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Abstract. For an odd prime p # 5, the structures of cyclic codes of length 5p° over R = Fyn + uF,n (u? = 0)
are completely determined. Cyclic codes of length 5p° over R are considered in 3 cases, namely, p = 1
(mod 5), p = 4 (mod 5), p = 2 or 3 (mod 5). When p = 1 (mod 5), a cyclic code of length 5p° over R
can be expressed as a direct sum of a cyclic code and y; s—constacyclic codes of length p° over R, where

”5 = 01)” i=1,3,7,9. When p =4 (mod 5), it is equivalent to p” = 1 (mod 5) when m is even and

'” = 4 (mod 5) when m is odd. If p” =1 (mod 5) when m is even, then a cyclic code of length 5p° over
R can be obtained as a direct sum of a cyclic code and )? ' -constacyclic codes of length p° over R, where

yf’s = "y 1)p ,i=1,3,7,9. If p" = 4 (mod 5) when m is odd, then a cyclic code of length 5p° over R can

be expressed as a direct sum of a cyclic code of length p° over R and an a; and a,-constacyclic code of
length 2p° over R, for some ayj,a; € Fpn \ {0}. If p =2 or 3 (mod 5) such that p” # 1 (mod 5), then a
cyclic code of length 5p° over R can be expressed as C; & C,, where C; is an ideal of Rix]

(" -1)
. R[x] . . . R[x] . .
ideal of e We also investigate all ideals of T O study detail structure of a cyclic

code of length 5p° over R. In addition, dual codes of all cyclic codes of length 5p° over R are also given.
Furthermore, we give the number of codewords in each of those cyclic codes of length 5p° over R. As cyclic
and negacyclic codes of length 5p° over R are in a one-by-one equivalent via the ring isomorphism x +— —x,
all our results for cyclic codes hold true accordingly to negacyclic codes.
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and C, is an

1. Introduction

Let p be a prime number and [F,» a finite field. An [n,k] linear code C over F,» is a k-dimensional
subspace of IF,. A linear code C of length 1 over [, is called a cyclic code, negacyclic code and A-constacyclic

ap oy o . . F m F,m ]F
code if it is an ideal of the ring ;’n_[ﬂ, (xpn Jr[g, and (X’; [/\]), respectively. The classes of cyclic and negacyclic

codes have been well studied since the late 1960’s.
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Cyclic codes are the most studied of all codes. Many well-known codes, such as BCH, Kerdock, Golay,
Reed-Muller, Preparata, Justesen, and binary Hamming codes, are either cyclic codes or constructed from
cyclic codes. The class of cyclic codes is very interesting because cyclic codes are easy to encode and decode.
Cyclic codes are especially fast when implemented in hardware. Therefore, they are a good option for many
networks.

In 1957, Prange [40] first studied the class of cyclic codes over finite fields. In 1968, Berlakamp [5] first
initiated the class of negacyclic codes over finite fields. In 1967, Berman [6] considered the case when
(n,p) = p yields the so-called repeated-root codes. Recently, A-constacyclic codes of lengths 2p°, 3p°, £p°
over [F,» are investigated in [17], [18], [13], respectively.

In 1994, Hammons et al. [28] showed that good non-linear codes can be constructed from linear codes
over Z, via the Gray map. After that, [1], [8], [19] studied repeated-root codes over certain classes of finite
chain rings. In 1999, A. Bonnecaze and P. Udaya studied codes over F, + ulF,, where u? = 0 and then
[2, 3] also considered codes over F, + ulF,, where u? = 0. In 2010, Dinh [16] established the structures of
all constacyclic codes of length p* over R = Fyn + ulF,». After that, in [17], he gave the structures of all
constacyclic codes of length 2p° over the finite field [F,«. In 2018, Dinh et al. investigated all negacyclic and
constacyclic codes of length 4p® over R [20], [22], [23], [24]. In 2020, constacyclic codes of length 3p° over R
is studied in [21].

Motivated by that, in this paper, we investigate all cyclic codes of length 5p° over R for an odd prime
p # 5. The rest of the paper is arranged as follows. Section 2 gives preliminary concepts. Sections 3, 4,
5 present the main results of this paper. Section 3 provides the algebraic structures of all cyclic codes of
length 5p° over R when p = 1 (mod 5). We proceed by first obtaining the algebraic structures of all cyclic
codes of length 5p° over R when p =1 (mod 5) in Theorem 3.1. All cyclic codes of length 5p° over R when
p =4 (mod 5) are studied in Section 4. Theorem 4.4 gives the structure of cyclic codes of length 5p° over R
when p™ =4 (mod 5). Sections 5 focuses on the case thatp =2 (mod 5) orp =3 (mod 5). The structures of
cyclic codes and their dual are given in Theorem 5.1, and the number of codewords is completely described
in Theorem 5.1. By Remark 5.15, cyclic and negacyclic codes of length 5p° over R are equivalent via the ring
isomorphism 0 : <x§£x_]1> - <x§£’fl> given by x - —x. So all the results of the paper hold true for negacyclic
codes via that isomorphism. We give some examples to illustrate our work in Section 6.

2. Preliminaries

Let R be a finite commutative ring with identity 1. Anideal I of R is said to be principal if I = (x), where
x € R. If all ideals of R are principal, then R is called a principal ideal ring. If R has a unique maximal ideal,
R is called a local ring. Furthermore, R is called a chain ring if the set of all ideals of R is linearly ordered
under set-theoretic inclusion. The following result is given in [19, Proposition 2.1].

Proposition 2.1. Let R be a finite commutative ring, then the following conditions are equivalent:
(i) R is a local ring and the maximal ideal M of R is principal, i.e., M = (y) for some y € R,
(if) R is a local principal ideal ring,
(iii) R is a chain ring whose ideals are (y'), 0 < i < N(y), where N(y) is the nilpotency of y.

Recall that a code C of length 1 over R is a nonempty subset of R"”. A code C is called linear if the subset
of R" is an R-submodule of R”. For a unit A of R, the A-constacyclic (A-twisted) shift 7y on R" is the shift

T/\(xO/ xl/ . /xn—l) = (Axn—lrx()/ xl/ . /xn—Z)/

and a code C is said to be A-constacyclic if 7,(C) = C. If A = 1, those A-constacyclic codes are called cyclic
codes, and if A = -1, such A-constacyclic codes are called negacyclic codes.

The following proposition is given in [30, 33].

Proposition 2.2. [30, 33] A linear code C of length n is A-constacyclic over R if and only if C is an ideal of

R[x]
(am=A)
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Given n-tuples v = (vg, v1, ..., 04-1),t = (fo, 11, ..., tn—1) € R", their inner product or dot product is defined
as follows
v-t=votg+01t1 + - + 0 1t-1.

Two n-tuples v,t are called orthogonal if v -t = 0. For a linear code C over R, its dual code C* is the set of
n-tuples over R that are orthogonal to all codewords of C, i.e.,

Ct={v|v-t=0,¥YteC).
A code C is called self-orthogonal if C C C*, and it is called self-dual if C = C*+. The following result is
provided in [14]).

Proposition 2.3. Let R be a finite chain ring of size p®, where p be a prime. Then a linear code C has p' codewords,
for some integer t € {0,1, ..., wn}. Moreover, |C| - |C*| = |R|".

The following proposition allows us to determine the dual of a A-constacyclic code in general.
Proposition 2.4. [16, Proposition 2.4] The dual of a A-constacyclic code is a A~'-constacyclic code.
The definition of reciprocal polynomials is given as follows.

Definition 2.5. Let
m(x) = my + myx + - - - + mx'

then the reciprocal of m(x) is the polynomial
m*(x) = My + M_1X + my_px® + - -+ + mox’.

We see that m*(x) = xtm(%). Assume that [ is an ideal of R, then [* = {m*(x) : m(x) € J} is also an ideal.

Definition 2.6. Let | be an ideal of R. We define A(]) = {v(x)im(x)v(x) = 0,Vm(x) € J}. Then A(]) is called the
annihilator of |, which is also an ideal of R.

Using the above definition, the associated ideal of C* is A(J)*, where C is a constacyclic code of length
n over R with associated ideal J. Then we provide two following lemmas which will be used in Section 5.

Lemma 2.7. a) If degm > degv, then
(m(x) + v(x))" = m"(x) + x9e8M=deBVY* (x),
b) (m(x)o(x))" = m’*(x)v"(x).
Lemma 2.8. Assume that | = (m(x), uv(x)), then J* = {h*(x)|h(x) € J} = (m*(x), uv*(x)).
The following lemma is given in [45, Chapter 21].
Lemma 2.9. [45, Chapter 21] For any odd prime p # 5, we have two cases as follows:

() Ifp=1 (mod 5) or p =4 (mod 5), then 5 is a square in IF,,.

(ii)) Ifp =2 or 3 (mod 5), then 5 is not a square in I,

We have a small lemma as follows.
Lemma 2.11. Let & be a primitive (p — 1)th root of unity, so that F, = {0,&,&2,..., &2, &1 = 1),
(i) Ifp =1 (mod 5), then x°> — 1 factors into linear polynomials over IF,,.

(ii) If p = 4 (mod 5), then x> — 1 factors into a linear polynomial and two quadratic irreducible polynomials over
Fyand x° -1 = (x - 1)(x* + HTyx +1)(x* + %x + 1), where y? = 5.
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(iii) If p = 2 or 3 (mod 5), then x° — 1 factors into a linear and degree 4 irreducible polynomial over F, and
P-1=@-D*+x3+x2+x+1).

Proof.

i 7 i) . - . )

) Ifp=1 (mod 5), then £'7 = 1. We see that (~& @ )° = 1,i.e., —& T is a root of the equation ° —1 = 0.
imi e it - (r-1) o
Slmllar to —5%, 1t 18 easy to see that _E3p D 7(p-1) 9p-1

i) 3G-1) ) 9G-1) 5
Puty;=—-&m ,y3==&"0 ,y7;=—-E71 ,and y9 = =& 1 . Then x°> — 1 can express as follows:

C-1=@x=-1)(x-y1)(x—y3)(x—y7)(x—y9),

( ) )
o ,—{ 10 ,—£71  are also roots of the equation ¥ -1=0.

proving (i).

(ii) Suppose that x* + x> + x> + x + 1 = (¥ + @1x + a2) (x> + azx + as) = x* + (a1 + a3)x° + (a4 + @143 + a2)x* +
(a1a4 + apa3)x + apa4. It implies that

m+az=1
maz +ay +ag =1
_ 1)
amag +axaz =1
ardy = 1.
Hence,
a, = 1- as
maz +a, +ag =1
_ (2)
a1a4 + dxas = 1
ag = alz
This implies that Z—; +ay(1 —m) =1, ie, (1 —ay)a3 —ap +a; = 0. It means thata, = 1 ora, = 12:1'
If i, = 1, we have a% —a; —1 = 0. By Lemma 2.9, there exists y € F, such that 7/2 = 5. Therefore,
a = 1?’. If g = HTY, then a3 = 1—% = PTV andags = 1. Ifay = %, then a3 = % and a4 = 1.

Therefore, if p = 4 (mod 5), then x° — 1 factors into (x — 1), (x> + %x +1) and (x* + 1%yx + 1) over

F,. Assume that x> + (1+ )2 'x + 1 is reducible over FF,. Then there exists a € F, such that
a’+(1+y)27'a+1 = 0. This implies that @®> — 1 = 0, and so @® = 1. It is easy to check that & = 1 is
not a root of the equation o + (1 + )27 a + 1 = 0 because ? #0,ie,a # 1. Since p = 4 (mod 5),
the order of the multiplicative group of IF, is not divisible by 5. It means that a ¢ F,, which is a
contradiction. Therefore, x* + (1 + ) 2'x + 1 is irreducible over [F,. Using similar argument, we get
that x? + (1 — y) 27'x + 1 is irreducible over F,, showing (ii).

(iii) Put f(x) = x* + x* + x> + x + 1. Since x° — 1 = (x — 1) f(x), we see that any root of f(x) = 0 has order 5
or 1. Assume that f(x) has a linear factor over IF,[x]. Then f(x) = 0 has a root in IF,. It is easy to see
that 1 is not a root of f(x) = 0 because 1 +1+ 1+ 1+ 1 # 0. Therefore, any possible root must have
order 5. Since 5 is not divisible p — 1, f(x) = 0 has not a root in I, i.e., f(x) has not a linear factor in
F,[x]. Assume that f(x) has an irreducible quadratic factor g(x) in IF,[x]. Then f(x) = 0 has a root in
a quadratic extension k of IF,. Since [k : IF,] = 2, the field k has p? elements, and the cardinality of the
multiplicative group of k is [k*| = p> = 1 = (p — 1)(p + 1). By using Lagrange’s theorem, the order of
any element of k* is a divisor of p> — 1. Since p =2 (mod 5) or p = 3 (mod 5), we see that 5 does not
divide p2 —1,1i.e., thereis no element in k of order 5, a contradiction. Hence, f(x) has not an irreducible
quadratic factor, proving (iii). O

We end this section by the following lemma.

Lemma 2.12. [32, Theorem 1.69] The polynomial f(x) € F[x] of degree 2 or 3 is irreducible in F[x] if and only if
f(x) has no root in FF.
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3. p=1 (mod 5)

It is well-known from Proposition 2.2 that cyclic codes of length 5p° over R are ideals of the ring

Ry = %. We see that x> = 1 = (x — 1) (x4 X0+ x%+x+ 1). Let & be a primitive (p" — 1)th root of unity,

so that Fyn = {0,&,&2,...,&"72,&"~1 = 1}. Throughout this section, we always assume thatp = 1 (mod 5),
ie, p™ =1 (mod 5), where m is a positive integer. This means that p” = 1 (mod 10) and p™ = 1 (mod 2).

"_y @"-1) . [V . P
Hence, «SPT = —1. We see that ( & B Y =1,ie, -& "~ is a root of the equation x° —1 = 0. Similar to
"l 1 7IX 1) 7(7m l 9()7!1 l .
—é o, it is easy to see that — 5 "o , —5 : ,—& S are also roots of the equation ¥ -1=0. By Remark
\(7“7 ()717) (7717)
2.10, the equation ¥-1= 0 1), —é”m : , —égplol . Put
"1 3™-1) 7™M -1) pr 4 3 By s

y1 ==& ,y3==(10 ,yy =810 ,and y9 = =" © . Then (x* + x° + x> + x + 1)V can express as
follows: ) X

4,.3 2 s _ (o1 P s P’ P’ s P

(K +x°+x+x+ 1)V = (x” —y1)<x” —7/3)(x”J —7/7)(9(’7 —yg).

This implies that

= (1) = () ) ) ) )

By Chinese Reimainder Theorem, we have

_ Rlx]

K=w-n
- R[x] 'R[x R[x] R[x] R[x]
=1 @ D) D (7 =8 S¥ (7 =90 D (7 = Y0

=R. (PR, @ Rm @ Ry, PRy
where R, = (xf}f]l» andR,, = « - ,, 5 (i=1,3,7,9). Hence, ideals of Ry are of the form C.. pc, P, pc,pC,,
where C, is a cyclic code of length p over Rand C,, is a y;-constacyclic code of length p* over R (i = 1,3,7,9).
Then the algebraic structures of all constacyclic codes of length p* over R studied in [16] allow us to de-
termine the algebraic structure of all cyclic codes of length 5p° over R when p = 1 (mod 5). In [16], Dinh
determined the number of codewords in each constacyclic code of length p* over R. Therefore, the number
of codewords in each cyclic code of length 5p° over R can be obtained. Then we have the following theorem.

Theorem 3.1. Let C be a cyclic code of length 5p° over R. Then

c=c.Ppc. Pa.Pa. Pe..

where C, is a cyclic code, C,, is a y1-constacyclic code, C,, is a y3-constacyclic code, C,, is a y7-constacyclic code, Cy9
is a yg-constacyclic code of length p* over R. Moreover, |C| = |C,||IC,,|IC,,IC,,|IC,,| and C*+ = Cy @ C @ C

L @DCk,

Proof. Tt is easy to verify that C (P Cy, (D Gy, © Cy,

r7

cr P ¢ B c, e D Gl = ICHICH ICH ICIICH|
_ IRPIRP IRV [RF” [RY”
|C+| |C)/1| |C}/3| |C)/7| |C}/9|

P C;, < C*. We now consider

_ (R
IC4IC,IIC),IIC),IIC,,|
_IRP”

- q

=1CH,
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proving that C* = Ct (P C}, P Cy, © C;, D Cy,. O

Using Theorem 3.1, we have the following result.

Theorem 3.2. Let C = C. B C,, B C,, P C,, P C,, be a cyclic code of length 5p° over R, where C. is a cyclic
code, C,, is a y1-constacyclic code, C,, is a y3-constacyclic code, C,, is a y7-constacyclic code, C,, is a y9-constacyclic
code of length p® over R. Then C is a self-dual cyclic code of length 5p° over R if and only if

HC=C.PC, PC,PC, EC,, where Cy = (ug,yand Cy, = (ug,) (i =1,3,7,9).

(i) C=C. PC,, BC, PC, PC,, where Cy = {(x — 1), u(x — 1)) and C,, = (ug,) (i = 1,3,7,9) such
thatt + w = p°, where1 <t <p° -1, and w < .

(iii) C = C, B C), BC), BCy, PC,, where C. = ((x= 1) +u Ly cj(x = 1), u(x = 1)) and C,, =
(ug,) (i =1,3,7,9) such that v + w = p*, and M(v, w)(co, c1, - --,co-1)" = (0,0,...,0)T, forany p > 5,5 > 1,
where M(v, w)(co, C1,...,Co-1)T is given in [25]).

Proof. Assume that C = C, B C,, P C,, P C,, P C,, is a cyclic code of length 5p° over R. By using [16,

Lemma 4.1], we can see that C, = (ug,) is a self-dual cyclic code of length p* over R and C,, = (ug,) (i =

1,3,7,9) is a self-dual y;-constacyclic code, y3-constacyclic code, y7-constacyclic code, y9-constacyclic code

of length p* over R, respectively. From Theorem 3.1, we have C* = Cy @ C;, @ C;, @ C;, & C;;, = (ug,) = C.

Hence, C is a self-dual cyclic code of length 5p° over R, showing (i). If C, = {(x — 1)}, u(x — 1)) and

C,, =(ug) (i=1,3,7,9) satisfying t + w = p°, where 1 <t < p° — 1, and w < t, by Theorem 4.12 in [25], then
Ct=C:eC,8C,0C, oC),

r7

=¢.ho.Po.Ppa. P,
-C

Hence, Cis aself-dual cyclic code of length 5p° over R, proving (ii). If C; = <(x -1)’+u Z;-"z_ol cj(x — 1), u(x - 1)“’>,
by applying Theorem 4.15 in [25], C; = C,. Then
Ct=Cr@C), 8C,0C, oC,

¢! V9

=P DD Do
=C,
showing (iii). O

It is well-known from [25, Theorem 4.4] that the number of distinct constacyclic codes of length p* over
IF,n is computed as follows.

Theorem 3.3. (cf. [25, Theorem 4.4]) Let p be an odd prime. The number of distinct constacyclic codes of length p*
over Ris

25" + 1)(p") T - 2p?" —2 L@ B)(p") T —2p° — 1

LT 2.
(p =1y pr=1 v

From Theorem 3.3, the number of cyclic codes of length 5p° over R is determined as follows.

Theorem 3.4. The number of cyclic codes of length 5p° over R is

2p" + (M T -2 -2 QP+ )T - 25— 1
(" + D™ p L @+ 3" ol o e
(pm - 1) pr =1

Proof. Applying Theorems 3.1 and 3.3, we complete our proof. O
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4. p =4 (mod 5)

Assume thatp = 4 (mod 5), i.e, p" =4 (mod 5) when m is odd and p™ =1 (mod 5) when m is even. If
p" =1 (mod 5) when m is even, then cyclic codes of length 5p° over R are studied in Section 3. Therefore, in
this section, we consider the remaining case that is p” = 4 (mod 5) when m is odd. By Lemma 2.11, %" — 1
can be expressed as

P —1= (xps - 1) (x2 +(1-y)27x + 1);75 (x2 +(1+y)27x + l)ps

To obtain cyclic codes of length 5p° over R, we need to have the following lemma.
Lemma 4.1. The polynomials x> + (1 — y)27'x + 1 and x> + (1 + y) 2"x + 1 are irreducible over R.

Proof. First, we prove that x> + (1 — y)27'x + 1 and x* + (1 + ) 2 'x + 1 are irreducible over F,». Assume
that x* + (1 — y)27'x + 1 is reducible over [F». Then there exists a € Fpn such that a® + (1 - y)2'a +1 = 0.
This implies that > — 1 = 0, and so a@® = 1. It is easy to check that a = 1 is not a root of the equation a? +
(1-y)27'a+1 =0 because “r%y #0,ie,a # 1. Since p” =4 (mod 5), the order of the multiplicative group
of IF,» is not divisible by 5. It means that & ¢ F,», which is a contradiction. Therefore, x? + (1 — y) 27 x + 1 is
irreducible over F,n. Assume that x> + (1 — ) 27'x + 1 is reducible over R. Then there exists 17 € R satisfying
”*+(1-y)27'n+1=0,wheren=A+upand A, B € Fyn. Since > + (1 —y)27'n+1 =0, wehaven’ = 1, i.e,
(A +up)® = A5+ 5A%Bu = 1. Hence, A> = 1 and 5A*Bu = 0. As A°> =1, we have A # 0. Using p # 5, we see
that B = 0. This implies that 7 = A € F,». Hence, A + (1 —y)27'A + 1 = 0, which is a contradiction because
x? + (1 —y)27'x + 1 is irreducible over F,n. It means that x? + (1 — ) 27'x + 1 is irreducible over R. Using
similar argument, we get that x? + (1 + ) 27'x + 1 is irreducible over R. O

We consider the map ©; : e 7;532(]43( o <(X2+(5+V)2 T defined by f(x) — f(x = (1-y)27%). For

polynomials f(x), g(x) € R[x], then f(x) = g(x) (mod (x +(1-y)27x+ 1) ) if and only if there exists
g(x) € R [x] such that f(x) — g(x) = g(x) ((x +(1-y)27x+ 1) ) Then we have

S

fr-(1=1)2) —gle—(1-9)22) =q(x=(1-9)22)[(x-(1-p)2° )+(1—y>z-1(x—(1—y)2-2)+1]p

( )|

g(x- (-2 [P -a-yQ2 +1]
( )
( (

gx-1-9)22)[x*-(6-2y)2" +1]
=qlx— (1—7/)2_)x+(5+y)2_)

This implies that f(x — (1 —7)272) = g(x — (1 = )272 (mod (x? + (5 + 7)27%)¥"). Hence, ©1(f(x)) = ©1(g(x)) in

R : . _ .
m if and only if f(x) = g(x) in W—;llﬁm Therefore, ®, is well-defined and one-to-one. It is

easy to see that ©; is onto and ©; is a ring homomorphism. It means that ® is a ring isomorphism. Similar

to the map @, we consider themap ©; : ; o 1+y)[;]1x+l)P e (;{_[;32,3)P5> defined by f(x) — f(x—(1+7)272).

Then we can prove that ©; is a ring isomorphism. We summarize the discussion above by the following
theorem.

Theorem 4.2.

(i) The map © : ((x2+(1_§§;1lx+1)p5> - «x2+(§£2,3)p5> defined by f(x) = f(x — (1 —)272) is a ring isomorphism.

.. R| R| . N . . .
(ii) The map ©; : o +V§’2‘Lx o @ +(y_[’5(}2,3)p5> defined by f(x) = f(x — (1 + y)272) is a ring isomorphism.
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From Theorem 4.2, we have a direct consequence.

Corollary 4.3.
; Rix] Rlx] — ; i Rlx] ; ;
(i) Let A C rE R B C @Gy If ©1(A) = B, then A is an ideal of @) e if and only if
. . R[]
B is an ideal Of W
R[] Rix] : : R[x] . )
(i) Let D C i) ey E S -5y If ©,(D) = E, then D is an ideal ofm if and only if
Rlx]

E is an ideal of @r0-5)

Since x%" —1—(xp —1)(x +(1-y)2- 1x+1) (x +(1+y)2” 1x+1) , we have

Rix] _  Rix] Rix] Rix]

Ry = —H .
TGOS @ -1) (2 (1-p) 2w+ 1)) (24 (1+9) 2+ 1))

~ _R R R Caas B

By Corolles\ry 4.3, we have R; = <(xr’5[f]1)> ® «xzps[il)) ((xzf’s[ﬂxz))’ where a; = [-(y +5)27°) and a, =
[-(y = 5)273]7". Then we see that a cyclic code of length 5p° over R is of the form C, EB Ca EB Ca,, where
C, is an ideal of (75 5y Cy, is an ideal of «Zp—]y and C,, is an ideal of ﬁ. The algebraic structures

of all constacyclic codes of lengths p°, 2p° over R studied in [16], [12] allow us to determine the algebraic
structure of all cyclic codes of length 5p° over R. [16] and [12] determined the number of codewords in
each constacyclic code of lengths p®, 2p° over R. Therefore, the number of codewords in each cyclic code of
length 5p° over R can be obtained in the following theorem.

Theorem 4.4. If Cisa cyclic code of length 5p° over R, then C can be represented as C = Cy €D Co, @ Ca,, where
C. is a cyclic code of length p° over R, C,, is an ay-constacyclic code and C,, is an ap-constacyclic code of length 2p°
over R. Moreover, |C| = |C.||Cy||Cq,| and C+ = C+  CL @ Ca,- In particular, C = (u) is a self-dual cyclic code
of length 5p° over R.

Proof. It is clear to see that C+ 5 Ct €D C2, € C*. We now consider

c: P ¢, @D cil = IctIIck IIcs, |

_ IRV IR IR
G ICayl [C
_ IR
ICHIC, IICa,

_ IR

~

=1CH,

provmg that C+ = Ct EB Cx @ C . From [12], C; = (u) is a self-dual cyclic code of length p* over R,
Ca, = (u) is a self-dual code of length 2p° over Rand C,, = (u) is a self-dual code of length 2p° over R. Then
C =C, P Cy, P Ca, = (u) is a self-dual code of length 5p° over R. O

The number of constacyclic codes of length 2p° over R is given as follows.

Theorem 4.5. The number of distinct constacyclic codes of length 2p° over R is

2" + NPT —2p* -2 @+ T -~ -1 NN Gl Y
(pm — 1)2 + pm -1 (p ) 2

" +1) —p"Qp -1)+2.
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Proof. In [12], constacyclic codes of length 2p° over R are classified into 4 distinct types of ideals.
o Type 1 constacyclic codes of length 2p° over R are (0), (1), which are two distinct codes.
e Type 2 constacyclic codes of length 2p° over R are (u(x2 — A¢)'), where 0 < i < p° — 1. Therefore, there are
p° distinct constacyclic codes.
e Type 3 constacyclic codes of length 2p° over R are (x> — Ag)’ + u(x? — Ag)'h(x)), where 1 <i < p*—1,0 <t <,
and h(x) is 0 or a unit.
o Case 3a: If h(x) = 0, then the constacyclic codes of length 2p° over R are of the form ((x* — A¢)’), where
1 <i<p® - 1. It implies that there are p® — 1 distinct codes.
o Case 3b: If h(x) is a unit, then hi(x) can be expressed as hi(x) = Y. (ho;x +h1))(x*> — Ag)/, where hj, hi; € F,n and

j

hoox + h1o # 0. Let T be the smallest integer such that u(x* — Ag)T € ((x? — Ag)' + u(x? — A)'h(x)). Using [12,
Proposition 5.4], we have T = min{i, p° — i + t}. In order for the ideals to be distinct, we must have t + j < T,
i.e, 0<j<T-t-1. This means that the number of distinct ideals of this form is

”5;1 1 -1 2i-p°-1 -1 -1
Z 2m 1)(pm)z t-1 + Z Z (sz _ 1)(P1n)ps—z—l + Z Z (pZm _ 1)(Pm)1—t—l

i=1 t=0 ﬂzﬂ t=0 iznsTﬂt:Zi—pS

& i-1 i—p*-1
— (pm +1) z(pm _ 1) Z(pm)z—t—l + (pm Z Z ( m)ps—z—l Z (p _ 1) Z‘ (pm)z t—1 .
i=1 t=0 1 t=0 P+1 i=2i—p°
From this, we have
2p" + 1)(p™) T — 4
— (" +1) (p +p;(v_ ) M) -2 -1

e Type 4 constacyclic codes are ((x? — Ag) + u(x? — Ag)'h(x), u(x> — Ag)*), where 1 <i < p*—1,0 <t <i,h(x)is

Ooraunit, 0 <x <T. ‘

o Case 4a: By using [12, Proposition 5.4], if ii(x) = 0, then T = i. It implies that ((x* = Ao)' +u(x* = Ao)'h(x), u(x*~

A0)<) = ((x? = Ap)’, u(x* — Ap)*), where 1 <i < p* —1and 0 < x < i. Hence, the number of distinct codes of
-1

this formis Y i=
i=1

o Case 4b: By using [12, Proposition 5.4], if h(x) is a unit, then T = min{i,p° — i + t}. Hence, h(x) can be

expressed as h(x) = Z(hojx + I j)(x2 — Ap)!, where hoj, hij € Fpn and hoox + h1p # 0. In order for the ideals to

re-1)
=

j
be distinct, t + j < x, i.e,, 0 < j < x — t — 1. It follows that the number of distinct ideals of this form

p°-1
— -2 #=2 2i-p°-1 -2 -2

52 — p +1) Z(pm(l t-1) 1)+ Z 2 (pm(p —i-1) _ 1) + Z Z (pm(z t=1) _
i=2 t=0 _pHl +1 = I’5+1t 2i—p*

We abbreviate and hence,

2"+ DT~ =2 (pME =243 ppP

Sz:(p )[ (pm—1)2 + pm—l 5 +21.

Then the number of distinct constacyclic codes of length 2p° over R is the sum of numbers of distinct
Constacychc codes of each type:

P .
n _92m m m P S M (105 1)495
_pr+ 1)[ % +1)(fp’3 i)z 2 G T o |- 2O o 1) 42,10

Using Theorems 3.4 and 4.5, we determine the number of cyclic codes of length 5p° over R.
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Theorem 4.6. The number of cyclic codes of length 5p° over R is

1 ) 2
[(p 4 1)( e L e T oy + (pm)v‘;l) S ) N
2

(pm -1 )2 pm 1

Pl Pl
N2em e = 22 s T 21 a2
[ 1) + p=1 +(p") T +2|

Proof. From Theorem 4.4, if C is a cyclic code of length 5p° over R, then C = C, & C,, ) Ca, where
C. is a cyclic code of length p® over R, C,, is an aj-constacyclic code and C,, is an a,-constacyclic code of
length 2p° over R, where a1 = [—(y +5)27°]" and @y = [-(y — 5)27%]V". Using Theorems 3.3 and 4.5, we can
compute the number of cyclic codes of length 5p° over R. O

5. p=2or3 (mod 5)

Throughout this section, p=2 or 3 (mod 5) and v(x) =x*+x3+ 2% +x+ 1. Wedivide p =2 (mod 5)
into 4 cases, namely, =1 (mod 5) when m = 4t, p™ =2 (mod 5) whenm =4t + 1, p" = 4 (mod 5) when
m =4t +2and p” =3 (mod 5) when m = 4t + 3, where t € IN. Similar to the case p =2 (mod 5), we divide
p =3 (mod 5) into 4 cases, namely, =1 (mod 5) whenm = 4t, p" =2 (mod 5) whenm =4t + 3,p" =
(mod 5) when m = 4t + 2 and p™ (mod 5) when m = 4t + 1. The case p™ =1 (mod 5) is 1nvest1gated
in Section 3. Therefore, from now on, we proceed to obtain all cyclic codes of length 5p° over R when
p =2 or 3 (mod 5) such that p” £ 1 (mod 5). To do so, we need to have the following proposition.

Proposition 5.1 Assume that p =2 or 3 (mod 5) such that p™ # 1 (mod 5). Then
(i) The polynomial v(x) is irreducible over R.

(ii) There does not exist an element y € Fyn such that y* = 5

Proof. (i) We see that x> — 1 can be expressed as x - 1 = (x — 1ov(x). Assume that v(x) is reducible
over Fyn. Then there exists a € F» such that a* + a® + a® + a + 1 = 0. This implies that a® -1 = 0, i.e,,
@’ = 1. From p # 5, we have o # 1. Since p = 2 (mod 5) or p = 3 (mod 5) (p" £ 1 (mod 5)), the order
of the multiplicative group of IF,» is not divisible by 5. It follows that a ¢ IF,», which is a contradiction.
Therefore, v(x) is irreducible over [F,». Assume that v(x) is reducible over R. Then there exists n € R
satisfying n* + n° + 1> +n+1 =0, where n = A + up and A, B € Fpn. Since n* + 1 + > + n+ 1 = 0, we have
° = 1. As mentioned in the proof of Lemma 4.1, we see that = 0. This implies that n = A € [F,». Hence,
A*+ A3+ A% + A +1 = 0, which is a contradiction because v(x) is irreducible over FF,». It means that the
polynomial v(x) is irreducible over R.

(ii) Assume that there is a y € F,» such that y? = 5. Using same argument as in the proof of Lemma 2.11
part (ii), we have v(x) = (x* + (1 — )2 2x + 1)(x? + (1 + )27'x + 1), which is a contradiction with (i). Hence,
it does not exist a y € F,n such that y*> = 5. O

Using Proposition 5.1, by the Chinese Remainder Theorem, we have the isomorphism:

Rix] R Rlx]
(O =1) (- 1) ()Y

Then cyclic codes and their dual of length 5p° over R are studied in the following theorem.

Theorem 5.2. Let C be a cyclic code of length Sps over R with associated ideal I. Then the following hold:

R
(@)™

(1) I = I ® I, where I, is an ideal of the ring and 1, is an ideal of the rmg @

<( ” 1)>

@) || = |-
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(iii) A(I) = Al) D A(L2).

Proof. We have
RIxl R Rx]

(5 -1y ((x - 1)”5> (@)
Then I = I ® I, where I is an ideal of the ring

o 1 and I, is an ideal of the ring 7 (zi(x))f' 5/ proving (i). (ii)

and (iii) can be easﬂy seen from (i), completing our proof m]

Put R, We will investigate all ideals of R,. In order to do so, we need to prove that any
<(v X))” )

nonzero polynomial of degree less than 4 in [F,»[x] is invertible in R, .
Proposition 5.3. Any nonzero polynomial of degree less than 4 in IF,n[x] is invertible in R,

Proof. Assume that f(x) = ax® + bx? + cx + d is a nonzero polynomial in Fy» [x]. This means that
a,b,c,d € Fyn such that not all of them are zero. If deg(f) =0, thena =b =c=0andd # 0. It is clear that
f(x) = d # 0 which is invertible. We consider 3 cases, namely, deg(f) = 1,2 and 3.

e Case 1: deg (f) = 1. Since deg (f) =1, wehavea = b = 0, and c # 0, i.e, f(x) can be expressed as
f(x) = cx +d. In R,, we see that

clarcd) ! =t @ T (P Q- ) + ()P - T+ 1) - ()P - (Tl et - 1))” 5
X (x+c ) (x3 +(1-cld)x?+ ((c‘ld)2 —cld+ 1) X - ((c_lal)3 —(c7'd)? +c7'd - 1))_;75
=+ AT (P (L=l + ()P - T+ 1) — ()P — (M e - 1))” 5
x [ - P + (MR -+ 1] T

It is easy to see that cx + d is invertible in R, if and only if [(c‘lal)4 —(c'dP + (cld)? - cd + 1]_p

invertible in IF,». Since x*+x°+x*+x+1isirreducible over Fyn, (—c~'d)*+(-c'd)*+(—c ' d)*+(—c"'d)+1 #
0. Hence, (c"'d)* — (c™'d)® + (c'd)* — c"'d + 1 is invertible in F,u, proving that cx +d is invertible in R,,.

e Case2: deg(f) = 2. Sincedeg (f) = 2, wehavea = 0,and b # 0. Hence, f(x) = bx?+cx+d. InR,, we see that
f(x)‘1 =% +cx+d)7!
= b (2 + b lex +b7d)
=p! <x2 + oox + dz)_l ,wherec, =b'cand d, = b"'d
=p! <x2 +oox + dz)ps_1 (x2 +cox + dz)_ps [xz +(1-c)x+(—c—d+ 1)]p5
X [x2 +(1—-c)x+ (c% —Cy—dy+ 1)]_7]-
=p! <x2 +ox+ dz)ps_1 [x2 +(1—c)x+(c5—cr—dp+ 1)]’]5
X [(cg - c% —2cdr +cp+dy—1)x + (c%dz — Cody — d% +dy — 1)]—;:

Hence, f(x)is invertible if and only if (¢; — 3 —2codz + c2 +dy — 1)x + (c3d2 — cody —d5 +dp — 1) is invertible,
which, by Case 1, is equivalent to (c; —c3 —2cody +co +dy = 1)x+(c3da —cody —d3 +dr 1) # 0. If dy = 0, then
c3dy —cody —d3 +dy =1 # 0 implying f(x) is invertible. If d, = 1, then ¢3dy —cody —d53 +dy =1 = 3 —c2 - 1.
By Proposition 5.1 (ii), there is not a y € Fym such that yz = 5. Hence, 2 —c¢; — 1 # 0. Therefore,
c3dy — codo —d5 +dy —1 # 0 when d, = 1. Thus, f(x) is invertible when d, = 1. Suppose that
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(C; - C% - 2C2d2 + o + dz - 1)X + (C%dz - Czdz - d% + dz - 1) = 0 and dz ¢ {0,1} That means that
- —20dy+cr+dy—1=0and c3dy — cody —d5 +dy — 1 = 0, where d; ¢ {0,1}. As the equation

c3dy — cody —d3 +d> — 1 = 0 has a root, it has two roots ¢; = %t;, where 4d3 — 343 +4d, = ¢* and e € Fpn.
We consider the first case of ¢, namely, ¢, = '71227;;8. Since cg - c% —2c0dy +cy+dy —1 =0, using ¢ = ‘12272‘?,

we must have

0= (B) - () - A )+ (5 + -1

= (dy + €)® = 2da(dy + €)* — (2d2)%(da + €) + 4d3(da + €) + 8d3(da — 1)

= d; + 3dae + 3dae® + € — 245 — ddse — 2dre* — 8d; — 8dse + Ads + 4de + 8d; — 845
= —5d§ + 3d§e + dpe® — 8d§e +é

=e(e® - 8d§ + 3d§) - Sdg + dyé?

= edy(—4d5 + 4) + 4d; — 843 + 4d3.

This implies that 443 — 843 + 4d, + e(—4d3 + 4) = 0. Therefore, e(—4d3 + 4) = —4d3 + 84% — 4d,. It follows
that e*(—4d5 + 4)* = (—4d; + 84 — 4d,)*. Hence, (4d5 — 3da + 4)(—4d5 + 4)* — do(4d5 — 8dy +4)* = 0, i.e,,
(d2—1)*(d; +d5+d3+dy+1) = 0. Fromd, # 1, we have d; +d3 +d3 +d, +1 = 0, which is a contradiction
with Proposition 5.1 (i). Similar to the case ¢c; = dz%", we have a contradiction to Proposition 5.1 (ii)
when ¢; = ”’227_2“. Hence, Hence, (¢ — ¢3 — 2cody + Co +dy = 1)x + (c3dy — Cado — d5 + dp = 1) # 0, ie,, f(x) is
invertible.

e Case 3: deg(f) = 3. Since deg(f) = 3, we have a # 0. Hence, f(x) = ax® + bx?> + cx + d. In R,, we see that

f)™ = (@ +bx® +cx +d)!

1(,3

-1
P +a b +alex + aild)

1(,3

-1
X% + b3x® + c3x + d3) ,where b3 =a7'b,c3 =a'cand d3 =a~'d

=a7(
=a7(
=g (x3 + byx® + c3x + d3)ps_l (x3 + by + c3x + d3)_ps [x+ (=bs + DI [x + (=bs + D]
=q! (x3 +b3x? + c3x + d3)p5—1 (x + (=bs + 1)) [(x3 +b3x? + c3x + dg) (x +(=b3 + 1))]_p5
=o'

H(x® + b3x? + c3x + d3)p5_1 (x+ (b3 + D)V

X [(<B3 + b3 + ¢ = 1) + (=bacs + 5 +ds — 1)x + (~bads + ds - 1)]_” -

This shows that f(x) is invertible if and only if (=b3 + b3 +c3 = 1)x* + (=bscs + c3 +d3 = 1)x + (=bsds +d3 — 1)
is invertible, i.e., by Case 2, (=b3 + b3 + c3 — 1)x* + (=bscs + c3 + d3 — D)x + (=bsds + d3 — 1) # 0.
Suppose that (—bg + b3 +c3 — 1)3(?2 + (=bscs +c3 +ds — D)x + (=bsds +d; — 1) = 0. It implies that
—b§+b3+C3—l = O,—b3C3+C3+d3—1 = Oand—b3d3+d3—l =0. Ifb3 = l,thendg—d3b3—1 =-1#0,
which is a contradiction. Hence, b3 # 1, implying d3 = 1_1—% From —bscs + c3 +d; — 1 = 0, it follows



H. Q Dinh et al. / Filomat 37:26 (2023), 9009-9038 9021

1-d; _

that c; = e = Thus, we have

__b
-b3)2"

0=-b3+bs+c—1

_b3
(1-D3)?
=b; —3b3 +4b3 —2b + 1

—b3 + b3 +

9 9 9 5
@5+Z@+HZ_3@+3@-§m)—Z(%—zm+1)

3 5 )

3
(b% - §b3 +
That means s
(3= 0+3)
4 (b3 — 1)

which is a square. By Proposition 5.1 (ii), this is impossible. Therefore, f(x) is invertible. O

Rlx]
(@)Y

Rlx]

Proposition 5.4. The polynomial v(x) is nilpotent in )

with nilpotency index p°.

is a local ring with
maximal ideal (v(x), u), but it is not a chain ring.

R . L . R
Proof. In o g)]p o0 (v(x))” = 0. Hence, v(x) is nilpotent in @ g‘)]p)
Rl x]

f(x) is an arbitrary element of — oy Then f(x) can be seen as a polynomial of degree up to 4p® — 1 of R[x],
and so f(x) = fi(x) + ufa(x), where f1 (x), f2(x) are polynomials of degrees up to 4p° — 1 of [, [x]. Thus,

with nilpotency index p°. Assume that

-1 p-1
fx) = Z(ﬂOixS + boix® + coix + dog)(0(x))' + u Z:(ﬂlux3 + byx® + coix + dog)(0(x))!
i=0 i=0
p-1

= (apox” + boox? + coox + doo) + (v(x)) Z(ao:'x3 + boix® + coix + dog) (0(x)) !
P
p-1

+u Z(ll1ix3 +bx® + coix + dog) V(%))
i=0

Rlx]
CEY N
if and only if agy = boo = coo = doo = 0, i.e., f(x) € (v(x),u). It means that (v(x), u) forms the set of all
non-invertible elements of % Thus, <(v(£;()]n> is a local ring with maximal ideal (v(x), u). Moreover,
it is easy to see that u ¢ (v(x)) and v(x) ¢ (u). Hence, the maximal ideal (v(x), u) is not principal, hence,

RIx]
()y")

where ag;, a1, boi, b1, Coi, €1, doi, d1i € Fyn. Since both v(x) and u are nilpotent in f(x) is non-invertible

Proposition 2.1 implies that is not a chain ring. O

Theorem 5.5. Ideals of

@ ( 511’6

o Type 1: (trivial ideals)
(0), <1).

o Type 2: (principal ideals with nonmonic polynomial generators)

(u@@)Y),

where0 <i<p°— 1.
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o Type 3: (principal ideals with monic polynomial generators)

(@) + u()'h)),

where 1 < i < p°*—1,0 <t <1, and either h(x) is 0 or h(x) is a unit which can be represented as h(x) =
Z]-(h3jx3 + thxz + h1jx + ]’loj)(U(x))], with 1’13]‘, hzj, hlj/ hOj € ]Fpm, and h30x3 + hzoxz + hlox + hoo # 0.

o Type 4: (nonprincipal ideals)
) w-1 )
<(v(x))l +u Z(ajx3 + bij +cjx +d;)(v(x)), u(v(x))“’> ,
=0
where1 <i<p°—1,a;,bj,cj,d; € Fpn,and w < T, where T is the smallest integer such that
. l_l .
u(@()’ € ((vx) +u Z(ajx3 + b]x2 +cjx +dj)(v(x)));
=0

or equivalently,
(@)Y + u(E) 1), u(o)*),
with h(x) as in Type 3, and degh(x) < w —t — 1.

Proof. We see that ideals of Type 1 are (0), (1).. Let I be an arbitrary nontrivial ideal of <(£[;‘)]Vs>. We

consider all possible forms that the ideal I can have.

Case 1. I C (u) : Then any element of I must be of the form u Zf;;l(alixg’ + bx® + cix + dq;)(v(x))!, where
a1, b1, c1i, d1; € Fpn. Then there is an element a € I that has the smallest k satisfying a1ix3 + byx? +coix +dg; # 0.
Therefore, for any c(x) € I, it has the form c(x) = u(v(x))* 7' (@) 3 + b} 2% + ¢} x +d}, ) (0(x))"~*, which implies
I C (u(v(x))*). However, we have a € I with

p-l
a = u(v(x))k Z(aux3 + byix® + cpix + dig) (v(x))
i=k
p-l
= (o) |aua® + by + cyex + di + Y (@1 + biia® + ey + d) () .
i=k+1

. 5—1 ) AR .
Since ayx® + byx? + cyx +dig # 0,a1,%° + byx® + ey +dyc+ X (a1x° +byix® + i +dy;) (v(x)) ™ is invertible,
RIx]

@ contained in

hence, 1(v(x))k € 1. Therefore, I = (u(v(x))*), which means that the nontrivial ideals of
(u)y are (u(v(x))*),0 < k < p° — 1, which are ideals of Type 2.

Case 2. I € (u) : Let I, denote the set of elements in I reduced modulo u. Then I, is a nonzero ideal of

the ring %, which is a finite chain ring with ideals {((v(x))/), where 0 < j < p*. Hence, there is an integer
i€{0,1,...,p° =1} such that I, = ((v(x))’) C J;” Z [;1>. Therefore, there exists an element c(x) € ((vfg)]ps> and c(x)
can be expressed as

ps_l ps—l

c(x) = Z(aoij + bosz + cojx + d07)(v(x))j +u Z(aljx3 + b1jX2 +Cyx + dlj)(v(x))j,
j=0 j=0
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where agj, a1, boj, b1}, coj, €1, doj, d1j € Fpn, such that (v(x))" + uc(x) € I. Since

p°-1
() + uc(x) = (0(x)) +u Z(aojx3 + bojx® + cojx + doj)(v(x)) €1,
j=0

and 4 4
u(@@) = u @) +uc@] @) eI
with i <k < p® — 1, it implies that that

i—1

() + u Z(aoij + bosz + cojx + doj)(v(x))j el
=0

We now consider two subcases.
Case?2a. ] = <(v(x))i +u Z;;lo(ajx3 +bpx +cjx + dj)(v(x))f>. Hence,

I'={(@0) + u(@)'h(),

where hi(x) is 0 or a unit which can be represented as h(x) = Y. ;(hojx® + h1jx* + hyjx + h3))(0(x))/, with
ho]', hlj/ hz]‘, l’l3]' € lF‘pm and h00x3 + h10x2 + hzox + h30 # 0. Thus, I is of Type 3.

Case 2b. ((0(x))' + u L iZ(a0j® + boja® + cojx + do)(0(x))/) € .

Since <(v(x))i +u Z;;B(aojx‘g + bojx® + cojx + doj)(v(x))f> C I, there exists

i-1
flx)er\ <(v(x))" +u Z(aoij + bojx® + cojx + doj)(v(x))f> .

=0

RIx]
()Y

Hence, there exists a polynomial g(x) € satisfying

i-1
0% h() = (@) - 9(x) [(v(x»" a0 b + ok dOj)(v(X))j] -
=0

It shows that

i-1 i-1
h(x) = Z(hoj;é + Iy 2 + hpjx + haj) (0(x)) + u Z(hg A+ + X+ R ].)(v(x))j,
j=0 j=0

where hoj, h1j, haj, hsj, héj'hi]‘/héj' héj € Fyn. Hence, h(x) reduced modulo u is in I, = {(v(x))"y, and thus,
hoj = hij = hyj = h3; =0forall0< j<i—1,ie, h(x)=u z;;})(h;)jx?’ + 122+ B x o+ ) (). As h(x) # 0,

there exists a smallest integer k, 0 < k < i — 1, such that k), x* + b, x* + i}, x + I, # 0. Then

i-1
h(x) =u Z(h(’)ij + hisz + héjx + hgj)(v(x))f
j=k

= (o)) [ + Bya® + e + 1y |
i—1 ‘
FuE) | Y P + 12 + By + B ) () |
j=k+1
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: 7 .3 ’ a2 41 ’ 7 43 r a2 o1 ’ i-1 7 3 r a2 4 1y ’ j—k :
Since hy, x” + by x° + ho,x + hy # 0,h{, x* + b x° + hj, x + h, + Zj=k+1(h0].x + hljx + hzl.x + hsj)(v(x)) is an

7 0k

R put

(@)™

invertible element in

i-1
m(x) = hékx3 + hikx2 +hyx + iy + Z (h{)].x3 + hisz + h’zjx + hgj)(v(x))f’k.
j=k+1
Then .,
u(@@) = ((m@)Y ™) hx) € L

We have shown that for any

i-1
f(x) el\ <(v(x))i +u Z‘(ao]‘xs + bonz + Cojx + doj)(U(X))j> ’

j=0

there is an integer k with 0 < k <i -1 such that u(w(x))* € I. Let

i—1
@ = min {kl f(x) € T\ ((v(x)) +u Z(aojx3 + bojx® + cojx + doj)(v(x))f>} .

j=0
Then
<<v<x>)l v Y (a0 + by + cop + dop) (@), u(v(x»w> cr.
j=0
Moreover, by the above construction, for any f(x) € I, there is a polynomial g(x) € I such that

i—1

f) = g@)@E)" +u Z(ﬂo]'x3 + bojx® + cojx + dop) ()] € (u(v(x)),

j=0
showing that
i-1
f(x) € ((w(x)) +u Z(aojx3 + boja® + cojx + doj)(v(x))!, u(o(x))*).
j=0
Thus,

i-1
I= <(v(x))i +u Z(aojf‘ + bojx® + cojx + doj)(0(x))/, u(v(x))“’>

=0

w=1
= <(v(x))" +u Z(aoij + bojx* + cojx + doj)(0(x))/, u(v(x))w> .

j=0

Let T be the smallest integer such that
i-1
u@)’ € (X)) +u Z(ajx3 +bix® + cjx + dj)(0(x))).
=0
If w> T, then

w-1
I= <(v(x))i +u Z(a 2+ b + cjx + dj)(o(x)), u(v(x))“’>

j=0

i—1
= <(v(x))" +u Z(aij +bix® +cjx + d,)(v(x))f>,

=0
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which contradicts the assumption of this case. Hence w < T, proving that I is of Type 4, as required. O
The following result helps us to determine T.

Proposition 5.6. Let T be the smallest integer satisfying

u@E))" € () + u©x))'h(x)).

Then

vl if h(x) = 0,
| min{i,p* i+, ifh(x)+0.

Proof. Since u(v(x)))" = u[(v(x)))" + u(v(x)))'h(x)] € C, we see that T < i. If h(x) = 0, then C = {(¢v(x)))),
showing that T = i. Assume that h(x) is a unit, i.e., h(x) # 0. Since

u@@))" € (@) +u@())'hx)),

R[x]

@ such that

there exists a polynomial f(x) €

u(@)" = fEOLE) + u@x) hx)].
Then

S

p-1 p-1

£ =Y (@0 + bop? + copx + dop) @) +u Y (@ + by + cajx + di ()Y,
7=0 =0
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where agj, a1, boj, b1}, coj, c1j,doj, d1j € IFyn. From this, we have

-1
u(w()’ = [Z(ﬂo]‘x3 + bojz + cojx + do;‘)(v(x))]]

j=0

x [(0@) + u(w(x)'h()]

r’-1
+ |u Z(aljx3 + b1]-x2 +c1jx + dlj)(v(x))f]
=0
X [(©()" + u(()'h()|
p’-1
= (z)(x))i Z(a()/x3 + bosz + Cojx + doj)(i)(x))j
=0
-1
+ u(o(x)) Z(ﬂljx3 + by + c1jx + dij)(v(x))!
=0
-1
+ u(v(x)) h(x) Z:(lloj‘x3 + bojx” + cojx + doj)(0(x))!
=0
p=i-1
= (v(x))’ 2 (0> + boja® + cojx + doj)(0(x))!
=0
p°-1
+ (V) Z (aojx” + bojx® + cojx + doj)((x)) 1

+ u(v(x)) (@1 + byjx® + crjx + dyj)(0(x))

+ u(o(x))” (a1 + by® + cyjx + dyj) (0(x)) TV
jEp-i
p=i-1
+ u(v(x)) h(x) Z (a0 + bojx® + cojx + doj) (v(x))!
=0
-1
+ uE)hE) Y (@0p + bop? + copx + do)(0(x)
j=p-i
p=i-1
= u(o(x)) Z (@12 + by o + ey ¢ + dh ) (0(x)))
=0
-1
+ u(v(x)) h(x) Z (a0jx° + boja® + cojx + doj)(0(x))!
j=p-i
p=i-1
= u(v(x)) Z (LlleS + blsz + % + dlj)(v(x))]
=0

i-1
+u@E)Y ) Y qop-in (@),
j=0

9026
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where o ps—i+t(X) = g pi—isjX° + Do iy jx? + CopooinjX + dopo—ivj. Thus, T > min{i, p* — i + t}. Moreover,

[@@) + u@@)'hE)| @) = u@E)y " h().

Therefore,
() = @) + u@) 7] @) hE) T e C.

Thus, T < p® —i+t, proving that T = min{i,p° —i+t}. O

Let C be a code of length 1 over R. We recall torsion and residue codes of C as follows:
Tor(C) ={a€ ]F;'m luaecC},
Res(C) ={a € ]FZ,,, |db:a+ub e C}.
The reduction modulo u from C to Res(C) is given by

¢ : C — Res(C), ¢(a+ub)=a.

Clearly, ¢ is well-defined and onto, with Ker(¢) = Tor(C), and ¢(C) = Res(C). Therefore, | Res(C)| =
Thus, we have:

9027

IC]

[Tor(C)l*

Proposition 5.7. Let C be a code of length n over R, whose torsion and residue codes are Tor(C) and Res(C). Then

ICl = | Tor(C)] - | Res(C)].

Rlx]

We can now give the enumeration of elements in each ideal of the ring o

RIx]
(@)

Theorem 5.8. Let I be an ideal of the ring
follows.

o [f1=0), thenn; =1.

o If I = (1), then n; = p¥™”".

o If I = (u(v(x))"), where 0 < i < p° — 1, then ny = p*" "=,

o If I = ((v(x))'), where 1 < i < p° — 1, then n; = p¥m¥" =),

o If I = ((v(x))' + u(v(x))'h(x)), where 1 < i < p* —1,0 < t < i, and h(x) is a unit, then

p = p8m(ps—i)', Zf] <i< ps—l + %
p4m(2p5—1—T)’ Zfps—l + % <i< PS -1

o If I = ((v(x))' + u(v(x))'h(x), u(v(x))<), where 1 <i < p°—1,0 < t < i, either h(x) is 0 or h(x) is a unit, and

i, ifh(x) =0
r<T= {min{i,ps —i+t}, ifh(x) £ 0,

then ny = p4m(2p5_i—1<).

Proof.

(i) Type 1:
o If I = (0), then Res(l) = Tor(I) = (0), proving (i).
o If | = (1), then Res(I) = Tor(I) = (1).

. Then the numbers of elements of 1, denoted by n; is determined as
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(ii) Type 2: If I = (u(v(x))’), where 0 < i < p* — 1, then Res(I) = (0) and Tor(I) = {(v(x))’).

(iii) Type 3: If I = {(v(x))’ + u(v(x))'h(x)), where 1 <i < p° — 1,0 < t < i and either h(x) is 0 or h(x) is a unit.
Then Res(I) = {(v(x))’y and Tor(I) = {(v(x))T), where T is the smallest integers such that u(v(x))! € I,
which is given by

T o i, if h(x) =0
~|min{i,p* —i+1t}, ifh(x) £ 0,

(iv) Type 4: If I = {(0(x))" + u(v(x))'h(x), u(v(x))<), where 1 <i < p° — 1,0 < t < i, either h(x) is 0 or h(x) is a
unit, and x < T, then Res(I) = {(v(x))’y and Tor(I) = ((v(x))*). O

We need to have two following lemmas to determine the duals of all A-constacyclic codes with respect to
four types as classified in Theorem 5.5.

Rlx]

W’ where t < i. Then

Lemma 5.9. Let f(x) = (v(x))' —u Zézo(a]oﬁ +bjx +cjx +d;)(v(x)) be a polynomial over

t
F(x) = @) —u Z(djx?’ e + by + ) (0(x)) M,
=0

Proof. Using Lemma 2.8, [(U(x))k]* = [(0()*]F = (). Applying Lemma 2.8 again, we have
t
fix) = [(U(x))’]* -u Z(ajx3 +bix+cix +d;) [(v(x))]]* A3
=0

t
= (000) — 1 Y (@7 + e + b +a)(0(x) ¥ o
j=0

Lemma 5.10. If I = {(0(x))' + u(v(x))'h(x), u(v(x))), then p* — i is the smallest positive integer r such that
u(v(x))" € A(l).
Proof. Assume that
[@@) + u(@)'hE)| @) = 0.

Since the nilpotency index of v(x) is p*, i + r > p®,i.e., r > p° — i, as required. O

Theorem 5.11. Let I = (u(v(x))’) be an ideal of the ring %, then I+ = ((v(x))" ", u).
Proof. As1 C (u)and I C {((v(x)))), we see that ((v(x))’ ™) = ((v(x)))* C I* and (u) = (u)* C Il.
So {(v(x))P"~',u)y C I*. The other inequality follows from the fact that the coefficient vector of (v(x)) ~* is

orthogonal to the coefficient vector of u(v(x))’. O

Theorem 5.12. Let I = ((v(x))' + u(v(x))'h(x)) be an ideal of the ring <(v7:a£;1’5>’ where h(x) is 0 or h(x) is a unit. Then
the dual ideal A(I)*, determinded as follows.

1) If h(x) is 0, then A(I)* = {(v(x))"" 7).
2)Ifh(x)isaunitand 1 <i < l%, then A()* = (a(x)), where
a(x) = ()"
i—t=1

— u(v(x))PS—ZHt Z (djx?) + ijZ + b]x + a/)(v(x))jx4i_4t_4j_3.
j=0
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3) If h(x) is a unit and F% <i<p°—1, then AI) = (b(x), u(v(x))" =), where
b(x) = (o(x))"™

p°—i-1
—u Z (deS + ijz +bjx + a]-)(z;(x))fx4i—4f—4j—3'
j=0

Proof. We see that 1) is obvious. We continue to prove 2) and 3). Let i(x) be a unit. Since
() + u(v() B)][(E) ™ = u(@(x)) > *h(x)] =0,
it implies that - '
()™ = u(e()) > h(x))y € A).

We see that A(I) can express as A() = (f(x), u(v(x))*), where f(x) = (v(x))* + u(v(x))’g(x). We give the
simpliest form for the generators f(x) and u(v(x)). Using Lemma 5.10, p° — i is the smallest integer r such
that u(v(x))" € A(l). Hence, k = p° —i. On the other hand,

FOLE) + u@x)h0] = [(0E)" + u@©x)"g(x)]

X [(()) + u(v(x))'h(x)]
= ()™ + u(v(x)™h(x)

+ u(e(x)""g()

=0.
It is easy to see that a +i > p°, i.e.,, a > p° —i. We consider two ranges of i, namely, 1 < i < @ and
% <i<p’ -1

ol<ic< ’%: Since a > p® — i, we can choose 4 = p° — i. Then we can set b = p° — 2i + t and g(x) = —h(x).
Hence,

f(x) = @) + u(v(x)) g(x)
S <(z)(x))7’s—i _ M(U(x))ps+t_2ih(x), M(Z)(x))ps_i>

and o . o

A = ()" = u(@@)” " h(x), u(o@)” ).
As (o))" = u [ (o))"~ - u(o(x)) +-2h(x) | itimplies that u(o(x))” = € (@) - u(@(x))’ ().
Hence, we have

A = (@) = w0+ 2h(x).

Let h(x) = ¥ (ajx® + bjx® + cjx + d;)(v(x))/, where agx® + box* + cox + do # 0 and a;, bj, cj, d; € Fyn. Since
pi+t

1<i<5-,t+j<T=min{i,p’ —i+t} =i Therefore j <i—t—1. Let
. it '
£1(x) = (@) = u(o(x))r Z (ajx3 + b]»x2 +cix +dj)(v(x)).
j=0

Then (A(I)*) = (£;(x)), and by Lemma 5.8, we have
6 (x) = @)

i—t=1
— u(v(x))P5—21+t Z (d]-x3 + ijZ + b]x + aj)(v(x))]x4’_4t_4]_3,
j=0

proving 2).
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o ’% < i< p®—1: In this case, p* —i < i —t, so we can choose a = i — t. That means, we need b and g(x)
such that ‘ ‘
u(v(x))'h(x) + u(v(x))"g(x) = 0.
Thus, we can choose b = 0 and g(x) = —h(x). Hence, f(x) = (0(x))"" — uh(x). Let h(x) = ¥ (ajx® +
bix* + cjx + d;)(v(x))/, where agx® + box* + cox + do # 0 and aj,bj,¢j,d; € Fyn. Since pTH <i<p -1,
t+j<T=min{i,p’ —i+t} =p° —i+t,showing j <p*—i—1. Let

p—i-1

6E) = EW) " —u Y (@ + b)),

=0
Now (A(I)*) = (£3(x), u(w(x))" ), and by Lemma 5.9, we have

6(x) = (v(x)™!
pP=i-1

—u Z (dij + ijZ + b]x + aj)(v(x))jx4i—4t—4j—3’
j=0

which proves 3). O

Theorem 5.13. Let I = ((v(x))’ + u(v(x))'h(x), u(v(x))*) be an ideal of the ring ((ﬁ;]ps), where h(x) is 0 or h(x) is a
unit. Then the dual ideal A(I)" is determinded as follows.

(1) I i(x) = 0, then A(I)" = ((0())” =, u(o())” =) .
(2) If h(x) is a unit, then A(I)* = <c(x), u(v(x))ps—i> , where

c(x¥) = (=y0) ™ (@)
w—t-1
— u(o(x))P et Z (@i + ci + bjx+aj)(v(x))jx4i—4t—4j—3_
j=0

Proof. If h(x) = 0, then I = ((v(x))’, u(v(x))*). Hence,

A = (), u@E) ).
Therefore,
A1y = [y =], [uex)y )
= ()", ueE)y’)
= (@)Y, u@E)" ),

proving (1). Let h(x) be a unit. Put

E= <(U(x))ps_w - u(v(x))ps_i_“’+th(x),u(y(x))ps—z).

Then |E| = p*"@+%)_ Tt is easy to verify that E C A(I). On the other hand, we see that

) 8mp® 8mp®
p) = |E| < JAD)] = 1Ay = -

— pim(itw)
n p4m(2p5—i—a)) p :
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It implies that E = A(I), i.e.,
(@Y = uE)P = h(x), ueE)F ) = A,

Let h(x) = ¥ j(a;x® + bjx® + cjx + dj)(v(x))/, where agx® + box? + cox + do # 0 and aj, bj, ¢j,d; € Fpn. In this case,
wehave j <w—t—1. Let

w—t-1
0(x) = ()Y = u(o(x)P et 2 @ + b + cjx + dj)(0(x)) .
j=0
Then A()" = (£'(x), u(v(x))” ). From Lemma 5.8,
w—t-1
() = @)™ - u(eE) T Y (@0 + o + b+ a)) (o),
j=0

completing the proof of (2). O

Summarizing Theorems 5.2, 5.5, 5.12 and 5.13, we give the structure of cyclic codes of length 5p° over R
as follows.

Theorem 5.14. Let C be a cyclic code of length 5p° over R. Then we have:

R[x]
(7" -1)

(i) Cyclic codes of length 5p° over R can be represented as C = Cy P Cy, where Cy is an ideal of the ring

which is determined in [16] and C is an ideal of the ring % which is determined as in Theorem 5.5.

(i) |C] = |C1||Cal, where |C1]| is given in [16], and |C,| is determined as in Theorem 5.8.

(iii) C+ = Ci @ Cf, where Ci- is determined in [16] and Cy is determined as in Theorems 5.12 and 5.13.
Remark 5.15. Consider the map 0 : <x§£x_]1> <x5§£i]1>

cyclic and negacyclic codes of length 5p° over R are equivalent via the ring isomorphism 0. So all the results of the
paper hold true for negacyclic codes of length 5p° over R via that isomorphism.

given by x — —x. We see that 0 is a ring isomorphism. Hence,

6. Examples

We give some examples to illustrate our results in Sections 3, 4 and 5.

Example 6.1. Let C be a cyclic code of length 35 over R = [F; + ulF;. Here,p =7,s =1 and m = 1. Then we
have a factorization of x¥ — 1 as follows:

¥ -1= @ - 1)Ew),

where v(x) = x* + x® + x2 + x + 1. By the Chinese Remainder Theorem,

N Rlx Rx]
Ri= 715 D ey

By Theorem 5.14, C = 4 @ C,, where C; is an ideal of the ring «g[ﬂ)), whose structure is given in [16] and
Rlx] Rl oo
{(x))) ()"

C, is an ideal of Using Theorem 5.5, ideals of

e Type 1:
(0), 1)
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e Type 2:
(u@)),
where 0 <i < 6.
e Type 3:
(@) + u@)h()),
where1 <i<6,0 <t <i,and either hi(x)is 0 or hi(x) is a unitand hi(x) = ¥ ;(h3j> +hjx> +hy jx +ho;) (0(%))/,
with hsj, haj, I j, hoj € Fr, and haox® + haox? + hiox + hoo # 0.
e Type 4:
w=1
<(v(x))" +u Z(a,-x3 +bix® + cjx + dj)(v(x)Y, u(v(x))‘“>,
=0
where 1 <i<6,a;,bj,¢;,dj € F7,and w < T, where T is the smallest integer satisfying

i-1
() € (EE) +u Y (apx + b + cix +d)E));
j=0

or equivalently,
(@) + u(@) (), u@E)*),
with hi(x) as in Type 3, and degh(x) < w —t — 1.

By part (ii) of Theorem 5.14, we see that |C| = |C1||Cz|, where |C;] is given in [16], and |C;| is determined as
follows:

e |Cy| = 1 when C, = (0).
o |Cy| = 7°° when C, = (1).
¢ |C5| = 747D when C, = (u(v(x))), where 0 < i < 6.
¢ |Cy| = 787D when C, = {(v(x))'), where 1 < i < 6.
78(7-1), in this case, 1 <i <1+ %

7404=1) in this case, 1+ £ <i<6

and h(x) is a unit.

0 |Cy| = 74047719 when C, = ((v(x)) + u(v(x)) h(x), u(v(x))<), where 1 <i < 6,0 < t < i, either h(x) is 0 or h(x)

is a unit, and
K<T={l/ ifh(x) =0

o |G| = when C; = ((v(x))' + u(v(x))'h(x)), where 1 <i < 6,0 < t <1,

min{i,7 —i+1t}, ifh(x) #0

Example 6.2. Let C be a cyclic code of length 65 over R = FFi3 + ulFi3. Here, p = 13,5 = 1 and m = 1. Then
we have a factorization of x®® — 1 as follows:

2 =1= (P - 1(@)",
where v(x) = x* + x* + x2 + x + 1. By the Chinese Remainder Theorem,
R, = Rix] Rlx] ‘
(P = 1)) N {(0(x)B)
By applying Theorem 5.14, C = C; P C,, where C; is an ideal of the ring %, whose structure is given

. . . RIx] . : Rix]
in [16] and C; is an ideal of 05 Using Theorem 5.5, ideals of o)™ are
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e Type 1:
(0, <1).

o Type 2:
(ue()'),

where 0 <i < 12.

e Type 3:
(@) + u@@)'h()),

wherel <i < 12,0 <t < i,and either h(x) is 0 or h(x) is a unitand h(x) = Zj(hgjx3+hzjx2+h1jx+h0j)(v(x))f,
with hgj, h2j/ hljr h()]‘ [S ]F13, and h30x3 + h20x2 + hlox + h()() # 0.

o Type 4:
w-1
<(v(x))i +u Z(ajx3 + bjx2 +cjx + dj)(v(x))f, u(v(x))“’> ,

=0

where 1 <i<12,aj,bj,¢j,d; € F13,and w < T, where T is the smallest integer satisfying

i—1

u(o(x))" € ((v(x)) +u Z(ajx3 + b + cjx + d))(0(x)));
j=0

or equivalently,
(@) + u(@@) h(x), 1)),
with h(x) as in Type 3, and degh(x) < w —t — 1.

By part (ii) of Theorem 5.14, we see that |C| = |C1||Cz|, where |C;] is given in [16], and |C;| is determined as
follows:

e |Cy| =1 when C, = (0).

¢ |Cy| = 13% when C;, = (1).

¢ |Cy| = 13*13-) when C, = (u(v(x))’), where 0 < i < 12.
e |Cy| = 13813-) when C, = ((v(x))), where 1 <i < 12.

138037)  inthiscase, 1 <i<1+ %
13426==1) " in this case, 1 + £ <i <12
t < i, and h(x) is a unit.

o |G| = when C, = ((v(x))' + u(v(x))h(x)), where 1 < i < 12,0 <

0 |Cy| = 13279 when C, = ((v(x))’ + u(v(x))h(x), u(v(x))<), where 1 < i < 12,0 < t < i, either h(x) is 0 or

h(x) is a unit, and
< T= 1,. ‘ ’ ?fh(x)zo
min{i, 13 —i+t}, ifh(x) # 0

Example 6.3. Let C be a cyclic code of length 115 over R = F»3 + ulF,3. Here, p = 23,5 =1 and m = 1. Then
we have a factorization of x° — 1 as follows:

151 = (& - 1)),
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where v(x) = x* + x> + x> + x + 1. From the Chinese Remainder Theorem,

R RIx]
R = w51 D Gy

By using Theorem 5.14, C = C; GB C,, where C; is an ideal of the ring %, whose structure is given in

[16] and C, is an ideal of <(v7:;£;3]23>' Using Theorem 5.5, ideals of <(z§)£;{)]23> are

e Type 1:
(0, <1).

e Type 2:
(u()),

where 0 <i < 22.

e Type 3:
(@) + u@@)'h()),
wherel <i <22,0 <t < i,and either h(x)is 0 or h(x) is a unitand h(x) = Zj(hgjx3+hzjx2+h1jx+h0j)(v(x))f,
with h3]‘, h2j/ hlj/ h()]‘ [S ]F23, and h30x3 + h20x2 + hlox + h()() # 0.
o Type 4:
w-1
<(v(x))i +u Z(ajx?’ +bix® + cjx + dj)(v(x)), u(v(x))“’>,
=0
where 1 <i<22,a;,bj,cj,d; € Fy3,and @ < T, where T is the smallest integer satisfying

i-1
() € (EE) +u Y (apx + b + cix + d)E));

=0
or equivalently,
{©0) + 1) h(x), (@),
with h(x) as in Type 3, and degh(x) < w — ¢t — 1.

By part (ii) of Theorem 5.14, we see that |C| = |C1||C2|, where |Cy] is given in [16], and |C;| is determined as
follows:

e |Cy| =1 when C, = (0).

¢ |Cy| = 23% when C; = (1).
o |Gy = 23*%-) when C, = (u(v(x))), where 0 < i < 22.
o |Cy| = 2383-) when C, = ((v(x))), where 1 < i < 22.
2387 inthiscase, 1 <i<1+ %

23446==1) in this case, 1 + £ <i <22

t < i, and h(x) is a unit.

o |G| = when C, = ((©(x))' + u(v(x))'h(x)), where 1 < i < 22,0 <

o |Cy| = 23*40-9) when C, = ((v(x))' + u(v(x))h(x), u(v(x))<), where 1 < i < 22,0 < t < i, either h(x) is 0 or

h(x) is a unit, and
< T = 1,' ‘ ' %fh(x):O
min{;, 23 —i+t}, ifh(x) # 0
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(Fyg +ulFy)[x]

Example 6.4. Let C be a cyclic code of length 55 over R = IFy; + ulFq;. Then C is an ideal of R; = 51

Here, p = 11,5 =1 and m = 1. We see that
o(x) = (x — 4)(x = 5)(x — 9)(x — 3).
Then we have a factorization of x> — 1 as follows:
55 _ 1 = (X = 1)(x! — )" — 5)(x!! — 9)(x! - 3),

where v(x) = x* + x* + x2 + x + 1. By the Chinese Remainder Theorem, we have

N R[x] R[x] R[x] R[x]
= (x“—l»@«x >@<(x >EB<x11 9)>@<x11 3))’

By Theorem 3.1, C = C, @ Ci + @ C, @ Cs @ C4, where Cy is a cyclic code of length 11 over R, C; is a
4-constacyclic code of length 11 over R, C; is a 5-constacyclic code of length 11 over R, C; is a 9-constacyclic
code of length 11 over R and C; is a 3-constacyclic code of length 11 over R. Their structures are given in
[16]. By applying Theorem 3.1, C*+ = C+ D G P Cy P C5 @ C;, where C7 is a cyclic code of length 11
over R, C; is a 3-constacyclic code of length 11 over R, C; is a 9-constacyclic code of length 11 over R, C5
is a 5-constacyclic code of length 11 over R and C; is a 4-constacyclic code of length 11 over R.

Example 6.5. Let C be a cyclic code of length 95 over R = [Fy9 + ulF19. Then C is an ideal of R; = %

Here,p =19,s =1land m = 1. Puty =9 € Fy9. Then y? = 9*> =5 € Fy9. Puta; = [-(y +5)27°]Y =3 =3 ¢
Fi9 and a; = [-(y — 5)27%]" = —10'° = =13 = 6 € Fj9. Then we have a factorization of x*> — 1 as follows:

P 1= " -1 -4+ )PP +5x + 1)

By the Chinese Remainder Theorem,

Rx]
#o = (x19 - 1)> D (2 - 4x +1)19) D (2 +5x + 1)1

From Theorem 4.2, we have

- R[x] R[x]

R = (X9 = 1)) EB (2 = 4x + 1)19) @ (2 + 5x +1)19)
. RIx R[x] R[x]
S {(x -1 EB ((x%8 = 3)) EB ((x%8

By using Theorem 4.4, C = C, EB Cqy @ Cyq,, where C; is a cyclic code of length 19 over R, C,, is a 3-
constacyclic code of length 38 over R and C,, is a 6-constacyclic code of length 38 over R. Their structures
are given in [12].

7. Conclusion

In this paper, for an odd prime p # 5, we study all cyclic codes of length 5p° over R, where R =
Fyn + ulFyn (u? = 0). We divide our considerations into 4 cases, namely, p = 1 (mod 5) (Section 3), p = 4
(mod 5) (Section 4), and p =2 or 3 (mod 5) (Section 5). When p =1 (mod 5), we see that the polynomial
x" -1 can be expressed as

-1 (@ -1 = @ =) - DE - - =00,

_ _eor oy "V oyt _7@"-Dpt p p"-1p’
where y1 = 0 )/3 _T'V7 = T Yy = _T' By Theorem 3.1, the algebraic

structures of all cyclic Codes of length 5p° over R when p =1 (mod 5) are given. Following Theorem 3.1, a
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cyclic code of length 5p° over R is a direct sum of C,,C,,,C,,, C,,,C,,, where C, is a cyclic code of length
p° over R and C,, is a y;-constacyclic code of length p° over R (i = 1,3,7,9). From Theorem 3.1, we also see
that the dual of all cyclic codes of length 5p° over R is determined as

c=c;Pa.Pa.De. D

where C7 is the dual code of C, and C;l, is the dual code of C,, (i = 1,3,7,9). In Section 3, Theorem 3.2
presents necessary and sufficient conditions for a self-dual cyclic code of length 5p° over R and Theorem
3.4 provides the number of cyclic codes of length 5p° over R. When p = 4 (mod 5), we divide into 2 cases,
namely, p” =1 (mod 5) when m is even and p” = 4 (mod 5) when m is odd. If p” =1 (mod 5) when m is
even, then cyclic codes of length 5p° over R are studied in Section 3. Therefore, in Section 4, we study the
remaining case that is p” = 4 (mod 5) when m is odd. Since p™ = 4 (mod 5), there exists y € [F,» such that
y? = 5. Then the polynomial x** — 1 can be expressed as

P —1=(x-17 (xz +(1-y)27 %+ 1)p5 (xz +(1+y)27x+ 1)p5 .

By constructing the ring isomorphism © : e +(1j;)[;11 5 " (§;§2,3)p5> defined by f(x) = f(x - (1 -

¥)272) and the ring isomorphism ©; : <(x2+(1+f)[;11x+1)p5> - <(x2+(yR—[;}z-3)vs> defined by f(x) — f(x — (1 +7)272)
(Theorem 4.2), we investigate all cyclic codes of length 5p° over R when p” = 4 (mod 5) in Theorem
4.4. Theorem 4.4 shows that if C is a cyclic code of length 5p° over R, then C can be represented as
C=C, EB Cy EB Ca, where C, is a cyclic code of length p® over R, C,, is an a;j-constacyclic code and C,, is
an a,-constacyclic code of length 2p° over R (a1 = [—(y +5)27%]"" and a; = [-(y — 5)273]""). Theorem 4.4 also
allows us to determine the dual of all cyclic codes of length 5p° over R when p™ =4 (mod 5) as follows:

ct=ctPc Pt

where Cy is the dual code of C,, Cy, is the dual code of C,,, and Cg, is the dual of C,,. In Theorem 4.6,

we give the mass formulas to count all cyclic codes of length 5p° over R when p” = 4 (mod 5). When
p =2 or 3 (mod 5) such thatp™ £ 1 (mod 5), cyclic codes and their dual of length 5p° over R are studied in

Theorem 5.14. By part (i) of Theorem 5.14, cyclic codes of length 5p° over R is determined as C = C; P C,,
Rlx] Rlx]

where C; is an ideal of the ring

WD which is determined in [16], and C; is an ideal of the ring T
which is determined in Theorem 5.5. By part (ii) of Theorem 5.14, we have |C| = |C1]|C;|, where |C4] is
computed in [16] and |C;| is determined in Theorem 5.8. In addition, from part (iii) of Theorem 5.14, C* can
be represented as C* = C €D C, where C7 is an ideal of the ring <x7:5[i]1>
5.12 and 5.13.

As discussed in Remark 5.15, cyclic and negacyclic codes are equivalent via the ring isomorphism
R+ RIx]
t (o -1) - (x5 +1)
isomorphism.

For future work, it is interesting to investigate A-constacyclic codes of length 5p° over R, where A €
Fyn \ {0} or A = a + up (o, p € Fpn \ {0}).

and C; is determined in Theorems

given by x — —x. So all the results of the paper hold true for negacyclic codes via that
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