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Tempered fractional Dirac type systems
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Abstract. In this research, we present a boundary value problem for a Dirac system with tempered frac-
tional derivatives. Firstly, the definitions and properties of tempered fractional derivatives and tempered
fractional integrals are given. Next, it is shown that the operator of the corresponding eigenvalue problem
is a self-adjoint operator, that the eigenfunctions are orthogonal concerning different eigenvalues, and in
which case the eigenvalue is simple.

Fractional derivative and fractional integral, which is a sub-branch of mathematical analysis, is the
extended form of derivative and integral to non-integer orders [1-3]. In the fractional derivative and
integral fields, which are known to have emerged towards the end of the 17th century; Many researchers
such as Leibnitz, Riemann, Liouville, Weyl, Euler, Lagrange, Fourier, Greenwald, Letnikov, Laplace, Abel,
Holmgren, Heaviside, Hadamard, Lacroix, and Caputo have done many studies. Mathematical models
created with fractional differential equations have obtained more successful results than classical integer
differential equations. Fractional calculus has been used frequently in the modeling and applications of
problems in the fields of science and engineering in recent years. Fractional calculation technique with
the discovery of its wide application area; transmission line theory, signal processing, chemical analysis,
heat transfer, dam hydraulics, materials science, temperature field problems, oil layers, diffusion problems,
fractal equation, waves in liquids and gases, Schrodinger equation, fluids, physics, and control theory,
analytical and numerical methods are used in many fields such as earthquake sciences. With the spread of
fractional calculations, many scientists have worked in this field [1-8].

Caputo defined the fractional derivative of Caputo in 1967 to eliminate the problem of calculating
the initial values and measuring experimentally arises in the applications of the Laplace transform of the
Riemann-Liouville definition. The difference between fractional analysis from the classical analysis is that
there is more than one derivative definition. Since the existence of more than one definition allows using the
most appropriate definition according to the type of problem, the best solution to the problem is obtained.
Main fractional derivative definitions; Riemann-Liouville, Griinwald-Letnikov, and Caputo are fractional
derivatives.

The tempered fractional derivative is an expanded form of the fractional derivative, and the tempered
fractional derivative is obtained by multiplying the classical fractional derivative with an exponential func-
tion. The fractional operator is dependent on a parameter /, and if this parameter is equal to zero, classical
Caputo and Riemann-Liouville fractional derivatives are obtained [9]. Tempered fractional derivatives are
used in finance, groundwater hydrology, geophysical flow, and poroelasticity calculations. Tempered frac-
tional derivatives; It is used in the modeling of price fluctuations in finance, to provide slow convergence in
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diffusion. In the study [10], discretized collocation methods on piecewise polynomial spaces are proposed
for the solution of equations by examining a class of tempered fractional differential equations with extreme
value problems. In addition, regularity results are built on weighted spaces and the order of convergence is
examined, examples are given and compared with other methods. In the study [13], they investigated the
existence of infinite eigenvalues and eigenfunctions for the tempered fractional Sturm-Liouville problem,
showed that the set of eigenfunctions for different eigenvalues was orthogonal and presented an example
where eigenvalue bounds were obtained for classical and tempered cases. In the study, [14], by defining the
tempered W—Caputo fractional derivative, the Cauchy problem for fractional differential equations, and
some existence and uniqueness results are examined. A Henry-Gronwall type inequality is presented for
the tempered fractional integral and integral inequality. Many mathematicians have worked on tempered
fractional calculation [11, 12, 18-21]. The Dirac equation was found in the first quarter of the 20th century
while searching for a relative covariant wave equation of the Schrodinger form, and it has an important
place today. When the literature is reviewed, it is seen that there is a need for new studies involving the
fractional Dirac system ([23, 24]). In the study [15], they investigated the properties of a regular q-fractional
Dirac type system and gave the existence and uniqueness condition of eigenfunctions using the fixed point
theorem. In the study [16], they dealt with the exponential Dirac system in the sense of Riemann-Liouville
and Caputo and the fractional Dirac system with Mittag-Leffler core and obtained the representations of
the solutions for Dirac systems by Laplace transforms. In the study [22], they investigated one-dimensional
fractional Dirac-type systems containing the Caputo and Riemann-Liouville fractional derivatives. In this
study, we examined the Dirac type system, which includes Riemann-Liouville tempered fractional integrals
and their derivatives, and the Dirac type system, which includes Caputo tempered fractional integrals and
derivatives. We show that the operator generated by the defined fractional Dirac type system is self-adjoint,
and its eigenfunctions are orthogonal. We also proved the existence and uniqueness theorem of the defined
system.

1. Preliminaries

In this chapter, we gave definitions and properties of tempered fractional derivatives and tempered
fractional integrals which are used in the other chapter. The definitions and the properties play the most
important role in the other chapter.

Definition 1.1. ([18]) Let a € (0,1),0 > 0 be a fix parameter and v(t) € LF(a,b) (p € [1, 00)). The left and right
Riemann-Liouville tempered fractional integrals of the order « are defined as

1 [Teot=)y(s)
I@) J, (-9t

(oI ) vt = (@ L yu(t) = ds,  t>a, @

and
1 b e=o(s=hy(s) ,
T(a) J;y (-t

where I'(@) is a Euler’s gamma function, the expressions ,[}'v(x) and I v(x) are Riemann-Liouville
fractional integrals (([17])).

(L) v(t) = (€ dIgew(t) = t<b, )

Definition 1.2. ([18]) Let a € (0,1),0 > 0 be a fix parameter and v(t) € LF(a,b)(p € [1, 00)). The left and right
Riemann-Liouville tempered fractional derivatives of order a are defined as

et d (" eu(s)

(an‘rU)v(t) = (e—ot uD?gUf)V(t) = ma W S, t>a, (3)
and
—eot 4 b —os
(D7) vt = @ D) = sy [ Tt t<b @
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The tempered fractional derivatives (3) and (4) are the Riemann-Liouville fractional derivatives ,D;"’v(t)
and ;D" v(t) for o = 0 ([17]).

Definition 1.3. ([18]) Let a € (0,1),0 > 0 be a fix parameter and v(t) € LF(a,b)(p € [1, 00)). The left and right
Caputo tempered fractional derivatives of order v are defined as
et d [ emv(s)]

(SD¥")v(t) = (7 SDFe™w(t) = TA—H% ) GosF ds, t>a, (5)

and

__p0t b r,—os !
(SDE)u(t) = (e CDge " u(r) = x 16_ a)% f %ds, t<b. ©6)

The tempered fractional derivatives (5) and (6) are the Caputo fractional derivatives fo’gv(t) and
ED‘;"“v(t) for o =0 ([17]).

Proposition 1.4 ([19, 20]). Let a > 0 and v(t) € LF(a, b)(p € [1, 0)).
1. For a1, a2 > 0 and o > 0, the tempered fractional integral operators satisfy following

G IOV (E) =, I ()
tIZ]'G tIZZ'GV(t) = tIZ] +a2'(7V(t).

2. For a > 0, 0 2 0 and any function v(t) € L?(a, D),

DY ALY (t) = v(t)
tDZé’U tIZ'UV(t) = V(t)

3. If v(t) is continuous on [g, b] then for a > 0 and 0 > 0,

EDM IMu(t) = v(t)
CDY7 L u(E) = v(b).

4. Leta € (0,1) and 0 > 0, for v(t) € AC[a, b] (where ACla, b] stands for absolutely continuous functions

on [a,b]),
oI TDF V() = v(t) — e v(a) @)
A7 CDYv(E) = o(t) — e Phu(b). ®8)

5. Letay; >ar > 0,0 >0andt € [a,b] then
D IV =, 1)
tDZZ'U tIZ]'U‘V(t) = Igl_az'aV(t)

6. Letv(t) € AC[a,b] and v(t) € LP(a,b) (p € [1,0)), then for a € (0,1) and for ¢ > 0,

b b
f V() DS v(t)dt = f V(B Dy v(Hdt + vt o)) ©9)

7. Fora>0,0>0andp > 1, ,[}” is bounded on L¥(a,b), i.e.

_(b-a)
T Ta+1)

iz, < M,

vt . (10)
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2. Tempered Fractional Dirac Type System

In this chapter, including a € (0,1); we examined the Dirac type system which includes « order right
and left Riemann-Liouville tempered fractional integrals and derivatives, and the Dirac type system which
includes a order right and left Caputo tempered fractional integrals and derivatives.

Let p(t) and r(t) are real-valued continuous functions defined on [a, ], and let

_ 0 DY ya(f) p@# 0 y1(t)
Fy‘(CDZ'“ 0 )(yza))*( 0 r(t))(yz(t))

_ [ D ya()) + p (B ()

“\ DY) () alt) |

The fractional Dirac system is:

FyAz)\a)yA,aStsb<00. (11)

ya(t) w1 ()
Yaz(t) 0
continuous functions defined on [4,b] and w;(t) > 0,Vt € [a,b],(i=1,2). We consider the boundary
conditions

ey @) + ez "y (a) = 0, (12)
ey (b) + e [y (b) = 0, (13)

where A is a complex spectral parameter, y,(t) = ( ,and w(t) = a)zo( 9 ) are real-valued

with ¢2, + ¢, # 0 and ¢3, + ¢35, # 0. This problem is worked out at ([22]) for ¢ = 0. Now, we introduce
convenient Hilbert space L2 ((a, b); E) (E = Cz) of vector-valued functions using the inner product

b b
(y,2) = f DOF O (Bt + f OOty

where

_ yl(t)) =(Zl(f))
o=k 0=

and y;, z; (i = 1,2) are real-valued continuous functions defined on [g, b].

Theorem 2.1. The operator I1 = w™'F generated by fractional Dirac type system defined by (11)-(13) is formally
self-adjoint on L2 ((a,b) ; E).

@

Proof. Lety(.), z(.) € L2 ((a,b); E) . Then we get
b —_—
Iy, z) — (y,I1z) = f (D™ y1(t) + 7 (t) yo(t)) zo(t)dt

b
= f (CDyya(t) + p () 11 (8)) 21 (Bt

b
- f y1(8) (CDy7za(t) + p (8) 21 (1)) dt

b
- [ w0 (PFRD D=0

b - b .
=f (aD“'“yl(t))zz(t)dt+f 7 (t) y2(£)zo(t)dt

a
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b b -
+ f (CDy7ya(H) 2a(t)dt + f p () y1(Hz1 (F)dt
) b - ab -
if%@@ﬁ%WW—fp@%wmwt

b - b -
- [ vtz @ - [ 00z

ﬂb L a b L
- f (D™ y1 () zo(E)dt + f (CDy ya(t)) za(Bydt

b R — b
- [ ooz - [ ot

Since

b b
[ Copyao)zoa = [ v (Bz0)dt - yatn Tz

and

waﬁﬁiﬁb=ﬁxmmmma%w5@ﬂWm%,
we get

(My, 2y, TIz) = [y,2], - [y,2],, (14)
where

[y, 2], = 2Bl ™ 21 (Ol = 22() I 11 (D).

The equality (ITy,z) = (y,I1z) for any y(.), z(.) € L2 ((a,b) ; E). We have [y,z], = 0 and [y, z], = 0 from the
boundary (12)-(13). Consequently, we get

(y,z) = (y,I1z). (15)
O
Theorem 2.2. All eigenvalues of the problem (11)-(13) are real.

Proof.

b b
qfw:ffwwamw+mmmmw+ffwmpmmw+mmmmm

b b b b
- [ sy [ epouned [ 0000 [ A6ro o

b

b b
= f ya2()aD* fi(dt = fi()al = ya(B)l; + f fi®p () ya(B)dt + f n(O°Dy” fo(bydt

b
+ﬁ@¢%wwmﬁfﬁmmwww
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Let A be an eigenvalue of (11)-(13) and y(t) = (y1(f), yz(t))T be the corresponding eigenfunction. Then y and
its complex conjugate y(t) = (yl(t), yz(t))T satisfy

Fy(t) = Aw(t)y(t) (16)
cny1(a) + ez o yn(a) = 0 (17)
1 y1(b) + 2 oI ya(b) = 0 (18)

and
Fy(t) = Aw(®)y(H) (19)
ciy1(@) + c12 o y2(@ =0 (20)
C21m + Cyo ﬂll_a’g m =0 (21)

a1 2 2 2 2 .
with c;; te, #0 and 5+ #0. Then we obtain

(A =y, y) = Ay, y) — Ay, )
=<Fy,y)—<Fy,
1-a,0 Ay
— | 2l Yy B) ey (b) ]
s )[ —20 7y (b)cary (b)
C12u11_a’amcll]/ﬂ ]

i) —c12,I""y (@) ey (a)

From boundary conditions (17), (18), (20) and (21), we have
A=Ay, =0
since y(t) is nontrivial and w > 0, we have A = A O

Lemma 2.3. If Ay and A, are two different eigenvalues of the Fractional Dirac system defined by (11)-(13), then the
corresponding eigenfunctions y,, and yy, are orthogonal in the space L2, ((a,b) ; E).

Proof. Assume A; and A, are distinct eigenvalues of (11)-(13) and y,, and y,, be the eigenfunctions. Then
we have

FyAl(t) = /\10)(’5)%1 (t) (22)
c11Yay (@) + ey, (@) = 0 (23)
1Yy (b) + 2 J "y, (b) = 0 (24)

and
Fya, () = Aaaw(t)ya, () (25)
C11Yay (@) + cr2a "™ ya,, (@) = 0 (26)
1 Yan (b) + 20 oy, (b) = 0 (27)

Then we obtain,

a7y, (b) c1ya, (b)

(Al - /\2)<yﬁ1/ yAz> = y(b) —szall‘“'“wl (b)Cz1y/\2 (b)
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1217y, (@) c11y0, (@)
=122V, (@) cr1ya, (@) |

+ (@)

From the boundary conditions (23), (24), (26) and (27), we have that

(A1 = A2 )Y, Y20 =0
and hence as A1 # Ay, (ya, (1), y,(1)) =0. O
Theorem 2.4. The Wronskian of any solution of Eq. (11) is independent of t.
Proof. Assume that v(t) and w(t) be two solutions of Eq. (11). From Green’s formula (14), we get

Iy, w) — (y, Tw) = [y, 0] (b) - [y, @] (a).

Fv=Avand Fo = Aw, we get

(Av, ) — (v, Aw) = [v,@] (b) - [v, W] (a),
(A =)@, @) = [v,w] (b) - [0, 0] ().

Since A € R, we have [v, w] (b) = [v, w] (a) = W(v, @)(a), i.e. the Wronskian is independent of . [0

Theorem 2.5. Any two solutions of the Eq. (11) are linearly dependent if and only if their Wronskian is zero.

Proof. Let y(t) and w(t) be two linearly dependent solutions of Eq. (11). Thus, for the constant n > 0, we
infer that y(f) = n.w(t). Then, we have

o () || noi®) nad"wa(t) |
WU =] 0 0wty | =] o o wnp) |~

Conversely, if the Wronskian W(y, w)(t) is zero for some f in [a, b] then we see that y(f) = n.w(t). From
this, it can be seen that y(t) and w(t) are linearly dependent on [a, b].
Further, the general solution of the equation F i =0, i.e.,

(3 %) )-(0-2)
D% 0 ) |\ Deyy(r)) \ O

is given by
_ot (t=a)* !
cre™ T )
H =
v =" T
where
(t _ a)a—l
VY P =et—~t 2
(@a, =" 28)
O

Lemma 2.6. Let

A = cr162 — 21012
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and

Y (y) = {Aw — )y, (29)

where 9(f) = ( Pg) r?t) ) . Assume A # 0. Then, on the space C[g, ], the fractional Dirac system defined

by (11)-(13) is equivalent to the integral equation

yat) = =NYa(H) + QP + S(HR,

. . 0 LI
where the matrix N is o |
b

Proof. Using fractional composition rules and (29), we can rewrite the equation (25) as follows:

Fya(t) + NYa(y)] = 0.
Then, we obtain

c1e”"W(a, a,t)
Czem‘

:I/A(t) + NY/\(y) = (

(30)

ya(t) = -NY,(y) + (cle‘“f\y(a, a, t))

gze(rt

If we rewrite ¢; (i = 1, 2) to the values a;; (i, j = 1,2) in the boundary conditions (12)-(13), from Eq. (30), we
get

chA(t) = —(DNYA(y) + q)(gle_‘”\ll(a/ a, i’))

Czeat

allfa,a 0
0 1

(all‘“ym (f)) _ (_ﬂlly/\z(y)) s (qe““‘)
Y, (t) _Ill, YAl (y) gzeat

By (26) and (27), we conclude that

where @ = ( ) . Then we have

Y0 @) = —cre7
oI Y2, (0) = =Y, (W)l + =167
Y, (@) = =11 Y0, (Y)l=a + 2™
Ya,(b) = e
From the above equations, the following system is obtained:

ot ¢

cncie " + c1pc2e” = el Yo, (y)
ot t 1

cncie”” + o cae” = caral Y, ().

Let I?Y), (y) = P and ,I'Y},(y) = R. Then

—ot of _
cricie”” +cpGoe” = cpP
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cnc1e™ + e coe” = R
Since c11c22 — 21612 # 0, the solution for coefficients ¢; (i = 1,2) is unique;

_e%ep(cnP —cnR)  e%cpp(cnP - cnR)

€11€22 — €21C12 A
ot
o= car(c1iR —c1aP) e epi(c1R — ¢12P)
= =
evt(cr1c — €21€12) A

Now, we shall prove the existence and uniqueness of the eigenfunction of the regular fractional Dirac
system defined by (11)-(13).

Let
_ (@00 2 _ _
(P(t)—((lgl)(t)),Q—IIQ(t)Ilc, S=1s®le, Gy =le®|c,
where

el cipey W(a,a,t) )
7

_ A
Q(t) - ( _gntCuCZl

A

_ E_MCZlClZ\y(a,ﬂrt))

S(t) = ( g

A

and ||.||c denotes the supremum norm on the space C([a.b, E]). O

Theorem 2.7. Let a € (0, 1) and assume that A # 0. Then unique continuous function y, for the regular fractional
Dirac system defined by (11)-(13) corresponding to each eigenvalue obeying

1

IAw = 9llc <
e G, Qllp@] + s -a)

(31)

exists and such eigenvalue is simple.

Proof. Let us define the mapping L : C([a.b], E) — C([a.]], E) by the formula

Lp = =NYa(p) + Q(t)P(p) + S(HR(p)
Lt = =NY (1) + Q(t)P(7) + S(t)R(1)

O

Now, we show that Eq. (11) can be interpreted as a fixed point condition on the space C([a.b], E). Using
the following estimate

[Yatp) = V2@ < [lo = 7 N11@ = Slic.,

we conclude that

ILp — Lt|| = =N (Ya(z) = Ya(p)) = Q(#) (P(x) - P(p)) — S((R(x) — R(p))

<|lp =)@ = 8llc Gy +Q|lp = || [lp@]| A = Sllc + S = a)||p = ]| Az = Sl
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=lp = 7]l @ - Sl (G(,, +Q|le@)|| + S - a))

= Allo =l

where
A = [Aw = Sllc (G + Qlp@|. + S —a).

By the condition (31), the mapping L is a contraction on the space C([a.b], E) so it has a unique fixed point.
Therefore, such an eigenvalue is simple.

3. Conclusion

This study investigated the Dirac-type system including tempered fractional integrals and their deriva-
tives. First, the definitions and properties of tempered fractional derivatives and tempered fractional
integrals are given. Then, it is shown that the operator of the related eigenvalue problem is a self-adjoint
operator and its eigenfunctions are orthogonal. Finally, the existence and uniqueness theorem of the defined
system is proved.
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