = (Ay,--+ ,Ay) € B[X] be c.t.o. Then

(i)Aisan (1,---,1)-quasi-(1,q)-isometry c.t.o. if and only if

d
lAy -+ Agx]|T — Z lA1---Aj1Ajer - 'AdAJZ'XHq =0.
=1

(if) Aisan (1,--- ,1)-quasi-(2, g)-isometry c.t.o.e if and only if

d d
A Agxlll = 2) A1 AjaAj - AT+ Y 1A Apa A - AgASP
= =1
+ Z Ay A2 A2 A AR AgAR AR = 0.
1<j#l<d
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(ili) Aisann = (ny,--- , n4)-quasi-(2, g)-isometry c.t.o. if and only if

d d
AT =2 Y IATAp + ) IATAZT 2 ) JATA AN = 0. 22)
=1 j=1 1<j<l=d

(iv) Aisann = (ny,--- ,n4)-quasi-(1, g)-isometry c.t.o. if and only if

d
AT = Y lIA;AT] = 0. 23)
j=1

Example 2.5. Let A = (A1, Az) € B[R®]?, where

0 0 1 0 0 0
A= 0 -1 0 ]andA,=| -1 0 -1
1 0 O -1 0 0

by showing that ||x|| = |x1| + |x2| + |x3|. Direct calculations show that
lA1x0]l + [|A2xoll = llxoll # O, for some xo € R>.
Moreover

A1 A2x]] — IAT Ax| — [|A1AZx]| = O,V x € R,

Therefore A = (A1, Az) is a (1, 1)-quasi-(1, 1)-isometry, but A is not a (1, 1)-isometry.

Remark 2.6. From the above example, we observe that the family of n-quasi-(p, q)-isometry contain the family of
(p, q)-isometry c.t.o. as a proper subfamily.

Example 2.7. Let A € B[X] be an n-quasi (p, q)-isometry and set A = (%A, e %A), then A is an (n, e n)—quasi—



(p, 9)-isometry.

nd
where y = A(”W‘l)(%) x. Therefore A is an (n, e n)—quasi—(p, q)-isometry tuple as required.

Z:;(—l)lil’ Z% (%A)W”,... ,(%A)yﬁnx

A’(i)ndA”dx '
nd
Aln A(n)(d—l)(i) X

Al+ny
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q

\ﬂ/a

q

\@/a

q
=0.

9535

Proposition 2.8. Let A = (Ay,--- ,Aq) € BIX], is an (ny,- -+, ng)-quasi-(p, q)-isometry c.t.o., if and only if A is

an (p, q)-isometry on R(A®).

Proof. Let A = (A1, ,Aq) € B[X]¢, Aisan (11, , ng)-quasi-(p, q)-isometry c.t.o. if and only if, V x € X.

i(—l)’(’;)

1l 1]
1= ID=
T
—_
~
—
—_
~_

(—D’(" )
1=0 l

Equivalently, A is an (p,

Forn = (ny,-+- ,ng), n = (n

I =
2 lIA

=t *

nooa
D ilIAV AT

=t

I —
Z —|IATxl7, Vx € R(AR).
yl=1 ©°

g)-isometry on R(A™). [

-,m) € Z%, we will say thatn <7, ifn; <n

1

Loi=1,

,d.
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Proposition 2.9. Let A = (A1, ,Ay) € B[X]? be an n-quasi-(p, q)-isometry c.t.o., then A is an H/—quasi—(p, q)-
isometry c.t.o., ¥ m >n.

Proof. Consider A is an n-quasi-(p, 4)-isometry c.t.o. By Proposition 2.8, we shows that A is an (p, g)-isometry
c.t.o. on R(AM). It is obvious that

R(AF) DR(AT) V 7@ >n.

This shows that A is an (p, g)-isometry c.t.o. on R(Aﬁ/). Hence, A is an n'-quasi-(p, §)-isometry c.t.o.
va >n O
The following theorem extended [10, Theorem 2.2].

Theorem 2.10. Let A = (Ay,--- ,Ay) € BIX] be an n-quasi-(p, q)-isometry c.t.o., then A is an n-quasi-(p + 1, q)-
isometry c.t.o., ¥V L.

Proof. we need to show that that A is an n-quasi-(p + 1, g)-isometry c.t.o. .

Indeed, we have

p+1

+1 n. o a
Z(—l)l(P l )Z il AT
1=0 )

lyl=k
P
n y AT ( n
= JA x||ﬂ+Z(—1>’[(’l°) ( )]Z—IIA’A SIEIC DY ” #22Rar Ay
1=0 lyl=l lyl=p+1 '
4
& I+1 A
: Z(—l)l(’;)Z—,nAmxuq—Z(—D’(’l’) Y LD aranp
1=0 [yl 1) = [yl=1+1 7
1y Y D Ay
yl=p+1 v
e B+ +74)
= ‘Z(—l)’(l) Y. ﬁwAn il
pim Vihyet v
+
1y ¥ En )||AVA“ I’
[YI=p+1 yityat:
SLePIN P\ My 5
- _ (_1)1( ) (_1)1( )—”A;/l _”AV AV/+1_ ~AVdA'Anx||q
d
PYi V-1 4Vn Va4 AR
—(-1) —||A7’1---A LAY LAY A AR
j=1 Iy;:ﬂ y1iyats--ydl oS o

d p-1 I ) B
= —Z he 1)1( )2( 1)( ) SIA%AA™
=

|6]=1

d
~(-1y ’i,nAéA AR

j=1 Iyl=p
d p
- L L)L st
j=1 1=0 o=l
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O

Proposition 2.11. Let Sd be a symmetry group on d symbols {1,2,...,d} and let A = (A1, -+ ,Aq) € B[X].
If Aisan n = (ny,--- ,ng)-quasi-(p,q)-isometry c.t.o., then for every o € Sy, Ay = (Asq), -+, Ag@) is an
N, = (Nga1), -+, No(a))-quasi-(p, q)-isometry c.t.o.

d d
Proof. It follows from the condition that H Aj= H Ag(j) and the identity
j=1 j=1

Sioff

1 la|=1

S e

la|=1

O

The following theorem describe the condition under which an (1, - - - , 14)-quasi-(p, g)-isometry c.t.o. to be
any (1,---,1)-quasi-(p, q)-isometry c.t.o.

Theorem 2.12. If A = (Ay,--- ,Ay) € BIX] is an n-quasi-(p, q)-isometric c.t.o. such that R(A )= R(A?f ) for each
j, 1< <d, then Ais an quasi-(p, q)-isometric c.t.o.

Proof. Since A is an n-quasi-(p, g)-isometric c.t.o. for j=1,--- ,d, then we have

= Z( 1)()Z—||A”A1 Al =0

= 17

Hence, A is an quasi-(p, g)-isometric c.t.o. [J

Corollary 2.13. If A = (A1, ,Aq) € B[X]? is an n-quasi-(p, q)-isometric c.t.o. such that each A]? = Aj for
j=1,---,d, then A is a quasi-(p, q)-isometric c.t.o.

Proof. Each A]Z. = Aj, then R(A)) = R(A;l’ )¥j=1,....,d. Hence the prove is consequence Theorem 2.12. [J
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Proposition 2.14. Let A = (A1, -+, Ag) € BIX]? be an n-quasi-(2, q)-isometry c.t.o., then the following axioms are
true.

| — — d —
Y Liaraxp = (1 - paTx + (Y IARAjl), v xeX, vieN. (2.4)
=t j=1
Z IARAx|l7 > Z_LlnAﬁxuq VxeX, leN,l#1. (2.5)
=1
d —_— —_—
Z [ARA" |7 > |ARx|7 V¥ x € X. (2.6)
=1

| _ 1

lim(z LIlA““xll")l -1, 2.7)
IS0 !

Iyl=l

Proof. We us induction on ! to prove inequality (2.4). For I € {0, 1} it is obvious. presume that (2.4) hold !
and prove it for / + 1. In view of [9, Lemma 2.1 ], it follows that

Therefore by the induction hypothesis, we get

I+1
Y LD aeayp
)/.

yi=T+1
d _ d

A=Y AN + IZ(Z 14,4AT11 )
i=1 i=1

d
1-1 Z 1A AR + kZ IAZARK + zz( y ||AinAﬁx||q).

1<j#isd

Since A is an n-quasi-(2, )-isometry c.t.o., it follows from (2.2)

I+ 1) =
Z u”AManq
!

ly|=l+1

d d
(1= ) IAAT + 1 = 1A% +2 ) AT A

i=1 i=1

A+ 1 Y 1Al

1<i<d
so that (2.4) holds for [ + 1.

The inequality (2.5) follows from (2.4) and the inequality (2.6) follows from (2.5) by taking ! — 0. To proof
(2.7), it follows from (2.4)

I
i 2 A |
llggsup(z 7/!||A x| ) <1

[yl=l
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1
I = A7
However according to (2.6), (Z = ||AV+“x||’1) is monotonically increasing, so that
NEES

1
. . l' v+n q 1 . )/+f{ q) —
llggmf(;—!llAl xll) zllgg(uA x||)_1.
L

O

Definition 2.15. Let A = (Ay,--- ,Ay) € B[X]? be a c.t.o. Then A is called bounded if
il
sup{z ﬁ”AnyIq ,Vle ]N} < o0
1=l

forallx € X.

Theorem 2.16. Let A = (Ay, - -+, Ag) be an n-quasi-(p, q)-isometry c.t.o. and bounded. Then
d —_ —_
Y IAATHI = AT,

i=1

i.e., A is an n-quasi-(1, g)-isometry c.t.o.

Proof. Since A is an n-quasi-(p, 9)-isometry c.t.o., then A is an (p, q)-isometric on R(A") (Proposition 2.8).
Therefore

noo 5 (1 -
Z 77||A?A x|l = Z (],)\Ifj(A,A x)

lyl=l j=1

Hence there exist real numbers 6o(x), 61(x), ..., 6p-1(x) such that

d p-1
Z AL AR = Z 5;(x) . (2.8)
i=1 =0
Since A is power bounded, for x € X,

I
M = sup { Y, A, 1=o0, 1,2,...} < co.
=t

Then we have

p-1
0< sup{Z(Sj(x)lj 1 1=0,1,2,.. } <M.
j=0

From the fact that [ is arbitrary, we obtain 61(x) = 62(x) = --- = 6p-1(x) = 0. Hence

d
Y IALATA = AR
i=0

Since l is arbitrary, by showing | = 1 we get equality. Hence A is an n-quasi-(1, g)-isometry c.t.o. by (2.4). O
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3. Spectral properties of n-quasi-(p, g)-isometry

In this section we study some spetral properties of c.t.o. Our inspiration can be from referred to
[6-8,12, 15].

Definition 3.1. ([6]). Let A = (A1, --- ,A4) € B[X]? be any c.t.o. on complex Banach space X.
Let = (1, , pta) € C, then y is said to be point eigenvalue of A if

d
m ker(A; —puj) #0,
j=1

the set of all joint spectrum of A by o,(A).

Definition 3.2. ([6]).Let A = (A;---,Ay) € BIX] be c.t.o, A number u = (u1,---, ) € C is in the joint
approximate point spectrum oq,(A) if

J @) e€X, lxall=1

such that
(Aj—uj)xy — 0 as n —> oo forevery j=1,---,d.
We denote by
d 1
By(©) = {p = (- pa) € €/ lplly = (Z w)q <1}
j=1
and

d 1
8]Bq(‘td) = {u = (1, ta) €C*/ [leelly = (Z |Mj|'7)] =1}
=

Theorem 3.3. Let A = (A1 -+, Ay) € B[X]? beann-quasi-(p, q)-isometry c.t.o. Then oap(A) C [O]U{(pl, s M) €
d 1

Cd/(Z Iyllq)ﬁ = 1}. where
I=1

d
[0] = s, sy e € [T =00

=1

Proof. Let u = (u1,-++, 4a) € ogp(A), then 3 {x;};>1 C X, with ||xjl| = 1 such that (A; — y;I)x; — 0 for all
j=1,2,..d. Since fory; > 1,

Vi
i y _ =l
A =l = (A=) Y AT
=1

By induction, for y € Z4, we have

@ - =Y ([T - ) [

=0 i<l i>l
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P | _
- B iwer
=0 lal=I a
P p I — — —
= Z(—l)l( l) D A7 = Py |t
1=0 =1
P p I —
= Z(—l)’(l)Z—',|W+“|w
1=0 lal=l a
l! s
DX 1>’(7)Z alHt”
=0 lal=l
d R
0 = (1= () ')
=1

d 1
Therefore u = (1, -+, 4a) € [0] or (U1, -+, pa) € Cd/(z Iyllq)q = 1}. O
I=1

Theorem 3.4. If A = (A;---,Ay) € BIX]|? is an n-quasi-(p, q)-isometry c.t.o. Then r(A) = 1. In particular

d 1
a(A) € [0] or o(A) < [0] U (1, ) € €O/( Y ml?) =1}
=1

Proof. From Theorem 3.3, we obtain g,(A) C aqu(Cd) .From which it follows that 7(A) = 1. On the other hand,
p(A)NB, (C) is both open and closed subset of the domain qu(Cd). Consequently we find 6(A) C 8]Bq(Cd)

or o(A) = By(CY. O
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