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Abstract. Starting from Maclaurin’s series expansions for positive integer powers of analytic functions,
the authors derive an explicit formula for specific values of partial Bell polynomials, present a general term
of Maclaurin’s series expansions for real powers of analytic functions, obtain Maclaurin’s series expansions
of some composite functions, recover Maclaurin’s series expansions for real powers of inverse sine function
and sinc function, recover a combinatorial identity involving the falling factorials and the Stirling numbers
of the second kind, deduce an explicit formula of the Bernoulli numbers of the second kind in terms of
the Stirling numbers of the first kind, recover an explicit formula of the Bernoulli numbers in terms of the
Stirling numbers of the second kind, recover an explicit formula of the Bell numbers in terms of the Stirling
numbers of the second kind, reformulate three specific partial Bell polynomials in terms of central factorial
numbers of the second kind, and present some Maclaurin’s series expansions and identities related to the
Euler numbers and their generating function.

1. Motivations

Let the function f(z) be analytic at z = 0 and let

f@) =Y Ciamy (L.1)
n=0 :
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be Maclaurin’s series expansion of f(z) around z = 0. For fixed positive integer j € Ny = {0,1,2,...}, let
. = ik
fi@) =Y Cin (1.2)
n=0

be Maclaurin’s series expansion of f/(z) at z = 0 with assumptions of
C0,0 =1 and CO,n =0 (13)

forn € N. For @ € R, if f*(z) is analytic atz = 0, let

F@=Y Coun’y (14
n=0 :

be Maclaurin’s series expansion of f*(z) around z = 0 with assumptions in (1.3). By common knowledge in
mathematical analysis, we know that

d f(z) d" f1(z)

Cip=1lim
! M50 dz

n ra
| Cap=lim L@

Ci1, =lim
Ln z—0 dz"

z—0 dz
Can one obtain an explicit formula for C;, in terms of Cy, in Maclaurin’s series expansion ? Can
one obtain an explicit formula for C,, in terms of C;,?
These two problems have been specifically, explicitly, or recursively solved in the papers [5,16,/8,113,/16,/19]
and many closely related references therein.
The first problem has been generally and recursively solved by the power series raised to powers

) n o
(Fa] = Feee

k=0 k=0

where ¢p = 45 and

1 m
Cp = — kn —m + k)agc,,—
m ma();( )kmk

for m,n € IN. See [4, p. 18].
In this paper, we will give a general solution to the second problem. In other words, we will present a
general formula for C, , in terms of the sequence C;, by deriving an explicit formula for specific values

Bui(f(0), f7(0), ..., F"F*D(0)),

where B, x(x1,X2,...,Xy-k+1) for n > k > 0 denotes partial Bell polynomials or the Bell polynomials of the
second kind in [2] Definition 11.2] and [3} p. 134, Theorem A]. Hereafter, we will obtain Maclaurin’s series
expansions of some composite functions, recover Maclaurin’s series expansions for real powers of inverse
sine function and sinc function, recover a combinatorial identity involving the falling factorials and the
Stirling numbers of the second kind, deduce an explicit formula of the Bernoulli numbers of the second
kind in terms of the Stirling numbers of the first kind, recover an explicit formula of the Bernoulli numbers
in terms of the Stirling numbers of the second kind, recover an explicit formula of the Bell numbers in terms
of the Stirling numbers of the second kind, reformulate three specific partial Bell polynomials in terms of
central factorial numbers of the second kind, and present some Maclaurin’s series expansions and identities
related to the Euler numbers and their generating function.
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2. Specific values of partial Bell polynomials

As the first step to reach our aim, we derive an explicit formula for specific values

Bui(f/(0), £70),..., f*7F*D(0))
of partial Bell polynomials B, x(x1, X2, - - ., Xy—x+1) With x; = f®(0) for k € IN.

Theorem 2.1. Let f(z) is analytzc at z = 0. For j € Ny, if the series expansion is valid, then partial Bell
polynomials By, j(x1, X2, . .., Xn—k+1) for n > k > 0 satisfy

~1)F v k
Bui(f/(0), f7(0),..., fr+D(0)) = % ;(—1)q(q)f"‘q (0)Cqn 1)
and the sequence C;, satisfies the identity
Z( 1)q( )fk 10)C,n =0, 0<n<k. 2.2)
q=0

Proof. In the last line of [3] p. 133], there exists the formula

n

| t
kl(Z ) ZBnk(xl’xL"'/xn—kﬂ)a

for k > 0. This means that

k

1 - tm — Bl’H—k,k(xl/ x2/ e /xn+1) tn
m=1 n=0 k
for k > 0. Therefore, we arrive at
o k
Bﬂ+k,k(x1/ X2,eeey xn+1) . dTl 1 tm
' =lim gl £ o) - 20 @3)
k -

Substituting specific values x,, = f"(0) for m = 1,2,... into the formula 2.3) yields

Buska(f/(0), £/(0), -, f*DO) g1 ¢
(nzk) _lt—>0dtn|: ;f( (O) }
k
m tm
= (-1}l dtn[ (f(o Z;)ﬂ %mﬁ)]
£() - £(0)
_Lo dt”[ t ]
a" LoD 1) £
= lim
t—0 d " i’k

for k,n > 0. Further considering the series (1.2) leads to

Bueki(f/0), f7(0),..., fO4D(0) gr Lio-DOATO) L0 Cie'y

0 150 d tk
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a" Lo LoD A00C e

a 1t—>0 dtr tk
4 i i OO O
T isodem = l!
This must imply that
k e\
Z(_l)k_]( .)fk_](O)Cj,g =0, 0<¢<k
= J
and
Busii(f0), f7(0), .., f*D(O) Lo T o= ¢ OCc .,
("5 C 50 dtn ; !
— lim - Z] 0( 1)k ]( )fk ](O)C]E+kt
-0 d " Z (+K)
j:o(—1)k-f(’;)fk-f<0>c]-,f+k .
= im A
t—0 —_ (f + k)'

k
n! (kN i
- Z —1)J k=] )
(n +k)! ],zo( ) (f)f O
for k,n > 0, where the falling factorial of a complex number A € C is defined by

m=0;

W’“_H(A k)= {/\(A—l) “A-m+1), me]l\’T.

Accordingly, we derive

k ) k ) k_]' 0 C'n+
Busik(f/(0), f7(0), ..., f"D(0)) = Z( 1) f( )fkf(O)Cf,n+k=Z<—1>kf(fk_(]-)),’#.k
=0 =0 Cl
for k,n > 0. Replacing n + k by n results in
’ 7 n—k+ £ 0) C M
Bua(f/(0), f7(0), .., fr1(0)) = ZO‘ et i
k k
mfm(o) Ck mn (_1)k k _
mZ‘ BRI an(_l)q(q)f TOC

for n > k > 0. The required results in Theorem[2.1|are thus proved. [
Example 2.1. In the papers [15,[6]], the following conclusions were proved.

. m
1. For m € N and |t| < 1, the function (%m’) , whose value at t = 0 is regarded as 1, has Maclaurin’s series
expansion

(arcsmt) 14 Z( 1y Q. 2k:2) Q(m, 2k; 2) (2t)%*

t (m+2k) (2k)! ’ (24)
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where

¢

k
Q(m, k: ) :Z(’"ﬂjfl 1) (m+k—1,m+0— 1)(Lk_“) 2.5)

2
=0

for m,k € IN, the constant a € R such that m + k # «, and the Stirling numbers of the first kind s(m + k —
1,m + € — 1) are analytically generalized by

In(1 k s n
w - ngk‘sm' k)%, I < 1. 2.6)

Maclaurin’s series expansion (2.4) was also recovered in [[16, Section 6]. See also [[1, Section 1.2].
2. Fork,n > 0and x,, € C with m € IN, we have

1+ (-1

B2n+1,k(0/ x2/ 0/ x4/ cecy 2

x2n7k+2) =0. (2.7)

For k,n € IN such that 2n > k € IN, we have

19 25 14 (=11 [2n kNP
an,k(ol_lol_lor_/--'/ 2 2n—k+2 )

k
k=1

where Q(k, 2n; 2) is given by @.5).
Forte (-1,1), let

1, t=0;
f) = i 2.9
f() arcsmt, £+0. (2.9)
t
Since
arcsint _ [P 1£2 9 22516 t8
=14 +=—+ —— +1225—
T2+1 @0 325t 7 et 5 P
we see that
0, m=20+1;
M) = — 12
f [(2¢ 1)..], 2t
20+1

where € € Ng and (—=1)!! = 1. On the other hand, the series expansion implies that

0, n=2k-1

o2k Q(m, 2k; 2)

T m2ky
"

Cm,n = (210)

(-2 , n=2k

for k € N. Applying the formula in Theorem [2.1) gives

k
1 9 225 J™(0) Comae1
Bos_ -,0,=-,0,—,0,1225,... | = E -1)™ =
2{ 1/k(0’ 3 7 0’ 5 7 0’ 7 7 0/ 5’ ) mzo( ) ' (k ’[)' 0
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for2€—-1>k>0and

1 9 225 m )" () Crm,e
Bas(0,5,0,2,0,5°,0,1225,... ) = 2(—) T

k

(=™ Qk—m,2¢;2)
T Lmi(k - m)v( 1)2H = —m2ly
m=0 k—m

1y Z (1" Qum,26:2)

mi(—m)l (20
£)! k
- (—1)“"22"% Z_;)(—l)m(ffm)cg(m, 2%,2)

k

_ Cqye O Z 1 )m(2€+k) O, 26:2)

Q0+ k)
for k, € € N with 2¢ > k. These results coincide with and 2.8).

Example 2.2. For z € C, the function

sinz
. , z#0
sincz = z

1, z=0
is called the sinc function [23]l. In [19, Theorem 2.1], it was obtained that

T(¢ +2j,€) (22)%
2 @)

sinclz =1+ Z ~1)i (2.11)

for € € Ng and z € C, where T(n, {) for n > € € INg denotes central factorial numbers of the second kind, which can
be explicitly computed [10] by

Tn,€) = 7 Z( 1)1( )(— —])n 2.12)

with T(0,0) = 1 and T(n,0) = 0 for n € N. Applying f(z) = sincz to (1.2) and considering 2.11) acquire that

0, n=2j-1

T'({+2 .,f 2.1
—( ] ), 71—2j ( 3)
(

Cen = (=1)/22

for j € N. From

_ (-1 2%
sincz = 22]+1 ) ze(C,

it follows that

-
2j+1

(sinc 7:)(2]‘)(220 = and (sinc Z)(Zj_1)|z:o =0, jeNN. (2.14)
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Employing (2.13)) in and simplifying lead to

k
T2n +k —m, k —m)
Zé(—l)’” @n 1 k= =0, 0<2n<keN.

Letting f(z) = sincz in (2.1) and utilizing the values in (2.13) and (2.14) give

1 1 —1)2n—k-1 C2n-k-D=
BZn_l,k(o,—— 01, & ( )

3"5""'2n—k+lsm 5 ):0, 2n—1>k>0
and
1 1 (_1)2n—k . (zn_k)n)_ n+k " : j T(Zl’l-l-],])
Bm(o, 305 g sin ) = 1y Y (1) G ek

j=0

These two conclusions recover [19, Theorem 3.1].

3. Maclaurin’s series expansions of real powers of functions

As the second step to reach our aim, by virtue of the explicit formula (2.1) in Theorem[2.1} we will present
a general formula for C,, in terms of the sequence C;,. In other words, we give an explicit expression of
the series expansion (1.4) in terms of the sequence Cj,.

Theorem 3.1. For j € INg and a € R, if the series expansion (1.2) is valid, then

n (—Oé) k k
Can=) 4 Z(—l)q( q)f“—q«»cq,n, (6.1)
k=0 q=0
that is,
o rn (—0[) k k o
f1@) = Z[ T Z(—l)q( )f“‘q<0>cq,n];, (3.2)
n=0Lk=0 7 g=0 q ’
where
m—1 ’ , m=0
(A)’”:g(“]):{A(A+1)-.-(A+m—1), meN (33)

denotes the rising factorial of a complex number A € C.

Proof. For n € Ny, the Faa di Bruno formula, see [2, Theorem 11.4] and [3, p. 139, Theorem C], can be
described in terms of B, x(x1, X2, ..., Xp—k+1) by

n n

ddzn Fo f(z) = I; F®( f(z))Bn,k( @ f'@,..., f"FD). (34)

Applying to F(u) = u® and u = f(z) yields

dl’l
dz"

@) = Y FOwWB.(f' @), £ @), .., [ ()
k=0



F. Qi et al. / Filomat 37:28 (2023), 9469-9485 9476
= Y (anuFB(f(2), @), fOH)
k=0
=Y (@ F@Bui(f @), £/@), .. [ ()
k=0

= Y @ f OB (0), £7(0), .., f47D(0))

k=0

as z — 0 for n € N. Employing the formula 2.1) in Theorem [2.T|results in

(24
Con = lim L_fa )

==2:<ahfw*GDBnk(fTOLf”(0L-~,f“‘“4V0»

a— f (0 Ck—m,n
‘Z<“>f ‘© Z( V' =)

m=0

Eedor R

k=0 m=0 (k = m)!

- ”Xu%ywom

k=0

The proof of Theorem B.1]is complete. [J

Example 3.1. Maclaurin’s series expansion (2.4) was generalized in [13| Section 4] as

arcsint\* " (—a)k 2n+k "
(= ) 1+Z( 1)[ T Z(— ( )Q(q,Zn 2)](21‘)2 (3.5)

for a € Rand |t| < 1 by rediscovering a special case of and the closed-form formula @2.8), where Q(k, 2n;2) is

given by @2.5).
In the formula (3.1), taking f(z) as the one in 2.9) and using the expression (2.10) arrive at

2n—-1

a2n 1= Z<a>kz ,((kl) Ck m2n-1 — =0

and

Coon = Z<a>kmz mi(k m)lck mz2n

gy
—Z<a>kz '(k m)|ck—m,2n
k-1
) nn2n Q(k —-m, 21’1,’ 2)
- Z<a>k2 mi(k — m)u( 1)"2? k—m+2n
Qi
2l K (w1t Q(¢,2n;2)

=) (@ (- ="o
Z C = o D)
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) : 21 + k) 22" (2n)!
=1 2(2n+l];'z B )(k é’)(t’+2 T 222

=1

forn € IN, where we used the relation (1) (a); = (@)x. These results coincide with Maclaurin's series expansion (3.5).

Example 3.2. In Maclaurin’s series expansion (3.2), taking f(z) = sinc z and applying the formula [2.13) yield

Y\ 1y12 3 k 1y TEE )
sinc® z = nzzé(— ) [;(_a)k;(_ )m]z '

where (—a)y is defined by (3.3). This conclusion recovers the first Maclaurin’s series expansion in [19, Theorem 4.1].

Example 3.3. Taking f(z) = * gives
(o) Zn
F=@)f=) K=, kel
n=0

This means that
Cin=k", kelN, nelNp. (3.6)

Substituting this into (3.2) in Theorem [3.1|arrives at

o rn k
- (=1)" (k= m)" | 2"
¢ Z[Z<“>" mt (k—m)! ]E

results in an identity

n k
Z“‘)k Z( ()= mr = Y5 Y o (e -, 7)
k=0 T=0

where a € R and n € INy. Since the Stirling numbers of the second kind S(n, k) can be analytically computed by

(_1)k - _ l’k " .
S(I’Z,k): k! ;0( 1) ({J)g/ n >k e Np;

1, 1’l=k€N0,

(3.8

the identity (3.7) can be written as
n
Z S(n,kay =a", a€eR, nelN

This is a recovery of the equation (1.27) on page 19 in the monograph [24]]. See also Remark 3.2 in the paper [9].
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Example 3.4. The equation (2.6) can be rearranged as Maclaurin’s series expansions of the power function

In(1+2)1° v s(k+n,k) x"
[nx+x]:nzzas (:;];:l’l) %

for |x| < 1 and k > 0. Meanwhile, the Stirling numbers of the second kind S(n, k) for n > k > 0 can be generated [22]
pp. 131-132] by

(ex _1)k b X
= Zz S(n,K) . (3.9)

The equation (3.9) can be rearranged as Maclaurin’s series expansions of the power function

Y1V o Sk + 1, k) X
(exl)zz ((’%:; )%’

n=0

See also [16, Section 2]. Applying the result in Theorem [3.1|yields

[ln(l +x)] Z[Z( )k Z(_ (€)S(n(:+f; f)]n' (3.10)

and

-1\ X[\ ok v, ofK\St+ 602"
( - )_;LO . KZ:(;( 1) (f’)—(";") ]n!, aeR. 3.11)
Taking o = -1 in (3.10) gives
(K\s(n+£,0)]z
ln(1+x) nza[kz;i[z;l(_ )() (”+f) ]n!'

Comparing this equation with the generating function

(o]

X n
In(1 + %) =) bux

n=0

of the Bernoulli numbers of the second kind b, results in

n k
b, = %Z Z ( )S(”;f; a2 (3.12)
" k=0 (=0

for n > 0. The formula (3.12)) recovers the ﬁrst result in [21), Theorem 3].
Interchanging the order of double sums in (3.12)) shows that

=L EoEl

T =0 k=t

(3.13)

s(n+¢,6) n+1\s(n +¢, )
e Z<‘ (£+ 1)(—;)

The last formula in (3. 13 is not appeared in the papers [11) 12} 14, (17,120, 21]].
Setting a = =1 in (B3.11) and interchanging the order of double sums lead to

S ix el

n=0
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il
¢

n=0 ‘\{=0 k=t
vy [n+1\S(n+¢,0)]z"
LR el

z - z
ez_1:ZBn— +ZB2n )', |Z|<27T

of the classical Bernoulli numbers B,, reveals
2n+1\S2n+¢,0)
¢
By, = Z( D) ( £+1 ) (2n+€) (3.14)
¢
and

2”2” i 1){,(2;1 + Z)S(Zn +6+1,0

t+1 (2n+[€+1) =0 (3.15)

=0

forn > 1. The formulas (3.14) and (3.15) recover the last formula in [[7, Theorem 1].

4. Maclaurin’s series expansions of composite functions

Under the assumption that the series expansion (1.2) is valid, we now derive a general expression for
Maclaurin’s series expansion of a composite function Fo f(z) around z = 0. As an example, from this general
expression, we will present some new results of the Bell numbers B, which are generated by

iz - z"
e = eZ(il)“Bna. @.1)
n=0
For more knowledge about the Bell numbers B, see [1, Section 2.1] and related references therein.

Theorem 4.1. For j € Ny and a € R, if the series expansion (1.2)) is valid and the composite function F o f is defined,
then

n

° E®(£(0)) n
Fof(z) = Z[Z(—l (f ©) Z( 1) ( )fk‘q(O)Cq,n]%, 4.2)
n=0L k=0 '

where, if (0) = 0, we regard 0° as 1.
Proof. From the formulas (2.1) and (3.4), it follows that

lim

z—0

- ; tim FOF@) lim Bui(f @), @) ., f* D)

= 2 FOf(0)Bui(f/(0), £7(0), ..., f*D(0))

0 C mn
—ZF“’(f(O»Z,( 1" m,)(k" o
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Fk

2( f—r (f o) 2( m( )f”((»cq,n-

k=0

The proof of Theorem [4.1]is complete. [

Example 4.1. We can regard the generating functz'on e of the Bell numbers B, as a composite of the functions
f(2) = F(z) = e*. Combining this with the formula (3.6) in Example[3.3|and applying the series (4.2) in Theorem

yield
o n k o rn k
v o ()" (k—my ]z 1)m (k — my" ]2
y ‘e+2[ze m! (k—m)!}m_ Z[ Z (k- ]_‘

k=0 m=0

Comparing this series with (4.1) gives By = 1 and

K1y (k " .
b= mZ‘(ri') ik-"ni)y Zk,ﬂ D ( )<k—m>”=k§sm,k>

m=0

for n € N, where we used the formula (3.8). Consequently, we recover an explicit formula for the Bell numbers B,, in

terms of the Stirling numbers of the second kind S(n, k). For new properties of the Bell numbers By, please refer to [}
Section 2.1] and the paper [15].

Example 4.2. We now consider Maclaurin’s series expansion of the function sin(sin z). For this, we write the series
expansion (2.11)) as

p y 2]+€
in2j
(sinz)’ = {1 ;)‘( 1)2UT(€ +2j, () ——— GTh
This means that
0, n<f¢
Cen =140, n=0+2j-1

(=1 2YT(C +2j,0), n=E€+2]f

for j € No. Substituting this result into the series in Theorem[4.1)and simplifying arrive at

00 n
L T2n+1,2k+1)] 22!
— _1\1 2n 7
sininz) = ) (-1)'2 [Z 2% Qn Dl (4.3)
n=0 k=0
Alternatively, by virtue of the formula (3.4), we have
M Z(SIn ) k)B’1 k((SIH z),(sinz)”,. .., (sin Z)(n—k+1))
dz" =
= i sin(u + E)B (sin(z + E) sin(z + 2_71) sin[z + —(n —k+ 1)71])
- 2 nk 2 i 5 IRy 5
k=0
n
ko, (. om 21 _(n—k+Dn
- ; sin ?B,Lk(sm 5 sin o sin T)’ z—0,

where u = sinz — 0 as z — 0. Further making use of the formula

7

Bn,k(l, 0,-1,0,...,sin P07 G (1= k2+ 1)”)

- (—1)”—k2"-’<[cos @]T(m 0, (4.4)
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which is a variant of the formula (1.15) in [[18] Section 1.6], we arrive at

lim w = i(sin %)(—1)”*]‘2”*"[005 @]T(n, k)

z—0 dz =0
m—1
2m—2k -1
Z(—l)kZZ’"_Zk_l[cos M]T(Zm, 2k+1), n=2m
k=0

- 2m — 2k
Z(—l)k2z’"—2k[cos M]T(Zm F1,2k+1), n=2m+1

k
0, n=2m

(—1ym2n Z T2m+1,2k + 1)’

2% n=2m+1

k=0

for m € INy. As a result, the series expansion ({4.3) is derived once again.

Similar to the formula (4.4), in terms of central factorial numbers of the second kind T(n, k) defined by (2.12),
another two formulas in [[18] Section 1.6] can be rewritten as

1— (_1)n—k 1-— (_1)n—k+1
2 ! 2

Bn,k(l, 0,1,0,..., ) = 2T, k)

and

1+ (-D)"* 1+ (—1)”k+1) _ @Rt (n, 20)

B}’l /1/ /1/--~/ V2 =
"‘(0 0 2 2 K)!

Finally, we notice that the formula

m-kn  (m-k+1)n nr\ (=1 = (1) (k) x= (€ .
B,,,k(O,—l,O, 1,...,cos 5 /cos > )= (cos 7) T Z 5 (K)Z(q)(Zq—{’)

deduced in [[18, Section 1.6] seemingly cannot be represented in terms of central factorial numbers of the second kind
T(n, k).

Example 4.3. At the website https://math.stackexchange.com/a/4249446, the author Feng Qi gave an
answer to a problem as follows.

The hyperbolic secant function is defined by

2 2¢e*
sechz = = .
e+e? 1+e%
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Then, when setting u = u(z) = 1 + e%, by virtue of the Leibnitz rule and the Faa di Bruno formula (3.4), we obtain
d"sech”z _,d" e*

dzt  Cdz'(1+e¥)n

k
ok et Z(uf‘)‘)(‘))Bk,g(u’, u’ . u(k—€+1))
(=

¢ 4.5
pan k i uat (4.5)
n k
=20 ) (o Y -ad(1+€¥) T2 B (L, D)
k=0 =0
n k k a(a+20)z
n\ L,k 20+e
= Sk, —_—
— (k)a — ( )< (X)g( +e2,z)a+£’

n k
=sech®z Z (” o'k 2 S(k, 0)(—a)e2"¢(1 + tanh z)°

=0

for any real number a # 0 and any integer n € INy. In particular, for n € Ny, taking a = 2 in the above formula (4.5)
yields

;—; sech’z = 2" sech?z Z ( )Z( 1) ——— G+ 1) S(k ) (1 + tanhz)’.

Now we continue to cultivate the above derivatives. From the above derivatives, we arrive at

n

dn n . ] .
a, _ n—j _ j~tc(s
?—{n_dz sech”z = E (],)oc ;:0< ) 27°5(j, )

j=0

forn € Ng and a # 0. In other words, the series expansion

0 n i n
sech®z= Y| a"[ZO‘ (’;)(E)J ; <_2”;>‘5( i 5)}% (4.6)

n=0 j=

is valid for |z| < § and a # 0. In particular, letting o = 1,2 in {.6), we deduce

sechz—Z[Z( )2]2( = 5(],5)] ) |z|<g 4.7)

n=0% j=0

and

j n
sech?z = 22[2( .)Z(—l)" (¢ ;1)!5(]',5)]%, 2] < g
0 = =0 :

In [4, p. 42], it was listed that

X2 5x* 6l1x® = Eop e
hy=1-2 422 _ 9% . Lok ok T 4.
sechx 2 " 24 " 70 ; TR Y (4.8)
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where E, denotes the classical Euler numbers with Ez,.1 = 0 for n € No. When comparing @.7) with (.8), we find
two identities

2n-1

2n—1 £!
21y (- 1)5 -5(j, ) = nelN
L (P
and
EZn_Z(Z”)sz( 1)5 5(],5) n € No. (4.9)

The identity gives an explicit formula for the Euler numbers Ey, in terms of the Stirling numbers of the second
kind S(n, k).
Setting « = m € N in gives

o n j "
sech” z = Z[Z (?)mn_j Z(—l)g(m)ﬂj_fs(]) 0) %, lz| < g
=0 ’

n=0"j=0
This means that

n

j
Cpun = Z( )m" ]; (=1)(m);27S(j, €) (4.10)

j=0

form € N and n € Ny. Considering the formula 2.1) in Theorem 2.1|reveals

D g,k
B2y-14(0,E2,0,Ey, ..., Ezyg-1,E2ng) = Z(—l)q(q)cq,znl

k!
q=1
k 2n-1 j (11)
1 k-q k 2n -1 2n—j-1 i~taq:
=S 2 V)Y T ) Y a2 s o)
T g=1 q j=0 ] =0
for2n—1>k>0and
1 -
BZn,k(OIEZrOrEAIr”-/EZn—k/EZn—kH) = Z( 1)'7( ) 421
= (4.12)

2n j
Lo (B oo
=l q =0 J =0

for2n>k>0andn € N.
Comparing @.11) with 2.7) results in

2n-1

j
Z( 1)%( ) Z (2” 1) Py (—gy27708(j ) =0, 2n-12k>0.
=0

Substituting @.10) into the formula (B.2) in Theorem [3.1|shows

sech“z=1+i[ C 0‘)" Z( 1)q( )Z( ) " JZ< 92" fS(],f)]
k=1

n=1
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for |z| < 5 and a # 0. Comparing this series expansion with leads to

= Z( o )Z( o JZ< Pi21S(,0 = 2(’;)an—fi<—a>ng-55<j,€)
=0

j=0

forne Nand a € R
Generally, the formula (4.10) and the series expansion (4.2) in Theorem or the formula (4.12) together
with (2.7), can be applied to derive Maclaurin’s series expansions of the composite function F(sech z) around z = 0

only if the derivatives F™ (1) for n € Ny are computable. Now we discuss Maclaurin’s series expansion of the function
sech(sech z) around z = 0 as follows.

Lettinga = 1in and taking the limit z — 1 lead to

dfsechz ( )
lim ———— = (1) 127741 + tanh 1)’ (sech 1)S(j, £), ke N
N4y f .

-1 dzk
j=0

Combining this with @.10) and [@.2), we obtain

sech(sechz) = sech 1 + (sech 1) Z(Z (=1)

n=1 ‘k=1

k j
[Z (I;) D (-1 277 (1 + tanh 1)/}, 0
=0

j=0

k k n ] j ) n
(S5 (e B sl

9=1 j=0

for |sechz| < 7. Since sech(sech z) is an even function, we acquire

o j
sech(sechz) = sech 1 + (sech 1) Z(Z (-1 [Z (';) Z(-l)%zf—fa + tanh 1)/S(j, €)
—~ -

=0
x i(—l)"k ZZ s ’Z< Y@ sG,0]) 2
L \g) P2 ey

for |sechz| < 7 and

2n—1

kr k j
2 = 1) [Z (k)z( ‘e f(1+tanh1)"5(],£)]
k=1 j=0 J =0
k k 2n-1 j
X (—1)q( ) ( ) 271y (-1)4(g) 2f—55(j,5)] =0
forn € IN.
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