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Multiplicity of solutions for a singular Kirchhoff-type problem
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Abstract. This paper deals with some Kirchhoff-type problems driven by a non-local integrodifferential
operator of singular elliptic type with combined nonlinearities which generalizes the fractional Laplacian
operator. Our main result is to give and prove the existence of weak solutions for such problems with
homogeneous Dirichlet boundary conditions. The proof is based on a variational method, precisely, we use
the Nehari manifold method and the analysis of the fibering maps.

1. Introduction

During the past years, there has been considerable interest in the existence of solutions for problems
involving fractional and non-local operators. This type of problem arises in a quite natural way in many
different applications, such as continuum mechanics, phase transition phenomena, population dynamics,
minimal surfaces, and game theory. For more details and applications, see for example ([1], [5], [6] and
[16]).

This work presents a study related to the existence and the multiplicity of non-negative solutions for
the following singular Kirchhoff-type problem, which is driven by a non-local integrodifferential operator
of elliptic type

M( foon 1) = u(y)PK(x = y)dxdy + [, V) luPdx) (Lyu + V)lup~2u)

= Aar ()|u|™u + ax(0)|u)"2u in Q, 1
u=0inRV\Q,
where A, p are positive parameters, () is an open bounded subset of RN with Lipschitz boundary 9Q,
N>ps,se€(0,1),l<a<2andl<p<gc< NIZS. The potential function V : O — (0, o) is continuous,

and the Kirchhoff function defined on [0,00) by M : t — p + ct™, withc > 0,0 < m < g — 1. The weight
functions a1, a, are positive non-trivial functions satisfying the following conditions:

(H)) a:Q—>[0,00), isin L= (Q).

(Hy) a:Q —[0,00), isin L*(Q).
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Here L}, is a non-local operator defined by

e—0

Liu(x) = 2lim ( f lu(x) = u(y)P2(u(x) - u(y)K(x - y)dy), for x € RY,
: RN\B,(x)

where K is a positive function defined in RM \ {0} and satisfying the following property

(K;) K(x)=K(—x)and yK € LY(RN), where y(x) = min(|x[, 1).
(K,) There exists ky > 0, such that K(x) > kolx|™*P9),

The special case where K(x) = [x|~™*), the problem (1) becomes

M( e Smed-dxdy + [ VEPdx)(~A)yu + V)l 2u)
= Aay (x0)|u|™u + ax(x)ul"?u in Q, 2)

u=0inRV\Q,

where (—A); is the fractional p-Laplace operator defined by

( f lu(x) = u(y)P~>(u(x) - uy))
IRN\B,(x)

|x — y|N+ps

(—A);u(x) =2lim

N
Hm dy), forx € R™.
Problems like (2) are extensively studied see [9, 13-15]. Moreover, according to different elliptic operators,
several articles have been devoted to the study of problems of type (1), we refer to [2—4, 9] and the references
therein. Namely, the special case where p = 2 and K(x) = |x|~™*29, the authors in [9] considered the following
problem

]RZN |X—y‘N+25

M( dedy)(—A)su = Af(x, u) + |u|¥=2u in Q, 3)
u=0inRM\ Q.

Using the mountain pass theorem and under some suitable assumptions of the functions M and f, they
established the existence of a non-negative solution to the problem (3) for any 0 < Ay < A, where Ag is an
appropriate threshold. Later, for the degenerate problem case where M can be zero at zero, the authors
in [2] obtained the existence and the asymptotic behavior of non-negative solutions to (3). Recently, when
p =2 and M = 1, the fractional Laplacian problem

(=AYu = f(x,u)in Q,
u=0in RN\ Q,

has been studied by many authors, for interested readers, we cite the papers [7], [8], [17], [18] and [19].
Also, the Nehari manifold method is used in recent papers see for example [10-12].

This paper is motivated by a recent result stated in [20]. More precisely, the authors in [20] suppose that
the Kirchhoff function M is a continuous function satisfying the following condition: there exist m;,m; > 0

such that M(t) > m; and fot M(7)dt = matM(t), YVt = 0. They proved that the following Kirchhoff-type
problem with homogeneous Dirichlet boundary conditions

M( fron 1) = u(y)PK(x = y)dxdy) Lyt = f(x,u) in Q,
u=0inRN\Q,

has a non-trivial weak solution, where f is a Carathéodory function satisfying appropriate inequalities.
Now, we are in a position to give the main result of this paper. "Note that a weak solution of problem (1)
satisfies the following definition
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Definition 1.1. A function u € Wy is called a weak solution of (1) if for any ¢ € Wy, we have

M(llull},) ( fR N lua(x) = u(y)P~2 (u(x) — u(y)) (@) — P(y)K(x — y)dxdy + f V(X)Iul’”’zde)

RN
=A f a1 ()|ul ™ updx + f a ()|l *ugpdx,
Q Q
where Wy will be introduced later in Section 2.
The main result of this paper is the following theorem.

Theorem 1.2. Let ay,a, be two non trivial positive functions satisfying hypotheses (H,)-(H,). Assume that K
satisfies conditions (K;)-(K,), then there exist Ay > 0 and uo > 0 such that for all A € (0, Ag) and p € (0, o), problem
(1) has at least two weak non trivial solutions.

Remark 1.3. Theresult of Theorem 1.2, extends a result established in [20] to the singular case f(x, u) = Aaq (x)|u|™u+
an(x)|ul~2u.
2. Preliminaries and Neharie manifold analysis

In this section, we begin by presenting some preliminaries which are used in the second part, to
manipulate the Nehari manifold and fibering maps analysis. First, we begin this section by giving some
notations that will be used in the sequel. We define the fractional Sobolev space W*?(Q) by

WP(Q) = {u € LP(QY); [uls, < oo},
where [u];,, denotes the following Gagliardo semi-norm

[u(x) — u(y)lP dxd )

o |X _ y|N+ps

==

[u]s,p = (

W*P(Q)) is equipped with the norm
1
[[ullwsr @) = (||M||Z + [M]f,p)”,

where and hereafter we denote by ||.||, the norm on the Lebesgue space L7(€2). For a detailed account of
the properties of W5#(Q), we refer to [6]. We denote also by LP(IRN, V) the Lebesgue space of real-valued
functions, with V(x)[ul’ € L'(RV), equipped with the norm

= ( fR } V(x)lul”dx)p .

Let W,/ (Q) denote the completion of C3*(Q), with respect the norm

— (Ty1? Po\h
il iy = ([l + lf, )7
We stress that the embedding W?}p (Q) — L"(Q) is continuous for any p < v < NNTZS, (see [6] Theorem 6.7).
Namely, there exists a positive constant c, such that

llully < ellullysr ), for all u € W (Q). 4)

Let W be a space of Lebesgue measurable functions from RN to R such that the restriction to Q of any
function u in W belongs to L*(€2) and

f [u(x) — u(y)IPK(x — y)dxdy + f V(x)|ufPdx < oo,
Q RN
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where Q = (RN x RM) \ (RN \ Q) x (RN \ Q)). The space W is equipped with the norm

1

il = ( fQ u(x) — u(y)PKGx — y)ddy + fR ) V(x)|u|pdx)” .

We consider the subspace
Wo ={ue Wu=0a.e. in]RN\Q}.

Next, we give some properties of W and W.

Lemma 2.1. The following statements hold.
i) IfueW, thenue W;’p (Q). Moreover,

=1
”u”wj/"’(Q) < max(1, k., lullw.
ii) If u € Wo, then u € W, (RN). Moreover,
o
llllwsrqy < Nullwsrryy < max(l, kgl .

Proof. Letu € W, then we have

( o) = WOV i f V(xwdx)*”
]RN

Ul|lws»
I ”WV ((®)] o2 Ix — y|N+ps

1

1 »
(k_o fQ [u(x) — u(y)IPK(x — y)dxdy + f]RN V(x)lul”dx)

max(k,”, Dllulf).

IA

So, assertion i) is proved.
Now, let u € W such that u = 0 a.e. in RN \ Q, then

f |M(X) —u(y)|” dxdy+f V(x)lul"’dx _ dedy+f V(x)lul”dx
R2N RN RY

|.X — y|N+ps 0 |x — y|N+ps

lflu(x)—u(y)l”K(x—y)dxdy+f V(x)|ulPdx
ko Jo RN

< o090,

Hence u € Wy (RM) and

a
”u”wy’(g) < ”un‘:}V(]RN) < max(l,kop Niallw.
O

In the sequel, we define the singular energy functional associated with the problem (1) I : Wy — R by

_ A 1
7y _ 2-a i q
M(lulfy) z_afomxnm dx qfoﬂz(x)M dx,

where M(t) = fot M(s)ds. We remark that

1
Iu) = -
(u) ’

t
m+1

M(t) = p and M(t) > M(t), forall t > 0.
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It is important to mention that I is well defined but not differentiable due to the singular term.
Next, we have for u € Wy, I(Ou) = 0 and for ¢t > 0,

d - —a —a -
El(tu) = 1||u||’;\,M(t7’||u||f,v)—/\t1 anl(x)lul2 dx —t1 1‘faz(x)lulqu

Q

and

da? _ /
) = (p = DF Yl Ml ) + peO Dl (#1hulf )

A1 -a)t™ f ay (xX)[u*~dx — (g — 1)1 f ap(x)|ul7dx.
Q Q

Since the functional energy is not coercive, we will study in the subset N which is called the Nehari manifold
and is defined as follows

N:= {u e Wo \ {0}, %I(tu)‘tzl - o},

Lemma 2.2. [ is coercive and bounded on N.

Proof. Let2 —a<l<p<g< N ps, O<m<1 ;—1 and u € N. Then from hypotheses (H;)-(H,), Lemma 2.1,
the Holder inequality, and Equations (4), (5), we have

1_ A g 1
Iw) = ~M(lulfy) - 7= fQ a1 () |uf? dr— o fQ ay()\ulldx

p
= w(i) - 75 [ mup-ear - Sl M) + 2 [ -
_ ;17 () - —||u||p Ml ~ A= - %) fg .
> (p(ml+ - a>||u||’;vz\4(||u||’;v) - )\(m _ 5) fQ P
= ”(;ﬁ - é)”“”@v - ?\(ﬁ - %)(fQ |al(x)|p-’zﬁdx)p_i g
> P, - AG = - ¢
> =B, - 6 M - Dl g s g,
- ”‘%)”L‘”@ - Moy max(1 i) <ﬁ - —>||a1|| e

Since2 —a < pand g —p — pm > 0, we deduce that
I(u) — +o00, as |[ul]|jw — +oo.
Which completes the proof of Lemma 2.2. ]
Note that # € N if and only if

il ) - A [ e~ [ axcotais =o. ©
Q Q
If u € N, we obtain by the above equality that

Zz 160 = (o = Dl M(llly) + plalZm (llfy @
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“A1-a) [ @b dx- -1 [ @t
Q Q
= (p—2+a)llullyyM(llully,) + pllully M J1ulf, )
-@-2+a) f ap (x)|ul7dx
Q
= (p — lally, Ml ) + plllis M (It )
-AM2—-a—9q) f aq ()| ul*~*dx
Q
= pllultyyM (Iulfly ) = A2 — a = p) f o ()|l dx
Q

S fQ a0l

We split N into the following three subsets

2
N° = {u eN, ﬁl(tu) ., =0¢
2
N* = {u EN, ﬁl(tu) > 0},
and
2
N~ = {u €N, ﬁl(tu) _ < O}.
Put

p—2+atpm

-1 =
(g-2+a)(c; max(Lk,” )7 P
llazlco

C(q —-p- pm) [ c(p—2+a+pm)

Al =

-1 22—
@+ & = 2) (6 max(L k] )) laall .
Lemma 2.3. If0 < A < Ay, then N° = .

Proof. Suppose otherwise that for 0 < A < Ay, we have NO® £ (0. So, there exists 1y € N such that
%I (tuo)L=1 = 0. Then by Equation (7), we obtain

(p = Dol M(lluolly, ) + pllusollz M (Iluolly,) = A2 = o = g) f a1 (x)up 2~ dx, 8)
Q
and
(p = 2+ a)lluollpyM(1luolly ) + plluolliy M (luolly) = (7 — 2+ ) f ax(x)luoldx. 9)
Q
From (H,), inequality (4), Lemma 2.1, and the Holder inequality, we get
f @ (X)lugldx < ( f |a1(x)|”+"dx) ( f Iuol”dx)
Q Q Q
2—-a
< arll ol
2—-a 2—-a
< Gl lhuolls o
-1 \2-a
< (qmax k)] lall ol
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So from (8), we obtain

p
p—q
According to the explicit expression of the function M, we obtain

uolly')

p—2+a p D oA p g+a-—2 = 2-a
oy ™ (Mol + =l M (ol ) < A== (e max(1, k) llanl s

p—2+a

pm m

c(1 + ——)lluoll
p—q""

IA

—2+a+pm —2+a P
i el > (1 + o1 +

pP—q
+a-2 1 \2e
A (g max(1k)) el s
q_p p-2+a
Sincep—g+pm <0,andp -2+ a +pm > 0, we get

e <[ A2 0 ( maxct i) e [ (10)
upllw < =g rpm cp max(1,ky ) a1 . .

On the other hand, by the same arguments, we obtain

-2+
g-2+a f aa (ol
Q

ol (Mol ) + 5 Wl Mol )

p-2+a

< Il
T p-2+a 2lleoliHolly

g-2+a , g
< - A~ .
< el

-2+ -1 \g

< z—_zm(cqmax(l,k; )] azllelolfy.

So from (9), one has

-1

P P p P A (1P q-2+a Y
lluollyy M(||uo||w)+m||uo||WM (Iluollyy) | < P2+ cgmax(1,ky )| llazllco.

Again from the definition of the function M, we obtain

17111 p—q+pm
14—
(1 + =l

IN

p-q pm prm
ol *(us + (1 + m)lluollw)
g—-2+a

BNV
—2+a (Cq max(1, k; )) l122]|oo.-

Also, from the fact thatp — g+ pm < 0,and p —2 + @ + pm > 0, we deduce

g-2+a
clp—2+a+pm)

1
-1 \4 p=q+pm
o)l > (cqmaxa,k*’)) ||a2||m]”” . (11)

By combining Equation (10) with Equation (11), we get A; < A, which is a contradiction. [
Remark 2.4. From Lemma 2.3,if 0 < A < Ay, then we can write

N=N"UN".
Moreover, we will prove in the following lemma that each of the subsets is nonempty.

Lemma 2.5. Let u € Wy \ {0}, there exist Ay > 0 and pg > 0, for A € (0, Ag) and u € (0, po) , then there exist unique
positive numbers t; and tp such that

d d
El(tu) =, = El(tu) =t =0.

That is tju € N* and tou € N™.



B. Khamessi, A. Ghanmi / Filomat 37:27 (2023), 9103-9117 9110

Proof. Let u € Wy \ {0}, we note that fQ ay(xX)|ul**dx > 0 and fQ a(x)|ulidx > 0. For t € (0, o0), we put
xmawzcﬁ*Wﬂm%rm—ﬂ””faxmmmh
Q

and

sy = gt Wl = AP [ e
Q

It is not difficult to see that

7l M llulfy) — AP f ay ()ul~dx — 117 f ay(x)lul’dx
Q Q

d

-1 -1 +pm 2-a-1
ut? ||u||§v+ct7’ +”’”||u||€\/p — At f

Q
P1(t) + ¥a(t).

On the other hand, ¢; has a unique maximum point t, > 0, which is given by

ar (x)|u>dx — tq_lfaz(x)lulqu
Q

|P+Pm 1
w

_ (c(p—1+pm)||u| )W
(q-1) Jm@)uidx”

moreover, its table of variations is as follows

t 0 ty (&)
Pi(b) + 0 -
Y1(to)
Y1 (t) / N
0 —00

We remark that there exists T € (0, t;), such that % is strictly decreasing in (0, T).
Using the fact that tlirrb — Yn(t) = +00, we get the existence of T7 € (0, T) such that y1(T1) < —¢2(T1). That is

S| = i)+ pa(T) <0 (12)

Moreover, for each A > 0 sufficiently small, there exists T, € (0, T) such that

%I(W)L:T2 = 1(T2) + Po(T2) > 0. (13)

Combining (12) and (13), we deduce by the intermediate value theorem that there exists t; € (0, T) such that

d

E[(ﬁ/l) =, =0.
It is clear to see that ¢, is strictly increasing in (0, o) and we deduce by the table of variations of ¢; that
t— %I(tu) is strictly increasing in (0, fo). So, t; is unique in (0, fy).

For t € (t;,T), we have i;g; < wz; = —1. That is 1 (f) + ¢2(t) > 0 for all ¢ € (t;, T). Moreover, we can fix A,

such that, for all A € (0, A,), we have

%I(tu) = Y1(f) + Yn(f) > O for all £ € [T, k).

Then for all A € (0, A2), we get

%I(tu) > 0 on (t4, to). (14)
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Using the fact that t lim %I (tu) = —co, we obtain that there exists T3 € (ty, ) such that
—+400

I(tu) 0. (15)

tTg

Combining (14) and (15), we deduce by the intermediate value theorem for A € (0, A,), that there exists
tr € (tp, o) such that

I(tu)|

ttz

Since 1 is strictly decreasing in (tp, ), we can fix (A3, pg) € (0, 00) X (0, 00) such that for A € (0,A3) and
u € (0, o), the function t +— %I(tu) is strictly decreasing in (tp, o). So, f, is unique in (tp, o). Since

t— %I(tu) is strictly increasing in (0, ¢p) and %I(z‘u)L:t1 = 0, we deduce that %I(tu) < 0in (0,f1) and

L1(tu) > 01in (t1, to).
Put
Ao :=min(Aq, Ay, A3),

then for A € (0, Ag), we obtain by Lemma 2.3 that N° = ) and we conclude that t —> I(tu) attains a local

minimum at t; and 4 s I(tu)| . > 0. Thatis tju € N*.
Using the same arguments and the fact that 4 I(tu) =0, 3 L](tu) > 0 in (to, t,) and dtI(tu) < 0in (tp, ), we

deduce that t — I(tu) attains a local maximum at t2 and dtz I(tu) - <0. Thatisthu e N~. O
=ty
Lemma 2.6. If0 < A < Ay, then ir}vf I1<0.
UeN™
Proof. Letu € N* C N. So, we deduce by equality (7) that
0 < I I(tu)|
= (p -2+ )l M(lully ) + plall M (1ulfy, ) = (g = 2+ @) f ar(O)lultdx.
Q

That is
f @i < E=2 M () + — Sl ()
0 q- -2+
According to the explicit expression of the function M, we deduce by (6) that
1_
I(u) = EM(nun’;v) —Ilulff, M) - (— - —) f s (x)ul?dx.
1 p—q- p 4 20 A 17
< =M(llullly) + —II [ MIfuell [ me (8
)+ == () + 2y WM )
_ E p c pm+p p—q- a p
= Sl + S b e lfy
-qg-2+
PSSl +

g2-—a) T2 -a)
_ -2+ a)@G-p o Gopm-pp-2+a+pm)
= 2 —a) [l — € a2 —a) lleallyy ™"

Since0 <2—-a <1<p<gandg—pm—p > 0, we conclude that for all u € N*, I(u) < 0. That is
inf I(u) <0. O
UeEN™
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3. Proof of the main result

In this section, we will prove the main result of this paper (Theorem 1.2). So we assume that all
hypotheses of Theorem 1.2 are satisfied, and Ag, po are given by Section 2. The proof is divided into two
lemmas.

Lemma 3.1. If0 < A < Agand 0 < u < o, then I achieves its minimum on N*. That is there exists v € N*, such
that 1(v) = ir}\]f I(u).
ueN+

Proof. Since N* ¢ N and by Lemma 2.2, we obtain that I is bounded on N* and so there exists a minimizing
sequence (U,)zen on N* such that lim I(u,) = irll\]f I(u).
n—oo ueN+

I is coercive on N, then (u,,),eN is bounded in Wy and so,

u, — v, weaklyin W,

u, —> v, strongly in L>™%,

Np
N-ps*

u, = v, stronglyinL'(Q), forl<v <

Since 1, — v in Wy and using the compact embedding Theorem, we obtain the strongly convergence in L1.

That is
lim f 32 () up|Idx = f a>(x)[o]dx.
n—oo Q Q

Moreover, we have

[0 %dx — | |uy — o %dx < f [un > %dx < o~ %dx + | |u, — 0> dx.
Q Q

Q Q Q

Using the Holder inequality, we obtain

2- 2- 2- 2- 2-
f [l *dx = cllu, —vll;7* < f [t | %dx < f [o]""dx + cllu, —oll57".
Q Q Q

We deduce by passing to the limit # — oo that

f [o]>~%dx — o(1) < f i, >~ %dx < f [0~ *dx + o(1).
Q Q Q

Which implies that

lim f a1 (%) |u, > %dx = f a1 (x)[o]* % dx.
n—00 Q Q
We claim that v € Wy \ {0}. If not then, we deduce by (5) and (6) that

1‘ P _1 14 Py _ L_lf 2—-a
I(u4) PM(uunnW) Sl Mlanlly) = A= = ) | ;@b "dx

i T YA (a1 f 20

D) Ml Ml ) = AG = = 2) | m@he

Since g — pm — p > 0, we obtain by passing to the limit that lim I(u,) = ir}\]f I(u) > 0.
n—oo ueN+

This is a contradiction by the Lemma 2.6. So, v € Wy \ {0}.

We claim that 1, — v. Suppose this is not true, (i.e. 1, + v). Then

M(Ifolf},) < Lim inf ¥4(Jlus )
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Hence

lim I(uy,)

n—oo

ot Mty - A gy 1 :
tim inf (M0 06) = 572 [ P =2 [ aacotn

1_ A L1
> SNl - 7 [ it [ mprd
= ().

From Lemma 2.5, there exist t; > 0 such that ;v € N*. Using again u, - v, we get
lolfyy M(£lloll, ) < Lim inf usalf, M(E lall, )

Hence

tim % 1(tu,) tim inf (£ gl ), M(E ) — A8 f a1 ()| dx

n—)oodt t=t; Q
g f a0, 1)
Q
> 27 oI M(E @I, - AL f a@lofdx ~ 1] f a(olldx
Q Q
d
- El(tv)'t:tl =0.

We deduce for sufficiently large n that

d

t=t;
On the other hand, u,, € N* for n € IN, that is

iy =0and Lrguy)| >0
dgp | = Pand g i) = 0

Which implies by Lemma 2.5 that %I (tun) < 0in (0,1) and we deduce by (16) that t; > 1. Using the fact that
tjv € N*, we deduce by Lemma 2.5 that %I (tv) < 01in (0, t), that is t — I(tv) is strictly decreasing in (0, t1).
Then
I(t10) < I(v) < limI(u,) = inf I(u).
n—oo0 ueN*

Which is a contradiction with the fact that fv € N*. Sou,, — v, strongly in Wy. Since u, € N* forn € IN, that

is %I(tun) s 0 and %I(tun) o 0. Passing to the limit n — oo, we get %I(tv) = 0 and %I(tv) _ > 0.

Since N = ( by Lemma 2.3, we deduce that %I(tv) _ >0andsoveN*. O

Lemma 3.2. If0 <A < Agand 0 < u < o, then I achieves its minimum on N~. That is there exists w € N~, such
that I(w) = ir;]f I(u).
ueN—

Proof. We obtain by the fact that N~ ¢ N and Lemma 2.2 that I is bounded on N~ and so there exists a
minimizing sequence (,)yen on N~ such that lim I(u,) = irzbf I(u).
n—-oo ueN~-

Since I is coercive on N, then (u,),en is bounded in Wy and so,

u, = w, weaklyin W,

u, > w, strongly in L>7%,

Np
N-ps*

u, = w, stronglyinL"(QY), forl <v <
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Since u, — w in Wy and using the compact embedding Theorem, we obtain the strongly convergence in L1.

That is
limfaz(x)lunl"dx:faz(x)lwlqu.
n—00 Q Q

Moreover, we have

2-a 2-a 2—-a 2—a 2—-a
— "= -
|ZU| dx f |1/l ZU| dx < f |un| dx < f |w| dx + f |1/ln wl dx
Q Q Q Q Q

Using the Holder inequality, we obtain

f >~ dx — cllu, — wlZ™* < f |, dx < f >~ *dx + cljuy, — wll; ™.
Q Q Q

We deduce by passing to the limit # — co that

f lw>%dx — o(1) < f [P~ %dx < f lw>%dx + o(1).
Q Q Q

Which implies that
limfal(x)lunlz_“dx:fal(x)|w|2“"dx.
n—oo Q Q

We claim that 1, — w. Suppose this is not true, (i.e. u, - w). Then
M(Jwlfy) < lim inf M{Jluf )
From Lemma 2.5, there exist t, >ty > 0 such that f,w € N~. Using again u, - w, we get

ool M lelfy ) < lim inef [, M(#5 lutally )-

Hence
. L AR oy b
lim I(buy) = ,}l_rgomf(;M(tzllunllw)—z_a Qal(x)|”n| dx—g Qaz(%)lunl‘7doc)
1. /U.Z—a iﬁ
_Mtl’ Py _ 2 f Z—ad __2f 74
> ’ S llwlly) 7 a Qal(X)IWI x g Oaz(X)IwI x
= I(tzZU)
and

lim il(tun)

n—oodt t=t,

. . -1 - —
lim mf(fZ el M(E 1l lfy) — AL “fa1(x)lunl2 “dx
—00 Q

Sl T
Q
> 7wl M(Blkll,) - Aty fQ a1 ()l dx — 17! fg a(x)[ew|dx
d
- El(tw)L:tz—O.

We deduce for sufficiently large n that

d
El(tun) ; > 0.

=t,

(17)
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On the other hand, we have u,, € N~ forn € N, thatis

il(tu )]  =0and ﬁl(tu ) <0
de |y TP ARG gt '

t=1
Which implies by Lemma 2.5 that %I (tun) < 0on (1, o) and we obtain by (17) that ¢, < 1. Using the fact that
t,w € N7, we deduce by Lemma 2.5 that %I(tw) > 0 in (fy, ) and %I(tw) < 0in (f,0), that is t — I(tw) is
strictly decreasing in (t;, o). We have by Lemma (2.5) that %I (tun) > O on (fy, 1) in particular on (t,1). Then

I(tw) < limI(touy) < imI(u,) = inf I(w).
n—o0 n—o0 ueN-

Which is a contradiction with the fact that t,w € N~. So u, — w, strongly in Wj.
Since u, € N~ for n € N, that is 41(tu,) = 0 and %I(tun) o < 0. Passing to the limit n — oo, we get

£1(tw) = 0 and ;—;I(tw) oy S 0. Since N° = @ by Lemma 2.3, we deduce that %I(tw) < 0 and so

w € N~. Moreover, w is non-trivial, else w € N° which contradicted with the fact that N° = 0. O

Lemma 3.3. Let u € N* (respectively N~). Then for any ¢ € Wy, there exist a continuous positive function f and
& > 0 such that for all s € R with |s| < &, we have

£(0) = 1and f(s)(u + sp) € N* (respectively N7).

Proof. Letu € N*. Fors,t € Rand ¢ € Wy, we recall that
d _ - -
Gl +s) = Yu + sqoll’:,\,M(t”IIu + S(p||€v) — Al anl(x)lu + s %dx

—tq‘lfaz(x)|u+5(plqu.
Q

Using the fact that # € N*, we obtain that

d —a
s = M) <A [ @l [ s
0

and

2
%I(t(u o), (p = Dl Ml ) + plleGollM (lu@)lE,)

s5,)=(0,1)

-A1-a) f ay ()|ul*%dx — (g - 1) f ap(x)|u|7dx
Q Q
> 0.

Then by applying the implicit function theorem to the function (s, ) — %I(t(u + 5¢)) at the point (0, 1),
there exists € > 0 and a continuous function f satisfying

f0)=1, %I(t(u +5¢)) =0, for |s| < e and t = f(s).



B. Khamessi, A. Ghanmi / Filomat 37:27 (2023), 9103-9117 9116
That is for |s] < &, we have

0 = %I(t(u + S(P))L:ﬂs) = (f(s))" Ylu + sqollf,\,M(Ilf(s)(u + S(p)||’v’v)

“A(f(s)™® L a1()|u + s %dx — (f(s))! f ax(x)|u + sg|dx

Q

I )(Ilf(s)(u + @)l M(ILF ) + sl )

-A fQ a1 ()| f(5)(u + s)*~dx — fQ ax(x)|f(5)(u + sp)["dlx).

So, f(s)(u + s@) € N for |s| < . Moreover, since u € N*, we can choose ¢ € (0, €) small enough such that for

|s|<£

I(t(u + S(P))| p = DIFG)(w + s@)I, MAIf(s)(u + sp)llfy)

A
+pllf () + s@)InM (£ (s)(u + s)Ify,)
A1 - a) fo a@Ifs)(u + sp)dx — (g - 1) fQ w2 (If(s)(u + sp)fid)

> 0.

dt2

Hence
f(s)(u + sp) € N* for |s| < &.
Finally, by the same arguments, we obtain the proof foru e N~. [

Proof of Theorem 1. From Lemma 3.1, there exists v € N* such that I(v) = ir}\]f I(u). By applying Lemma
ueN*

3.3, we deduce for any ¢ € Wy that there exist a continuous positive function f and & > 0 such that for
Is| < &, we have

f(0) =1and f(s)(v +sp) € N*.
This implies that there exists &y € (0, &) such that for [s| < &y, we have
I(v) < I(v + 59).

Dividing by s > 0 and passing to the limit s — 0, we obtain
Mol [ | o) = o 29 = o)) = ()K= iy

+f V(x)lvl”_zv(pdx) - f(/\al(x)lvlr_zv + a(X)|0|"?v)pdx > 0.
RN Q

If we replace ¢ by —¢, the previous inequality remains true. Hence v is a weak solution of problem (1).
Moreover, from Lemma 2.6, the function v is non-trivial. Using Lemma 3.2 and Lemma 3.3, we conclude
by the same way that w is a weak solution of the problem (1), moreover, since w € N~ we see that w is
nontrivial. Finally, Remark 2.4, implies that v and w are distinct. This completes the proof.
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