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Abstract. In this paper, the initial-value and the final-value Abelian theorems are presented for the
continuous fractional wavelet transform of functions and distributions. An application of these Abelian
theorems to the continuous fractional wavelet transforms is also investigated by using the Mexican hat
wavelet function.

1. Introduction and Motivation

The fractional Fourier transform, which was studied by Luchko et al. [9] in the year 2008, plays a
significant role for finding fractional derivatives (see, for details, [8]). Later, in the year 2010, Kilbas et al. [7]
discussed the composition of the fractional Fourier transforms with some modified fractional integrals and
fractional derivatives. More recently, the calculus of pseudo-differential operators, which are associated
with the fractional Fourier transform on the Schwartz space, were considered in [10] and [31]. Motivated
by these and other related developments, Srivastava et al. [19] investigated various potentially useful
properties of the continuous fractional wavelet transform.
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The theory of the Hankel transform, which was presented by Haimo [3], was applied by Srivastava et al.
[22] who introduced the fractional Bessel wavelet transform and studied the associated Parseval formula
and the inversion formula, and also considered a discrete version of the aforesaid transform.

Abelian theorems are known to be useful for finding the initial value with the help of the final value and
also for finding the final value by using the initial value by means of several different integral transform
techniques. Many authors have used these integral transform techniques to investigate Abelian theorems
in the classical sense as well as in the distributional sense. For example, in the year 1955, Griffith [2]
proved a theorem concerning the asymptotic behavior of the Hankel transforms. Later, in the year 1966,
Zemanian [36] considered some Abelian theorems for the distributional Hankel transformation and the
K-transformations. Hayek and Gonzélez [4] established Abelian theorems for the generalized index >F;-
transform in 1992. Pathak (see [11] and [12]) investigated the Abelian theorems for the wavelet transform
by applying the theory of the Fourier transforms in 2001. More recently, in the year 2020, Upadhyay et al.
[33] established the Abelian theorems for the Bessel wavelet transform. Abelian theorems for the Laplace
transform and the Mehler-Fock transform of general order over distributions of compact support and over
certain spaces of generalized functions were proved by Gonzdlez and Negrin [1] in 2020. Subsequently,
in the year 2022, Prasad et al. [13] studied the Abelian theorems for the quadratic-phase Fourier wavelet
transform.

In this sequel to the above-mentioned developments, our main objective is to investigate the Abelian
theorems for the fractional wavelet transform in the classical sense and in the distributional sense. In
our investigation, we apply the techniques which are based upon the fractional Fourier transform. As an
application of the Abelian theorems to the continuous fractional wavelet transform, we make use of the
Mexican hat wavelet function (see, for example, [28]).

2. Definitions, Notations and Preliminaries

In this section, we first present the definitions and notations which we shall need in our present
investigation (see, for details, [7, 9, 10, 12, 19, 34]).

Definition 1. Let @ € (0,1]. The fractional Fourier transform of order « is defined, for a given function ¢,
by
Pulw) = Fa)) = [ etmomtgmar (weR), 1)
R

provided the integral on the right-hand side of Eq. (1) is convergent.

Definition 2. The inverse fractional Fourier transform of #,¢ of order «a is given by
Fa (Fad)x) = . f e N (Fg)w) dw (Y x € R), (2)
2na Jr

provided the integral on the right-hand side of Eq. (2) is convergent.

Definition 3. The Schwartz space S(IR) is the vector space of all complex-valued infinitely differentiable
functions ¢ on R such that, for all indices 8, ¥ € Ny, we have

T OE sup IxP (DY )(x)] < 0. 3)

Definition 4. A sequence (¢;) of functions in the Schwartz space S(IR) is said to converge to zero in S(IR)
(denoted by ¢; — 0in S(IR)) if, for all indices 8, ¥ € Ny, we have

suH}; Ixf(D?¢;)(x)] — 0 (j — ).
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Definition 5. A linear functional T on S(IR) is said to be continuous if, for any sequence (¢;) of functions in
S(R) converging to zero in S(R), we have

T(¢)—=0  (j— o).

Continuous linear functionals on S(RR) are called tempered distributions and are denoted by S'(R). If
T € S'(R), then T : S(R) — C is a continuous linear map such that

T($) = (T, d) for all ¢ € S(R).

Definition 6. A sequence (T)) of functions in S'(R) is said to converge to zero in S'(R) if, for any ¢ € S(R),
the sequence (T, ¢) converges to zero in C as j — oo, C being the set of complex numbers.

Definition 7. We denote by D(IR) the set of all complex-valued infinitely differentiable functions on R
having compact support. Moreover, D'(R) is the dual of the space D(RR) and its elements are called
Schwartz distributions. The space of all those distributions in ©'(IR) that have compact support is denoted
by E(R).

Definition 8. Let [P(R")(1 £ p £ o) be the space of measurable functions on R" with the norm || - |l,.
Suppose also that 1) € L*(R) and 0 < & < 1. Then the fractional wavelet 1, ,5(t) is defined by

Poun(h) = ) (@#0; beR). (4)

|a|i ( la]

Definition 9. Let i) € L*(R). Then the continuous fractional wavelet transform of a given signal ¢ € L*(R)
for 0 < a £ 11is defined by

(Wy )b, @) = (b, Parap)

f M%w w)' ©)

From Eq. (1) and Eq. (4), we have

Fo($anp(®))(@) = e G ), (6)
Let ¢, 1 € L2(R). Then the Parseval formula (see [19]) for the fractional Fourier transform is given by
() = <mﬂ&mwwm. 7)
In view of Eq. (5), Eq. (6) and Eq. (7), we get the following relation:
1 too 1 L - —
(Wo0)(b,0) = 5— I I @) (aw) de (8)

3. Abelian Theorems for the Fractional Wavelet Transform of Functions

In this section, we present the initial-value and the final-value theorems for the fractional wavelet trans-
form of functions.

Let us suppose that

ba(w) = O(wl*)  (jw| — 0) 9)
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and that
1+1< < +1+l
q SIS H a

Then the following integral:

© = 1_
| Pttt do
is convergent.

We now set

f Ya(w)fw]s ™ dw = Fi(a, 7).

Theorem 1. (Initial-Value Theorem for the Fractional Wavelet Transform)
Let

1 1
1+ — 1+ — d 0.
to<n<ptl+- and p>

Assume also that L
lw]x Mpa(w) € LY(R),

o) M (M >0)

and L
w1 pa(w) € L1(6, o0) (¥ 6>0).
If
Ihlmo(zna)*ﬂwr“@a(w) = Fa(a, 1),
then

lim a!~7% (W%(p)(b, a) = F1(a, n)Fa(a, 1)

a—0o0

Proof. From Eq. (8) and Eq. (10), we have

|a1—n+i (W%¢)(b, a) — F1(a, n)F2(a, '7)|

1 0 . 1 1 — —
— 1—n+% i(sgn w)lw| @ by, 15 —1 d
i [ e [l Ba(w)u(aw) duw

0

= Fa(a, 1) f Yalaw)lawlsa dw|

— - 2 -1 ,i(sgn w)\w\%h 1q 1=0,,1~ 140 & 0 d
=a | (2ra)e law| = aw|™w| ™ M po(w)a(aw) dw

~Faa,n) [ Gl Ml )
— LZ‘ f [(zna)—lei(sgn w)lw\ﬁb|w|—1+n$a(w) _ Fz(a, 77)]

. |aw|1_”|aw|%‘1$a(aw) dw

. 1 —
< asup |(2ma) B O g TGy, (w) — Fo(ar, 77)’

[w]<5

9456

(10)

(11)

(12)
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: f law]! Mazw] =~ i, (aw)| duw
lw|<d

a f
[w|>6

1- 1,7
law| Maw]« ™ [P (aw)| dw
S sup

) 1 —~ oo —
(Zna)—lez(sgn w)lw|@ b|w|_1+'7¢a(w) — Fy(a, T])‘ f |w|%_’7|17[;a(w)| dw
wl<d —o

1_
+ Ma'ta Uf
|w|>6

Since lei‘”;ﬂa(w) € L(R), there exists a positive real number M; such that

2 =1 ,i(sgn w)lw\%b 1+ —F
(2ma)~"e w1 pa(w) = Fa(a, 1)

(2na)—lei(sgn w)lwl%b|w|—1+n$a(w) — Fa(a, n)hwﬁ—fz dw. (13)

f [l Mio(w)] duw = My < oo.
Also, for any € > 0, we have

. 1 — €
sup |(2na)—1ez(sgn zu)\wlab|w|—1+n¢a(w) — Fo(a, T])| < TR
[w]<5 1

by choosing 0 small enough.

Next, sincenp > 1 + %, we find that

1
1427,

a -0 as a —

and that the integral in the second term of Eq. (13) is convergent. So, for any € > 0, we can make the second
term in Eq. (13) less than 5. Hence, for any € > 0, we have the following consequence:

|t~ (W, ) (b, @) — Fa(@, Fa(e, )| < €
for sufficiently largea. [

Theorem 2. (Final-Value Theorem for the Fractional Wavelet Transform)
Let
1+l< < +1+l and >0
P o >
Suppose also that
[l () € L' (R)

and that _
[l = o(w) € LY(-X,X) (¥ X > 0).
If
lim (@)= O 141G, () = Fa(e, b, ), (14)
then

nn(}al—'ﬁfw(w%(p)(b, a) = Fy(a, n)Fs(a, b, ). (15)
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Proof. In view of the proof of Theorem 1, we find ¥ X > 0 that
—n+l
|15 (Wy, §)(b, @) — Fi(t, m)F3(ct, b, )|
. 1 —_
sa [ (emay teten e G, ) - Fa(a, b
wl<X
- lawlMaw] = (aw)] dew
1, LT T ey
+ af |(27wz)_ ez(sgn w)|w|@ | +n¢a(w) _ 1:3(“’ b, 77)|
lwl>X
- lawl Maw] [ (aw)] dew
X
< ul—q-%—% f |(2na)—1ei(sgn w)|w|%b|w|—1+1]¢a(w) _ F3(0€, b, n)l
-X

"Mool 7 | (aw)| dw

. 1 —
+ sup |(2ra)teSEn WIITb T4y () — Fa(a, b, 1))
[w|>X

: f : ol el ()] dov.
Thus, by using Eq. (9), there exists a positive constant M, > 0 such that
[$a(@w)] < Ma(alw))".
Hence we have
|t~ (W, ) (b, @) - F1(a, n)Fs(a, b, )|
< Mpat*1mmts f i |2rct)eEn WG (w5) — Fy(a, b, mleol | fewl 14 o

2 -1 i(sgn w)lwl%vb 1+ B b
+ sup |(2na) e [ () — Fa(a, b, )|

[w|>X

- f 0t G ()] dw. (16)

00

Now, since both of the integrals on the right-hand side of Eq. (16) are convergent and
1
1 —
n<l+—+y,

therefore, as a — 0, the first term can be made less than 5. Also, for sufficiently large X, the second term,
which is independent of 2, can be made less than 5. Hence we obtain

|15 (W, )b, @) — Fi(a, Fs(a, b, )| <

for sufficiently smalla. O

4. Abelian Theorems for the Fractional Wavelet Transform of Distributions

In this section, Abelian theorems for the fractional wavelet transform of distributions are investigated
and their properties are obtained by exploiting the theory of the fractional Fourier transform.



H. M. Srivastava et al. / Filomat 37:28 (2023), 9453-9468

Definition 10. Let ¢ € S'(R). Then the fractional wavelet transform of the distribution:

[l pa(w) € S (R)

is defined by

(Wy, @) b,a) = (|w| (@), ¢ G (1)),
Theorem 3. If ¢ € S'(]R), then the differentiability of the fractional wavelet transform:

(Wy0)(®,0)
is exhibited by
3 m 8 n
(G) () (o)
1 197 . IV i(sgn w)lwl & b 9\"=
= (el g (w), (isgn wll)'e () ataw)

for a > 0 and for all m,n € Ny.

Proof. For h > 0, we have

h[(Wwa 0)(b,a+ 1) — (W, 6, a)] 1 <|w| 1), 80 WltE &9 Pulaw))
= ﬁ(m L pa(w), el“gnw)'wl“b[}ll(gb (@ + hyw) - Ya(aw)) - £¢a(aw)]>.

Thus, clearly, we have to show that

'8 w)'w'}lb[%(%((a + hyw) = Polaw)) - %lj)\a(QW)] —0in S(R) as & — 0,

since

Fula 1) = o) - %%(aw)}”

m-=r
i ) pilsgn w)w}vb:|

S»
—
|
~——
—

=~

w

ag

=]

=

g

[

S
—_——
| =
A\

o {3 (ot - Tt - ww}”

m-r
J ) ei(sgnw)w}«b]

() Tt = 37 Fotow) - 5155 %(aw)}‘

m—r
i) ilsgn o) ab]

G- ) )e

9459

(17)

(18)
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k - (m i " i(sgn w)lw|a b
NG CoIE

r=0

N AR

HalEBEE
k . m im_r i(s: nw)w%b
RN e

7

IIA

IV \=
[52) ) e

Now, from [31, p. 535], we can write

m-r
9 pi(sgn W)l b
Jw

h
p SUP

S
afuga+h

(ib)e“sgnw)lwl%b(g)(i - 1)(5 - 2)(1 —(m—-1)+ 1)
1(m —r)!

=(m-r)!

. Iwﬁ—(m—r)(sgn w)m—r+1 T
(ib)mfrei(sgn w)|w)| & b_1

am=r

anm=rim —r)!

[w] & =" (sgn w)z“"‘”]

— (m _ i’)'[/h (ib)ei(sgn w)lwl%h(sgn w)m—r+1|w|%—(m—r) Foeen

m=r

+ Ay (ib)" T e/8" w)|w|%b(5gn W)X | w—(m—r)],

where A1, Ay, -+, A,—, are constants.

Next, from Eq. (20), we have

m-r
‘(i) ei(sgnw)|w|%b
Jw

< (m - r)!(|A1||b||w|1-<"’-f> +oot |Am_r||b|m—f|w|<’"-’><i—”).

Hence, by using Eq. (19) and Eq. (22), we obtain

wk(%)m((gi(sgn w)|w|fl‘b[%(1¥}\a((a + h)W) - Q}\a(ﬂw)) - %{b\a(aw)])’

m .
< (r)(’” - r)!(|A1| R 17 |w|<m-f><i-1>)
r=0

2

A2/

By substituting uw = z into Eq. (23), we get

© 5 sup
2 afuZa+h

wk(%) pilsgn w)lwlib[%({b\a((a + hyw) - g'b\a(aw)) - %g’b\a(aw)”

9460

(19)

(20)

(1)

(22)

(23)
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<ot )
2,

r=0
r+2
k+2 r=2-k J
u —
0z

“+ A"

Val(2)

z

h
< (r)(m -l = [Iz‘hllbl sup |z

=0 zeR

1 o 2=
k+2+;7(m7r)
( 5) @

1
cosup ul RO A B
afuZa+h

r+2
Zk+2+(m—r)(;—l)(i) m
0z “

- sup
zeR
- sup |u|r—2—k—(m—r)(}'—1):|
afuZa+h
h m
k=1
= EZ( )(m—r)'[mlnm sup u" 2
=0 asuZa+h

’ Vk+2+}y—(m—r),r+2(laba) SRR o V2 P ]

1
- sup |u|r727k7(m7r) 1D

asuZa+h

‘Vk+2+(m—r)(;—1),r+2(¢a)] — 0 as h—0.

Hence, finally, we find that

Wy, 0)b,a+ k)~ (Wy,d)(b,a)
lim
h—0 ]’l

_ 1 117 7(sgnw)|w|%bi"
=5 — ([l palw), e 8a¢a(aw)>.

Similarly, we can prove the differentiability with respect to the variable b and, in general, we can find
Eq. (18). O

Theorem 4. Let (W%qb)(b, a) be the fractional wavelet transform of the following distribution:

w5~ Ga(w) € S (R).
Then, for large k and a > 0, it is asserted that

(Wy,0)b,a0) = O(a™* %) (@ 0); (24)
= O(aZk‘g) (a — o0); (25)
=0(a (1 +a) (bl -0y (26)
= O(a™* 1+ a ) (bl oo). (27)

Proof. Inview of the boundedness property of generahzed functions (see [35, p. 111]), there exists a constant
C > 0 and a non-negative integer k depending on Joo 1(i)o,(w) such that

[(Wo.0) ] 5 Csup |1 + a2y () [elsn W, o)
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k

—c sup 1 +w2)k;(§)[( % )Sei(sgnwmm%b] , [( % )k s (gw)]‘
SRy k\(k r asisnww% d \fs—~
-cun B R (e () T

On the other hand, in view of Eq. (22), there exist positive constants A;, Ay, - - - , As such that

k

ZZ()( )wz’S' Aol feof 35+ -

s=0 r=0

(Wy, )b, )] < Csup

+ Al - |w|;—s] ) [(%)k_s%(aw)]‘.

Thus, upon setting z = aw, we can find that

Q,Z(s)(r) St
)R]
ii(s)( IS

5=0 r=0

|(w¢ ¢))(b a)| < Csup

< Csup

d \k-s

+ AJBF B |Z|zr+;%—s] : [(E) B %(Z)]

k k .
sC Z Z (’;)(’;) s! [A1|b|gk*i*2V sup |Zzy+§fs< % )k

k—s ~

. I:U\a Z)| + oo+ Agbfaki sup |Z2r+§75(;z) ¢a(Z)|]

k k
=C Z Z (I;)(I:) st [Al|b|gk7%72?7/2r+%—s,k—s(iga(z))"'

5=0

S As|b|sak_§_ZrV2r+§—s,k—s({/}\a(Z))]/

that is, that

kK k
(LR ED WY (k)(k) A 2 (70)

s+ AfbPa k= )/2r+7—sk s(l,[’a(z))]

= (k\(k i ~
()() A s (2
=1

) k k Ay . —
=C Z Z S)(V) s! Aslblsﬂk_E_ZrVZHf—!—s,k—s(ﬂl’a(z))

(k a7 ¥a"5 (o + [b])*
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=C'(1 +a 2y a5 @a + b)) (28)
Thus, from Eq. (28), we are led to the assertions given by Eq. (24), Eq. (25), Eq. (26) and Eq. (27). O

We now state and prove our next result (Theorem 5 below) which is useful to obtain Abelian theorems
for the distributional fractional wavelet transform. For this purpose, we assume that

D*§a(w) = Owl"), | =0 (Vs €N (29)
for some real number p.

Theorem 5. Let 1 € S(R) and ¢ € S'(R) be distributions of compact support in R. Then

_ 1 197~ i(sgn w)lw| &b
(W) ) = 5 (Il Guw), " 10, )
is a smooth function on R X R, and satisfies the following condition:
(Wy,0)®,0) = O(a*(1 +a+ b)) (lal > 0; ke N). (30)

Proof. Let¢ € S'(R). Then, from Theorem 2.3 of [31], we have @ € S'(R). We assume that aa is of compact
support K c R. We also let A(w) € D(RR), the space of all C*-functions of compact support such that A(w) = 1
in a neighborhood of K. Therefore, we get

(W 0)0,0) = (0" Gu(w), &8 G, )
= ﬁ<|w|%—laa(w)’ /\(w)ei(sgn w)|w\%b§b\a(aw)>‘

So, by Theorem 3, (W%(p)(b, a) is infinitely differentiable with respect to the variables b and a. Thus, by the
boundedness property of generalized functions as used in Theorem 4, we have

[(We. )0 0] = =t G, 8 155

<C max sup ZU[A(w)ei(sg“ W)l b fp\a(aw)]'

wekK

< Cmaxsup Zr: (;)'(D;}—n/\(w))[)n ( i(sgn w)lew| & blp (aw))'

7

wekK 3720
<C max sup Z ( )' D’U‘”)\(w)) Zn: (Z)(D;’U_Sei@g“ w)lwl%b)(D;};b\a(aw))‘.
wek 1p 5=0

In view of Eq. (22), there exist positive constants Ay, - - -, A,—s such that

|(W% )(b a)) < Cmax supZ‘Z( )( ) D’ ”A(w)))
weK =0 s=0
(n - s)!(Aﬂwaﬁ-("-S’ TR An_s|b|”-5|w|(”‘s’(3"1))I(Diu%<aw>)l

<c mgxsupZZ(r)(”) (DA w) [ZAIM el =079 (D3 a)|

wekK 3120 s=0
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< C" max sup Zr: Zn: (;)(:)|b|n—s|w|(n—s)(§—1)as+p|w|y

r
weK =0 's=0

“ - r - L o s+
<C myaxé (n)(; (S)lbl )a

< mraxz (;)(u + Ibl)na”

n=0

” r
= C max (1 +a+ |b|) at,
r
where C” is a positive constant. Hence we have
|(Wy, )b, 0)] < C" max (1 +a + bl) a.
ll)zv 4 = r

O

For the distributional fractional wavelet transform given by Eq. (17), we have the following initial-value
theorem.

Theorem 6. Let @ € S'(R) which can be decomposed into

aa =¢1+ P2,

where ¢y is an ordinary function and ¢ € E' (R \ {0}) is of order k. Also let the real numbers u and 1 be such that
1 k 1
14+ —+2k-— 1+ —.
ot S S<n<ptl+c
Suppose also that

[w]s 1y (w) € L'(R)

and :
[w|e 1y (w) € L1(5,00) (V6> 0),

and assume that

(Wy0)(®,0)
is the distributional wavelet transform of
[wl " o,
which is defined by Eq. (17). Then
lim a5 (Wy, 0)(0,0) = Fa(a, ) lim (2m) ol ™1 (w). (31)

Proof. By Theorem 3, we see that

(W 2)(b,0) = 5=l (@), €514 ()

is an infinitely differentiable function on R X IR,. Furthermore, by Theorem 4,
(Wo,02)0,0) = 0@ %) (@ oo).

Hence there exists a constant C > 0 such that

|a1—/]+i (Wlpa(PZ)(b/ 11)| < Cal—n+i+2k—§ . (32)



H. M. Srivastava et al. / Filomat 37:28 (2023), 9453-9468 9465

Since

1—n+1+2k—k<0,
o a

the right-hand side of Eq. (32) tends to 0 as 4 — oo. Also, since the support of ¢, € Z'(R \ {0}) is a compact
subset of R — {0}, we get

. 1
lim el(Sgn w)lw|a b|w|71+q¢2(w) =0.

w—0

The result asserted by Theorem 6 follows by an application of Theorem 1 with Zﬁa(w) replaced by
¢1 (ZU) O

The following result is the final-value theorem for the distributional fractional wavelet transform given
by Eq. (17).

Theorem 7. Let , ,
1+ - +1+— .
S <<y " (u>0)

Assume thet ?q;a € S'(R) can be decomposed into ?q;a = ¢1 + P2, where ¢ is an ordinary function satisfying the
following condition:

w5y (w) € LI(-X,X) (¥ X >0)
and ¢, € E' (R \ {0}). If (W%(j))(b,a) is the distributional wavelet transform of |w|$‘1$a defined by Eq. (17), then

lim !4 (Wy,0)(b, ) = Fy(a, m)(2ra)™ lim ef66n It 1415, ), (33)

Proof. By Theorem 3 and Theorem 5, we observe that

_ 1 11 i(sgn w)wl &b
(Wa62)(0,0) = 5— (ol o), ey, (@),
is an infinitely differentiable function on R x R, and
(Wy,02)(b,a) = Cat(1 + bl)" as a — 0,

C being a large constant. Since
1
1-n+—+4+u>0,
N+ *H
we have

a' % |(Wy, @2)(b, @)| < Ca'™5 (1 + b)) — 0 as a — 0.

By taking Ega(w) to be ¢»(w), the final result follows from Theorem 2. [J

5. Application

As an application of the theory presented in this article, we consider the fractional wavelet transform
defined by the Mexican hat wavelet function (see, for details, [28]).

The Mexican hat wavelet function i(x) is given by

P(x) = (1 - e 2 (34)
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Also, from Example 1.6.4 of [12], the Fourier transform i(w) of the function 1(x) in Eq. (34) is given by
(w) = V2rfwlte " .
Now, by Remark 5 of [7], the fractional Fourier transform of Eq. (34) is given by

Ya(w) = Y(sgn (w)lw]*)
= V2rjw]ietE (35)

Furthermore, the following asymptotic order of g’D\a (w) holds true:
Ya@) = 0(w?)  (lwl - 0). (36)

Hence, in view of Eq. (8) and Eq. (35), we have the following fractional wavelet transform:

(W%dJ)(b/a): ,_zlnaf ei(Sg“w)‘w‘%blwli_laa(w)luwlﬁe‘%'”w'% dw. (37)

Thus, from Eq. (10) and Eq. (35), we find the following expression of Fi(«, 1)):
Fi(a,n) = f Varwlte ol ] deo
= f VZ_nlwlg‘”e‘%'wl% dw,

which, in view of the following familiar Gamma-function result:

u+1

f T e dy = L r(”—”) (R(w) > -1; min{R @), R(A)} > 0),
0 V/\(T) v

can be rewritten as follows:
3—an+
Fi(a,m) = an%25<4+“‘“’7)1*($) (n < 2 n 1). (38)
Therefore, by a modification of the proof of Theorem 1, for
3
—+1
n< o+

and , .
e a1y (w) € LYB,00) (V6> 0),

and, by using Eq. (38), we find that

1 1.1 3 - + —
lim a5 (W, ) (b, @) = n#23C+a-enT (#) lim ™1, ) (39)
Furthermore, by applying Theorem 2, for
3
—+1
n<o+

and L
s Pa(w) € LN(=-X,X) (Y X >0),
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and, by using Eq. (38), we get

3-—an+a
. 1-n+i — ——3n3(Q2+a—an) Ui
}gr(}a (W%gb)(b,a) 222 F( > )
- Tim 68 Wi () (40)

|w]— o0

Finally, upon taking into account the fact that the kernel {b\a (w) is exponentially decreasing, the conditions
of validity of the initial-value and final-value results are relaxed in this example. By using Eq. (39) and Eq.
(40), we can obtain the corresponding results derivable from Theorem 6 and Theorem 7, respectively.

6. Conclusion

In several earlier developments (see, for example, [7, 9, 10, 19, 31]), one can find that the fractional
wavelet transform has a rich theory and extensive mathematical background. This theory presents a study
of Abelian theorems in the classical sense as well as in the distributional sense. In our investigation herein,
we have established several Abelian theorems of the fractional wavelet transform. Moreover, with the
help of an example, we have shown that the Mexican hat function is a fractional wavelet function, which
contains adquate time and frequency localizations and justifies Abelian theorems involving the fractional
wavelet transform. Upon a systematic survey of the existing literature on Abelian theorems for many
different integral transforms, we conclude that the Abelian theorems associated with the fractional wavelet
transform provide potentially useful information about the initial and final values of the fractional wavelet
transform which we have investigated herein.

We choose to conclude our investigation by referring to several recent developments on the Fourier,
Hankel and several other integral transforms, function spaces, distributional analysis, wavelet analysis, et
cetera (see, for example, [5], [6], [14], [16], [17], [18], [20], [21], [23], [24], [25], [26], [27], [29], [30] and [32]), in
each of which the reader can find some other presumably novel directions of further researches along the
lines which we have developed in the present article.
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