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Abstract. In 2020 İlkhan et al. [10] defined Jordan’s totient matrix operator. In this paper, the Jordan
totient matrix operator Ar and I − conver1ence are used to define two new sequence spaces, CI

0(Φ,Ψ,Υ)(A
r) and

C
I
(Φ,Ψ,Υ)(A

r), as the domain of the Jordan totient matrix operator Ar with respect to the neutrosophic norm.
Some results about these sequence spaces are also studied.

1. Introduction

L.A. Zadeh defined the Fuzzy set [29] in 1965. Intuitionistic fuzzy set theory was given by Atanassov [2].
In 2004 Park [24] described a metric on an intuitionistic fuzzy set. Further, the concept of intuitionistic fuzzy
norm space (IFNS) was studied by Saadati and Park [25]. The neutrosophic set (NS) is a generalization of
IFNS and was introduced by Smarandache [26]. Bera and Mahapatra ([3],[4],[5]) studied neutrosophic soft
linear spaces. Moreover, Kirisci and Simsek [20] defined neutrosophic normed space.

The idea of statistical convergence of sequences of real numbers was independently developed by Fast
[7] and Steinhaus [27]. Then as a generalization of statistical convergence Kostyrko et al. [21] proposed
I−Conver1ence in 2000. The concept of statistical convergence in probabilistic normed space was investigated
by Karakus [14]. Recently, Khan et al. ([15, 16]) looked at ideal convergence for single and double sequences
in intuitionistic fuzzy normed space. Kirisci and Simsek [20] studied neutrosophic normed spaces and
statistical convergence. In this paper, we define two new sequence spaces, CI

0(Φ,Ψ,Υ)(A
r) and CI

(Φ,Ψ,Υ)(A
r),

and study the concepts given by Kirisci and Simsek [20] in neutrosophic normed space and obtain some
interesting results.

Throughout the paper,N and R are the sets of all positive integers and real numbers, respectively. Let
ω stand for the collection of all real/complex sequences, i.e.,

ω := {x = (xk) : xk ∈ R or C,∀ k ∈N}. (1)

For each positive integer r, the Jordan totient function Jr (generalization of Euler totient function [9]) of a
positive integer n is an arithmetic function defined as; number of k-tuples of integers (m1,m2, ....,mk) such
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that gcd (m1,m2, ....,mk) = 1 and 1 ≤ mi ≤ k, for i = 1, 2, 3, ..., k. To know more properties and applications,
we refer ([1],[6],[22],[28]). Let n = ps1

1 ps2
2 ....p

sk
k is the unique prime factorization of n, then Jordan toteint

function can be define as follows;

Jr(n) = nr
∏
p|n

(
1 −

1
pr

)
, p is a prime number,

or

Jr(n) = nr
(
1 −

1
pr

1

)(
1 −

1
pr

2

)(
1 −

1
pr

3

)
...
(
1 −

1
pr

k

)
.

In classical summability theory, the idea behind generalising the convergence of sequences of real or complex
numbers is to give divergent sequences some limit by looking at a matrix transform of the sequence instead
of the original sequence. Recently, the Jordan totient matrix Ar was used and considered as a compact
operator on the space of all absolutely p-summable sequences ℓp. Kara et al. did tremendous work in
sequence spaces ([11], [12], [13]). Ilkhan et al. [10] define Jordan totient matrix operator Ar = (ar

nk) as
follows;

Ar = (ar
nk) =


Jr(k)
nr , if k|n

0, otherwise.

.

Definition 1.1. ([8]) Suppose H ⊂ N and symbol |.| denote the cardinality of the set. Then the asymptotic
density of H denoted by d(H) is defined as

d(H) = lim
λ→∞

1
λ
|{κ ≤ λ : κ ∈ H}|. (2)

Definition 1.2. ([8]) A real sequence η = (ηk) is statistically convergent to the number ξ if, for each θ > 0,
the set H(θ) = {k ≤ λ : |ηk − ξ| > θ} has d(H) = 0 i.e.

lim
λ→∞

1
λ
|{k ≤ λ : |ηk − ξ| ≥ θ}| = 0. (3)

We denote the statistical convergence as st − lim = ξ.

Definition 1.3. ([8]) A real sequence η = (ηk) is statistically Cauchy sequence if, for every θ > 0 there exists
a positive integer (depends upon θ) M such that

lim
λ→∞

1
λ

∣∣∣{k ≤ λ : |ηk − ηM| ≥ θ}
∣∣∣ = 0. (4)

Definition 1.4. ([21]) Suppose X , ϕ and I ⊂ P(X) (power set of X). Then I is an ideal if,
(a) ϕ ∈ I,
(b) H1, H2 ∈ I =⇒ H1 ∪H2,R
(c) For each H1 ∈ I and H2 ⊂ H1, we have H2 ∈ I.
If, X < I, then I is called non-trivial ideal.

Definition 1.5. ([21]) An ideal I in X is admissible ideal if, I , P(X), non trivial and {x} ∈ I for each x ∈ X.

Definition 1.6. ([21]) Suppose X be a non-empty set. Then the non-empty family F ⊂ P(X) is called the
filter on X if and only if,
(a) ϕ < F,
(b) H1, H2 ∈ F =⇒ H1 ∩H2 ∈ F,
(c) for each H1 ∈ F and H2 ⊃ H1, we have H2 ∈ F.
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Definition 1.7. ([21]) Suppose I ⊂ P(X) be a non-trivial ideal. Then a class F(I) = {H ⊂ X : H = X −
M, for some M ∈ I} is a filter on X, called f ilter associated with the ideal I.

Definition 1.8. ([21]) Suppose I ⊂ P(N) be a non trivial ideal in N. Then a number sequence η = (ηk) is
ideally convergent (I − conver1ent) to ξ if, for every θ > 0, the set {k ∈N : |ηk − ξ| ≥ θ} ∈ I, and we write it as
I − lim η = ξ.

Definition 1.9. ([23]) Given a binary operation ∗ : [0, 1] × [0, 1] −→ [0, 1] is said to be a continuous t − norm
if:
(a) ∗ is commutative and associative,
(b) ∗ is continuous,
(c) s ∗ 1 = s, ∀ s ∈ [0, 1],
(d) s ≤ u and p ≤ q =⇒ s ∗ p ≤ u ∗ q, for each s, p, u, q ∈ [0, 1].

Definition 1.10. ([23]) Given a binary operation • : [0, 1]×[0, 1] −→ [0, 1] is said to be a continuous t−conorm
if:
(a) • is commutative and associative,
(b) • is continuous,
(c) s • 0 = s ∀ s ∈ [0, 1],
(d) s ≤ u and p ≤ q =⇒ s • p ≤ u • q for each s, p, u, q ∈ [0, 1].

Remark 1.11. ([24]) Form above definitions, we note that if we choose 0 < ϵ1, ϵ2 < 1 for ϵ1 > ϵ2, then there
exist 0 < ϵ3, ϵ4 < 1, such that ϵ1 ∗ ϵ3 ≥ ϵ2, ϵ1 ≥ ϵ4 • ϵ2. Further, if we choose ϵ5 ∈ (0, 1), then there exist
ϵ6, ϵ7 ∈ (0, 1) such that ϵ6 ∗ ϵ6 ≥ ϵ5 and ϵ7 • ϵ7 ≤ ϵ5.

2. Preliminaries

In 2018 Bera, Tuhin, and Nirmal Kumar Mahapatra did great work by defining neutrosophic norm on
soft linear space and also study Continuity and Convergence on neutrosophic soft normed linear spaces,
sequences in this space [3]. To know more about neutrosophic norm space, I would like to refer articles
O. Kişi [17],[19].

Definition 2.1. ([20]) Let X be a linear space, ∗, and • be continuous t − norm and continuous t − conorm,
respectively. A four tuple of the form {X, Φ(z, .), Ψ (z, .), Υ(z, .) : z ∈ X}, is called neutrosophic normed space,
where Φ,Ψ , and Υ are fuzzy sets on X × R+ which satisfy the following conditions: For all z,w ∈ X, and
a, b ∈ R+,

1. Φ(z, a) +Ψ (z, a) + Υ(z, a) ≤ 3, ∀ a ∈ R+

2. Φ(z, a) = 1 ⇐⇒ z = 0 ,
3. Φ(pz, a) = Φ(z, a

|p| ), for p , 0,

4. ∗
(
Φ(z, a), Φ(w, b)

)
≤ Φ(z + w, a + b),

5. Φ(z, .) is continuous non-decreasing function,
6. lima→∞Φ(z, a) = 1,
7. Ψ (z, a) = 0 ⇐⇒ z = 0,
8. Ψ (pz, a) = Ψ (z, a

|p| ) for p , 0,

9. •
(
Ψ (z, a), Ψ (w, b)

)
≥ Ψ (z + w, a + b)

10. Ψ (z, .) is continuous non-increasing function,
11. lima→∞Ψ (z, a) = 0,
12. Υ(z, a) = 0 (for a > 0) if and only if z = 0,
13. Υ(pz, a) = Υ(z, a

|p| ) if p , 0,

14. •
(
Υ(z, a), Υ(w, b)

)
≥ Υ(z + w, a + b),
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15. Υ(z, .) is continuous non-increasing function,
16. lima→∞ Υ(z, a) = 0,
17. If a ≤ 0, then Φ(z, a) = 0, Ψ (z, a) = 1, and Υ(z, a) = 1.

Then N =
(
Φ,Ψ,Υ

)
is called neutrosophic norm. Throughout the paper we will use usual t-norm and

usual t-conorm i.e; ∗(11, 12) = min{11, 12} and •(11, 12) = max{11, 12}. These three tuples, N =
〈
Φ,Ψ,Υ

〉
is

called neutrosophic norm (NN).

Example 2.2. ([20]) Suppose (X, ∥ . ∥) be a norm space. Given operations as u1 ∗ u2 = u1u2 and u1 •

u2 = u1 + u2 − u1u2. For p > ||u1||,

Φ(u1, p) =
p

p + ||u1||
, Ψ (u1, p) =

||u1||

p + ||u1||
, (u1, p) =

||u1||

p
(5)

for all u1,u2 ∈ X, and p > 0. If we take p ≤ ||u1||, then

Φ(u1, p) = 0, Ψ (u1, p) = 1 and Υ(u1, p) = 1. (6)

Hence, (X,N , ∗, •) is neutrosophic normed space such that Φ,Ψ and Υ are the functions from X ×(0,∞)
to [0, 1].

Definition 2.3. ([20]) Let (X,N , ∗, •) be a neutrosophic normed space. A sequence η = (ηk) ∈ X is said to be
convergent to ξ with respect to neutrosophic norm N =

〈
Φ,Ψ,Υ

〉
if, for every 0 < θ < 1 and δ > 0 there

exists M ∈N such that Φ(ηk − ξ, δ) > 1 − θ, Ψ (ηk − ξ, δ) < θ and Υ(ηk − ξ, δ) < θ, for all k ≥M, we have

lim
k→∞
Φ(ηk − ξ, δ) = 1, lim

k→∞
Ψ (ηk − ξ, δ) = 0 and lim

k→∞
Υ(ηk − ξ, δ) = 0. (7)

The convergence of a sequence in (X,N , ∗, •) is denoted byN − lim ηk = ξ.

Definition 2.4. ([20]) Suppose (X,N , ∗, •) be a neutrosophic normed space. A sequence η = (ηk) ∈ X, is said
to be Cauchy sequence with respect to neutrosophic norm N =

〈
Φ,Ψ,Υ

〉
if, for every 0 < θ < 1 and δ > 0

there exists N ∈N such that Φ(ηk − ηm, δ) > 1 − θ, Ψ (ηk − ηm, δ) < θ and Υ(ηk − ηm, δ) < θ, for k,m ≥ N.

Definition 2.5. ([20]) Let (X,N , ∗, •) be a neutrosophic normed space. Then open ball with center x ∈ X and
radius r is defined as, for 0 < r < 1, x ∈ X and δ > 0,

Bx(r, δ) = {y ∈ X : Φ(x − y, δ) > 1 − r, Ψ (x − y, δ) < r, Υ(x − y, δ) < r}. (8)

Definition 2.6. ([20]) Let (X,N , ∗, •) be a NNS and Y ⊆ X. Then Y is said to be open if, for each y ∈ Y, there
exist t > 0, 0 < r < 1 such that By(r, t) ⊆ Y.

Definition 2.7. ([20]) Let (X,N , ∗, •) be an NNS, a sequenceη = (ηk) ∈ X, k ∈N is said to be statistical conver1ent
with respect to neutrosophic normN =

〈
Φ,Ψ,Υ

〉
if, there exists ξ ∈ X, such that the set

Qθ := {k ≤ n ∈N : Φ(ηk − ξ, δ) ≤ 1 − θ, Ψ (ηk − ξ, δ) ≥ θ, Υ(ηk − ξ, δ) ≥ θ}. (9)

or equivalently

Qθ := {k ≤ n ∈N : Φ(ηk − ξ, δ) > 1 − θ, Ψ (ηk − ξ, δ) < θ, Υ(ηk − ξ, δ) < θ}, (10)

has d(Qθ) = 0, for every θ > 0 and δ > 0.We write it as SN − limηk = ξ, or ηk → ξ(SN ).
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Definition 2.8. ([18]) Let (X,N , ∗, •) be an NNS, a sequence η = (ηk) ∈ X, k ∈ N is said to be I − conver1ent
to ξwith respect to neutrosophic normN =

〈
Φ,Ψ,Υ

〉
if, for every θ > 0 and δ > 0,

{k ∈N : Φ(ηk − ξ, δ) ≤ 1 − θ, Ψ (ηk − ξ, δ) ≥ θ, Υ(ηk − ξ, δ) ≥ θ} ∈ I. (11)

Lemma 2.9. ([18]) Let (X,N , ∗, •) be an NNS and sequence η = (ηk) ∈ X, k ∈ N. The following situations are
equivalent, for every ϵ > 0 and δ > 0,
(a) I − conver1ent to ξ with respect to neutrosophic normN =

〈
Φ,Ψ,Υ

〉
(b) {k ∈N : Φ(ηk − ξ, δ) ≤ 1 − ϵ} ∈ I, {k ∈N : Ψ (ηk − ξ, δ) ≥ ϵ} ∈ I and {k ∈N : Υ(ηk − ξ, δ) ≥ ϵ} ∈ I
(c) {k ∈N : Φ(ηk − ξ, δ) > 1 − ϵ, Ψ (ηk − ξ, δ) < ϵ, Υ(ηk − ξ, δ) < ϵ} ∈ F(I)
(d) Φ(ηk − ξ, δ) = 1, Ψ (ηk − ξ, δ) = 0, Υ(ηk − ξ, δ) = 0, as k→∞.

Definition 2.10. ([15]) A sequence η = (ηk) ∈ ω is said to be Jordan I − conver1ent to a number ξ ∈ R If, for
every θ > 0, the set {n ∈N : |Ar

n(η) − ξ| ≥ θ} ∈ I.

In this paper, we define the sequence Ar
n(x) that will be used as Ar transform of the sequence x = (xk) as

follows;

Ar
n(x) =

1
nr

∑
k|n

Jr(k)xk.

.

3. Main results

Definition 3.1. Let (X,N , ∗, •) be a neutrosophic normed space. A sequence η = (ηk) ∈ X is said to be
neutrosophic Jordan I − conver1ent to ξ with respect to neutrosophic norm N =

〈
Φ,Ψ,Υ

〉
if, for every

θ ∈ (0, 1) and δ > 0. The set

M1 =
{
n ∈N : Φ

(
Ar

n(η) − ξ, δ
)
≤ 1 − θ,Ψ

(
Ar

n(η) − ξ, δ
)
≥ θ, Υ

(
Ar

n(η) − ξ, δ
)
≥ θ

}
∈ I,

and we write I(Φ,Ψ,Υ)(Ar)– lim(ηk) = ξ.

Example 3.2. Let X = R be the neutrosophic normed space as defined in example 2.2 and I be a non trivial
admissible ideal inN. Sequence η = (ηk) =

(
1
k

)
∈ R is Jordan I − conver1ent to 0.

Example 3.3. Let X = R be the neutrosophic normed space as defined in example 2.2 and ideal I be the
collection of all those subsets ofNwhose natural density is 0. Then the sequence η = (ηk) defined as

ηk =

1, k = prime number
0, otherwise.

is also Jordan I − conver1ent.

Definition 3.4. Let (X,N , ∗, •) be a neutrosophic normed space. Then a sequence η = (ηk) ∈ X is said to be
neutrosophic Jordan I−Cauchy with respect to neutrosophic normN =

〈
Φ,Ψ,Υ

〉
if, for every θ ∈ (0, 1) and

δ > 0, there exists a N ∈N such that the set

M2 =

{
k ∈N : Φ

(
Ar

k(η) − Ar
N(η), δ

)
≤ 1 − θ,Ψ

(
Ar

k(η) − Ar
N(η), δ

)
≥ θ,Υ

(
Ar

k(η) − Ar
N(η), δ

)
≥ θ

}
∈ I.

Example 3.5. Let X = R be a neutrosophic normed space as in example 2.2 and I be a non trivial admissible
ideal inN. Then the null sequence is Jordan I − Cauchy.
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In this section, we introduce the following sequence spaces:

C
I
(Φ,Ψ,Υ)(A

r) :=
{

x = (xk) ∈ ω :
{
n ∈N : for some ℓ ∈ C , Φ

(
Ar

n(x) − ℓ, δ
)
≤ 1 − ϵ,

Ψ
(
Ar

n(x) − ℓ, δ
)
≥ ϵ, Υ

(
Ar

n(x) − ℓ, δ
)
≥ ϵ

}
∈ I

}
,

(12)

C
I
0(Φ,Ψ,Υ)(A

r) :=
{

x = (xk) ∈ ω :
{
n ∈N : Φ

(
Ar

n(x), δ
)
≤ 1 − ϵ, Ψ

(
Ar

n(x), δ
)
≥ ϵ, Υ(Ar

n(x), δ
)
≥ ϵ

}
∈ I

}
(13)

We define the open ball with respect to Jordan matrix operator Ar, with center at x and radius ρ > 0 with
respect to neutrosophic normN and ϵ ∈ (0, 1), as follows:

Bx(ρ, ϵ)(Ar) :=
{

y = (yk) ∈ ω :
{
n ∈N : Φ

(
Ar

n(x) − Ar
n(y), ρ

)
≤ 1 − ϵ, Ψ

(
Ar

n(x) − Ar
n(y), ρ

)
≥ ϵ,

Υ
(
Ar

n(x) − Ar
n(y), ρ

)
≥ ϵ

} (14)

Theorem 3.6. The spaces CI
(Φ,Ψ,Υ)(A

r) and CI
0(Φ,Ψ,Υ)(A

r) are linear spaces over R.

Proof. We will prove the result for CI
(Φ,Ψ,Υ)(A

r). The proof of linearity of the space CI
0(Φ,Ψ,Υ)(A

r) follows
similarly. Let x = (xk), y = (yk) ∈ CI

(Φ,Ψ,Υ)(A
r). Then there exist ℓ1, ℓ2 ∈ C, such that x = (xk) and y = (yk)

Jordan I–converge to ℓ1 and ℓ2 respectively. We will show that for any scalars α1 and α2 the sequence
α1xk + α2yk Jordan I–converges to α1ℓ1 + α2ℓ2. For δ > 0 and 0 < ϵ < 1 consider the following sets;

P =
{

n ∈N : Φ
(
Ar

n(x) − ℓ1,
δ

2|α1|

)
≤ 1 − ϵ, Ψ

(
Ar

n(x) − ℓ1,
δ

2|α1|

)
≥ ϵ, Υ

(
Ar

n(x) − ℓ1,
δ

2|α1|

)
≥ ϵ

}
∈ I.

Pc =

{
n ∈N : Φ

(
Ar

n(x) − ℓ1,
δ

2|α1|

)
> 1 − ϵ, Ψ

(
Ar

n(x) − ℓ1,
δ

2|α1|

)
< ϵ, Υ

(
Ar

n(x) − ℓ1,
δ

2|α1|

)
< ϵ

}
∈ F(I).

Q =
{

n ∈N : Φ
(
Ar

n(y) − ℓ2,
δ

2|α2|

)
≤ 1 − ϵ, Ψ

(
Ar

n(y) − ℓ2,
δ

2|α2|

)
≥ ϵ, Υ

(
Ar

n(y) − ℓ2,
δ

2|α2|

)
≥ ϵ

}
∈ I.

Qc =

{
n ∈N : Φ

(
Ar

n(y) − ℓ2,
t

2|α2|

)
> 1 − ϵ, Ψ

(
Ar

n(y) − ℓ2,
δ

2|α2|

)
< ϵ, Υ

(
Ar

n(y) − ℓ2,
δ

2|α2|

)
< ϵ

}
∈ F(I).

Define the set D = P ∪ Q so that D ∈ I. It follows that ϕ , Dc
∈ F(I). we will show that for each

x = (xk), (y) = (yk) ∈ CI
(Φ,Ψ,Υ)(A

r),

Dc
⊂

{
n ∈N : Φ

((
α1Ar

n(x) − α2Ar
n(y)

)
−

(
α1ℓ1 − α2ℓ2

)
, δ

)
> 1 − ϵ,

Ψ

((
α1Ar

n(x) − α2Ar
n(y)

)
−

(
α1ℓ1 − α2ℓ2

)
, δ

)
< ϵ,

Υ

((
α1Ar

n(x) − α2Ar
n(y)

)
−

(
α1ℓ1 − α2ℓ2

)
, δ

)
< ϵ

}
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Let m ∈ Dc. In this case,

Φ
(
Ar

m(x) − ℓ1,
δ

2|α1|

)
> 1 − ϵ, Ψ

(
Ar

m(x) − ℓ1,
δ

2|α1|

)
< ϵ, Υ

(
Ar

m(x) − ℓ1,
δ

2|α1|

)
< ϵ

and

Φ
(
Ar

m(y) − ℓ2,
δ

2|α2|

)
> 1 − ϵ, Ψ

(
Ar

m(y) − ℓ2,
δ

2|α2|

)
< ϵ, Υ

(
Ar

m(y) − ℓ2,
δ

2|α2|

)
< ϵ

Φ

((
α1Ar

m(x) − α2Ar
m(y)

)
−

(
α1ℓ1 − α2ℓ2

)
, δ

)
≥ Φ

(
α1Ar

m(x) − α1ℓ1,
δ
2

)
∗Φ

(
α2Ar

m(y) − α2ℓ2,
δ
2

)
= Φ

(
Ar

m(x) − ℓ1,
δ

2|α1|

)
∗Φ

(
Ar

m(y) − ℓ2,
δ

2|α2|

)
> (1 − ϵ) ∗ (1 − ϵ)
= 1 − ϵ.

This implies that

Φ

((
α1Ar

m(x) − α2Ar
m(y)

)
−

(
α1ℓ1 − α2ℓ2

)
, δ

)
> 1 − ϵ.

In a similar way,

Ψ

((
α1Ar

m(x) − α2Ar
m(y)

)
−

(
α1ℓ1 − α2ℓ2

)
, δ

)
≤ Ψ

(
α1Ar

m(x) − α1ℓ1,
δ
2

)
•Ψ

(
α2Ar

m(y) − α2ℓ2,
δ
2

)
= Ψ

(
Ar

m(x) − ℓ1,
δ

2|α1|

)
•Ψ

(
Ar

m(y) − ℓ2,
δ

2|α2|

)
< ϵ • ϵ

= ϵ.

This implies that

Ψ

((
α1Ar

m(x) − α2Ar
m(y)

)
−

(
α1ℓ1 − α2ℓ2

)
, δ

)
< ϵ.

And,

Υ

((
α1Ar

m(x) − α2Ar
m(y)

)
− (α1ℓ1 − α2ℓ2), δ

)
≤ Υ

(
α1Ar

m(x) − α1ℓ1,
δ
2

)
• Υ

(
α2Ar

m(y) − α2ℓ2,
δ
2

)
= Υ

(
Ar

m(x) − ℓ1,
δ

2|α1|

)
• Υ

(
Ar

m(y) − ℓ2,
δ

2|α2|

)
< ϵ • ϵ

= ϵ.

This implies that

Υ

((
α1Ar

m(x) − α2Ar
m(y)

)
−

(
α1ℓ1 − α2ℓ2

)
, δ

)
< ϵ.
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Therefore, we have

Dc
⊂

{
m ∈N : Φ

((
α1Ar

m(x) − α2Ar
m(y)

)
−

(
α1ℓ1 − α2ℓ2

)
, δ

)
> 1 − ϵ ,

Ψ

((
α1Ar

m(x) − α2Ar
m(y)

)
−

(
α1ℓ1 − α2ℓ2

)
, δ

)
< ϵ,

Υ

((
α1Ar

m(x) − α2Ar
m(y)

)
−

(
α1ℓ1 − α2ℓ2

)
, δ

)
< ϵ.

}
By the definition of f ilter associated with ideal I, we have{

m ∈N : Φ
((
α1Ar

m(x) − α2Ar
m(y)

)
−

(
α1ℓ1 − α2ℓ2

)
, δ

)
> 1 − ϵ ,

Ψ

((
α1Ar

m(x) − α2Ar
m(y)

)
−

(
α1ℓ1 − α2ℓ2

)
, δ

)
< ϵ,

Υ

((
α1Ar

m(x) − α2Ar
m(y)

)
−

(
α1ℓ1 − α2ℓ2

)
, δ

)
< ϵ

}
∈ F(I).

Hence the sequence (α1xk+α2yk) Jordan I–converges to α1ℓ1+α2ℓ2. Therefore, (α1xk+α2yk) ∈ CI
(Φ,Ψ,Υ)(A

r).
Hence CI

(Φ,Ψ,Υ)(A
r) is a linear space.

Theorem 3.7. Every open ball Bx(ρ, ϵ)(Ar) with center x and radius ρ > 0 with respect to neutrosophic norm N
and 0 < ϵ < 1, is an open set in CI

(Φ,Ψ,Υ)(A
r).

Proof. Consider the open ball with center at x and radius ρ > 0 with parameter of neutrosophic 0 < ϵ < 1,

Bx

(
ρ, ϵ

)
(Ar) =

{
y = (yn) ∈ ω :

{
n ∈N : Φ

(
Ar

n(x) − Ar
n(y), ρ

)
≤ 1 − ϵ, Ψ

(
Ar

n(x) − Ar
n(y), ρ

)
≥ ϵ,

Υ
(
Ar

n(x) − Ar
n(y), ρ

)
≥ ϵ

}}
.

or

Bx

(
ρ, ϵ

)
(Ar) =

{
y = (yn) ∈ ω :

{
n ∈N : Φ

(
Ar

n(x) − Ar
n(y), ρ

)
> 1 − ϵ, Ψ

(
Ar

n(x) − Ar
n(y), ρ

)
< ϵ,

Υ
(
Ar

n(x) − Ar
n(y), ρ

)
< ϵ

}}
.

Let y = (yk) ∈ Bx

(
ρ, ϵ

)
(Ar). Then we have, the set such that

{
n ∈N : Φ

(
Ar

n(x) − Ar
n(y), ρ

)
> 1 − ϵ, Ψ

(
Ar

n(x) − Ar
n(y), ρ

)
< ϵ, Υ

(
Ar

n(x) − Ar
n(y), ρ

)
< ϵ

}
.

Φ
(
Ar

n(x) − Ar
n(y), ρ

)
> 1 − ϵ, Ψ

(
Ar

n(x) − Ar
n(y), ρ

)
< ϵ and Υ

(
Ar

n(x) − Ar
n(y), ρ

)
< ϵ
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there exists ρ0 ∈ (0, ρ) such that,

Φ
(
Ar

n(x) − Ar
n(y), ρ0

)
> 1 − ϵ, Ψ

(
Ar

n(x) − Ar
n(y), ρ0

)
< ϵ and Υ

(
Ar

n(x) − Ar
n(y), ρ0

)
< ϵ.

Putting ϵ0 = Φ
(
Ar

n(x) − Ar
n(y), ρ0

)
, this implies that ϵ0 > 1 − ϵ. Then there exist s ∈ (0, 1) such that

ϵ0 > 1 − s > 1 − ϵ. For, ϵ0 > 1 − s, we can have ϵ1, ϵ2, ϵ3 ∈ (0, 1) such that ϵ0 ∗ ϵ1 > 1 − s, (1 − ϵ0) • (1 − ϵ2) < s
and (1 − ϵ0) • (1 − ϵ3) < s. Let ϵ4 = max{ϵ1, ϵ2, ϵ3}.
Now consider the open ball By

(
ρ − ρ0, 1 − ϵ4

)
(Ar).We will show that

By

(
ρ − ρ0, 1 − ϵ4

)
(Ar) ⊂ Bx

(
ρ, ϵ

)
(Ar).

Let z = (zk) ∈ By

(
ρ − ρ0, 1 − ϵ4

)
(Ar), then we have the set

{
n ∈N : Φ

(
Ar

n(y) − Ar
n(z), ρ − ρ0

)
> ϵ4 , Ψ

(
Ar

n(y) − Ar
n(z), ρ − ρ0

)
< 1 − ϵ4,

Υ
(
Ar

n(y) − Ar
n(z), ρ − ρ0

)
< 1 − ϵ4

}
.

Therefore,

Φ
(
Ar

n(x) − Ar
n(z), ρ

)
≥ Φ

(
Ar

n(x) − Ar
n(y), ρ0

)
∗Φ

(
Ar

n(y) − Ar
n(z), ρ − ρ0

)
≥ ϵ0 ∗ ϵ4 ≥ ϵ0 ∗ ϵ1
> (1 − s) > (1 − ϵ).

This implies that Φ
(
Ar

n(x) − Ar
n(z), ρ

)
> 1 − ϵ,

Ψ
(
Ar

n(x) − Ar
n(z), ρ

)
≤ Ψ

(
Ar

n(x) − Ar
n(y), ρ0

)
•Ψ

(
Ar

n(y) − Ar
n(z), ρ − ρ0

)
≤ (1 − ϵ0) • (1 − ϵ4) ≤ (1 − ϵ0) • (1 − ϵ2)
≤ s < ϵ.

Hence, we get Ψ
(
Ar

n(x) − Ar
n(z), ρ

)
< ϵ and

Υ
(
Ar

n(x) − Ar
n(z), ρ

)
≤ Υ

(
Ar

n(x) − Ar
n(y), ρ0

)
• Υ

(
Ar

n(y) − Ar
n(z), ρ − ρ0

)
≤ (1 − ϵ0) • (1 − ϵ4) ≤ (1 − ϵ0) • (1 − ϵ3)
≤ s < ϵ.

This implies that,

Υ
(
Ar

n(x) − Ar
n(z), ρ

)
< ϵ.

Therefore we have the set, such that
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{
n ∈N : Φ

(
Ar

n(x) − Ar
n(z), ρ − ρ0

)
> 1 − ϵ , Ψ

(
Ar

n(x) − Ar
n(z), ρρ0

)
< ϵ,

Υ
(
Ar

n(x) − Ar
n(z), ρ − ρ0

)
< ϵ

}
.

Hence we get z = (zk) ∈ Bx

(
ρ, ϵ

)
(Ar). This implies that

By

(
ρ − ρ0, 1 − ϵ4

)
(Ar) ⊂ Bx

(
ρ, ϵ

)
(Ar).

Remark 3.8. The spaces CI
(Φ,Ψ,Υ)(A

r) and CI
0(Φ,Ψ,Υ)(A

r) are NNS with respect to neutrosophic norm N =〈
Φ,Ψ,Υ

〉
.

Now define

τ(Φ,Ψ,Υ)(Ar) =
{
W ⊂ CI

(Φ,Ψ,Υ)(A
r) : for each x = (xk) ∈W,∃ ρ > 0 and ϵ ∈ (0, 1) such that

Bx(ρ, ϵ)(Ar) ⊂W
}
.

Then τ(Φ,Ψ,Υ)(Ar) defines a topology on the sequence space CI
(Φ,Ψ,Υ)(A

r). The collection defined by

B =
{
Bx(ρ, ϵ) : x = (xk) ∈ CI

(Φ,Ψ,Υ)(A
r), ρ > 0 and ϵ ∈ (0, 1)

}
is a base for the topology τ(Φ,Ψ,Υ)(Ar) on the space

C
I
(Φ,Ψ,Υ)(A

r).

Theorem 3.9. The topology τ(Φ,Ψ,Υ)(Ar) on the space CI
(Φ,Ψ,Υ)(A

r) is first countable.

Proof. For each x = (xi) ∈ CI
(Φ,Ψ,Υ)(A

r), consider the set B =
{
Bx( 1

n ,
1
n )(Ar) : n = 1, 2, 3, 4, ...

}
, which is a

countable local base at x. Therefore the topology τ(Φ,Ψ,Υ)(Ar) on the space CI
(Φ,Ψ,Υ)(A

r) is first countable.

Theorem 3.10. The spaces CI
(Φ,Ψ,Υ)(A

r) and CI
0(Φ,Ψ,Υ)(A

r) are Hausdorff spaces.

Proof. We shall prove the result only for CI
(Φ,Ψ,Υ)(A

r) and another one follows similarly. Let x = (xn) and
y = (yn) ∈ CI

(Φ,Ψ,Υ)(A
r) such that x , y. Then for each i ∈N and ρ > 0,we have,

0 < Φ
(
Ar

n(x) − Ar
n(y), ρ

)
< 1, 0 < Ψ

(
Ar

n(x) − Ar
n(y), ρ

)
< 1 and 0 < Υ

(
Ar

n(x) − Ar
n(y), ρ

)
< 1 (15)

Putting,

ϵ1 = Φ
(
Ar

n(x) − Ar
n(y), ρ

)
, ϵ2 = Ψ

(
Ar

n(x) − Ar
n(y), ρ

)
, ϵ3 = Υ

(
Ar

n(x) − Ar
n(y), ρ

)
. (16)

and ϵ = max{ϵ1, 1 − ϵ2, 1 − ϵ3}. Then for each ϵ0 > ϵ there exist ϵ4, ϵ5, ϵ6 ∈ (0, 1) such that

ϵ4 ∗ ϵ4 ≥ ϵ0, (1 − ϵ5) • (1 − ϵ5) ≤ (1 − ϵ0) and (1 − ϵ6) • (1 − ϵ6) ≤ (1 − ϵ0).

Again putting ϵ7 = max{ϵ4, ϵ5, ϵ6, }, consider the open balls Bx

(
1 − ϵ7,

ρ
2

)
(Ar) and By

(
1 − ϵ7,

ρ
2

)
(Ar) centered

at x and y respectively. We show that Bx

(
1 − ϵ7,

ρ
2

)
(Ar) ∩ By

(
1 − ϵ7,

ρ
2

)
(Ar) = ϕ.
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If possible let z = (zn) ∈ Bx

(
1 − ϵ7,

ρ
2

)
(Ar) ∩ By

(
1 − ϵ7,

ρ
2

)
(Ar). Then for the set, {k ∈N}we have,

ϵ1 =Φ
(
Ar

n(x) − Ar
n(y), ρ

)
≥ Φ

(
Ar

n(x) − Ar
n(z),

ρ

2

)
∗Φ

(
Ar

n(z) − Ar
n(y),

ρ

2

)
> ϵ7 ∗ ϵ7 ≥ ϵ4 ∗ ϵ4 ≥ ϵ0 > ϵ1.

(17)

ϵ2 =Ψ
(
Ar

n(x) − Ar
n(y), ρ

)
≤ Ψ

(
Ar

n(x) − Ar
n(z),

ρ

2

)
•Ψ

(
Ar

n(z) − Ar
n(y),

ρ

2

)
< (1 − ϵ7) • (1 − ϵ7) ≤ (1 − ϵ5) • (1 − ϵ5)
< (1 − ϵ0) < ϵ2.

(18)

And

ϵ3 =Υ
(
Ar

n(x) − Ar
n(y), r

)
≤ Υ

(
Ar

n(x) − Ar
n(z),

ρ

2

)
• Υ

(
Ar

n(z) − Ar
n(y),

ρ

2

)
< (1 − ϵ7) • (1 − ϵ7) ≤ (1 − ϵ6) • (1 − ϵ6)
< (1 − ϵ0) < ϵ3.

(19)

From equations (17), (18),and (19) we have a contradiction.Therefore,Bx

(
1 − ϵ7,

ρ
2

)
(Ar)∩By

(
1 − ϵ7,

ρ
2

)
(Ar) =

ϕ. Hence the space CI
(Φ,Ψ,Υ)(A

r) is a Hausdorff space.

Theorem 3.11. Let sequence x = (xk) ∈ CI
(Φ,Ψ,Υ)(A

r) be ideal convergent. Then for some ℓ ∈ C, xk → ℓ if and only if
for every ϵ ∈ (0, 1) and δ > 0, there exist positive integers K = K(ℓ, ϵ, δ) such that{

K ∈N : Φ
(
Ar

K(x) − ℓ,
δ
2

)
> 1 − ϵ, Ψ

(
Ar

K(x) − ℓ,
δ
2

)
< ϵ, Υ

(
Ar

K(x) − ℓ,
δ
2

)
< ϵ

}
∈ F(I).

Proof. Suppose xk → ℓ, for some ℓ ∈ C. For, given ϵ ∈ (0, 1) there exists ρ ∈ (0, 1) such that (1−ϵ)∗(1−ϵ) > 1−ρ
and ϵ • ϵ < ρ. Since xk → ℓ, for all δ > 0,

D =

{
i ∈N : Φ

(
Ar

i (x) − ℓ,
δ
2

)
≤ 1 − ϵ, Ψ

(
Ar

i (x) − ℓ,
δ
2

)
≥ ϵ, Υ

(
Ar

i (x) − ℓ,
δ
2

)
≥ ϵ

}
∈ I

which implies that

D
c =

{
i ∈N : Φ

(
Ar

i (x) − ℓ,
δ
2

)
> 1 − ϵ, Ψ

(
Ar

i (x) − ℓ,
δ
2

)
< ϵ, Υ

(
Ar

i (x) − ℓ,
δ
2

)
< ϵ

}
∈ F(I)

Conversely, let us choose K ∈ Dc. Then

Φ
(
Ar

K(x) − ℓ,
δ
2

)
> 1 − ϵ, Ψ

(
Ar

K(x) − ℓ,
δ
2

)
< ϵ, Υ

(
Ar

K(x) − ℓ,
δ
2

)
< ϵ.
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We show that there exists a positive integer K = K(x, ϵ, δ) such that{
a ∈N : Φ

(
Ar

a(x) − Ar
K(x), δ

)
≤ 1 − ρ, Ψ

(
Ar

a(x) − Ar
K(x), δ

)
≥ ρ, Υ

(
Ar

a(x) − Ar
K(x), δ

)
≥ ρ

}
∈ I

So, for x = (xk) ∈ CI
(Φ,Ψ,Υ)(A

r) define

E =

{
a ∈N : Φ

(
Ar

a(x) − Ar
K(x), δ

)
≤ 1 − ρ, Ψ

(
Ar

a(x) − Ar
K(x), δ

)
≥ ρ, Υ

(
Ar

a(x) − Ar
K(x), δ

)
≥ ρ

}
∈ I

We shall show thatD ⊆ E. Let on contrary E ⊈ D i.e; there exists b ∈ E such that b < D. Then

Φ
(
Ar

b(x) − Ar
K(x), δ

)
≤ 1 − ρ or, Φ

(
Ar

b(x) − ℓ,
δ
2

)
> 1 − ϵ

In particular

Φ
(
Ar

K(x) − ℓ,
δ
2

)
> 1 − ϵ.

Therefore, we have

1 − ρ ≥ Φ
(
Ar

b(x) − Ar
K(x), δ

)
≥ Φ

(
Ar

b(x) − ℓ,
δ
2

)
∗Φ

(
Ar

K(x) − ℓ,
δ
2

)
≥ (1 − ϵ) ∗ (1 − ϵ)
> 1 − ρ.

which is a contradiction. Similarly,

Ψ
(
Ar

b(x) − Ar
K(x), δ

)
≥ ρ or Ψ

(
Ar

b(x) − ℓ,
δ
2

)
< ϵ

In particular

Ψ
(
Ar

K(x) − ℓ,
δ
2

)
< ϵ.

Therefore, we have

ρ ≤ Ψ
(
Ar

b(x) − Ar
K(x), δ

)
≤ Ψ

(
Ar

b(x) − ℓ,
δ
2

)
•Ψ

(
Ar

K(x) − ℓ,
δ
2

)
≤ ϵ • ϵ

< ρ.

Similarly on the other way

Υ
(
Ar

b(x) − Ar
K(x),

δ
2

)
≥ ρ orΥ

(
Ar

b(x) − ℓ,
δ
2

)
< ϵ

In particular
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Υ
(
Ar

K(x) − ℓ,
δ
2

)
< ϵ

ρ ≤ Υ
(
Ar

b(x) − Ar
K(x), δ

)
≤ Υ

(
Ar

b(x) − ℓ,
δ
2

)
• Υ

(
Ar

K(x) − ℓ,
δ
2

)
≤ ϵ • ϵ

< ρ.

which is again a contradiction. HenceD ⊆ E and since E ∈ I. This implies that,D ∈ I.

Theorem 3.12. A sequence x = (xk) ∈ ω, is neutrosophic Jordan I- convergent with respect to neutrosophic norms〈
Φ,Ψ,Υ

〉
if and only if it is neutrosophic Jordan I- Cauchy with respect to the same norms.

Proof. Suppose x = (xk) ∈ ω is neutrosophic Jordan I- convergent with respect to neutrosophic norms〈
Φ,Ψ,Υ

〉
such that I(Φ,Ψ,Υ)(Ar)− lim(xk) = ℓ. For given ϵ ∈ (0, 1) there exists ϵ1 ∈ (0, 1) such that (1− ϵ1) ∗ (1−

ϵ1) > 1 − ϵ and ϵ1 • ϵ1 < ϵ. Since I(Φ,Ψ,Υ)(Ar) − lim(xk) = ℓ, therefore for all δ > 0

D =
{

i ∈N : Φ
(
Ar

i (x) − ℓ, δ
)
≤ 1 − ϵ1, Ψ

(
Ar

i (x) − ℓ, δ
)
≥ ϵ1, Υ

(
Ar

i (x) − ℓ, δ
)
≥ ϵ1

}
∈ I

that implies

Dc =

{
i ∈N : Φ

(
Ar

i (x) − ℓ, δ
)
> 1 − ϵ1, Ψ

(
Ar

i (x) − ℓ, δ
)
< ϵ1, Υ

(
Ar

i (x) − ℓ, δ
)
< ϵ1

}
∈ F(I)

For i ∈ Dc,we have

Φ
(
Ar

i (x) − ℓ, δ
)
> 1 − ϵ1, Ψ

(
Ar

i (x) − ℓ, δ
)
< ϵ1, Υ

(
Ar

j(y) − ℓ, δ
)
< ϵ1.

For fix k ∈ Dc, let

Y =
{

i ∈N : Φ
(
Ar

i (x) − Ar
k(x), δ

)
≤ 1 − ϵ, Ψ

(
Ar

i (x) − Ak(x), δ
)
≥ ϵ, Υ

(
Ai(x) − Ak(x), δ

)
≥ ϵ

}
∈ I.

We show that Y ⊂ D. Let i ∈ Y,we have

Φ
(
Ai(x) − Ak(x), δ

)
≤ 1 − ϵ, Ψ

(
Ai(x) − Ak(x), δ

)
≥ ϵ, Υ

(
Ai(x) − Ak(x), δ

)
≥ ϵ.

We have two possible cases, firstly consider Φ
(
Ai(x) − Ar

k(x), δ
)
≤ 1 − ϵ. Then Φ

(
Ar

i (x) − ℓ δ2
)
≤ 1 − ϵ1. If

possible let Φ
(
Ar

i (x) − ℓ, δ2
)
> 1 − ϵ1. Then

1 − ϵ ≥ Φ
(
Ar

i (x) − Ar
k(x), δ

)
≥ Φ

(
Ar

i (x) − ℓ,
δ
2

)
∗Φ

(
Ar

k(x) − ℓ,
δ
2

)
> (1 − ϵ1) ∗ (1 − ϵ1)
> (1 − ϵ),



V. A. Khan et al. / Filomat 37:26 (2023), 8953–8968 8966

which is a contradiction. Similarly, consider Ψ
(
Ar

i (x) − Ar
k(x), δ

)
≥ ϵ, then Ψ

(
Ar

i (x) − ℓ, δ2
)
≥ ϵ1. If possible

suppose Ψ
(
Ar

i (x) − ℓ, δ2
)
< ϵ1. Hence,

ϵ ≤ Ψ
(
Ar

i (x) − Ar
k(x), δ

)
≤ Ψ

(
Ar

i (x) − ℓ,
δ
2

)
•Ψ

(
Ar

k(x) − ℓ,
δ
2

)
< ϵ1 • ϵ1
< ϵ,

which is again a contradiction.

Υ
(
Ar

i (x) − Ar
k(x), δ

)
≥ ϵ, then Υ

(
Ar

i (x) − ℓ,
δ
2

)
≥ ϵ1.

If possible suppose Υ
(
Ar

i (x) − ℓ, δ2
)
< ϵ1. Hence

ϵ ≤ Υ
(
Ar

i (x) − Ar
k(x), δ

)
≤ Υ

(
Ar

i (x) − ℓ,
δ
2

)
• Υ

(
Ar

k(x) − ℓ,
δ
2

)
< ϵ1 • ϵ1
< ϵ,

which is again a contradiction. Therefore for i ∈ Y, we have{
Φ

(
Ar

i (x) − ℓ,
δ
2

)
≤ (1 − ϵ1), Ψ

(
Ar

i (x) − ℓ,
δ
2

)
≥ ϵ1 and Υ

(
Ar

i (x) − ℓ,
δ
2

)
≥ ϵ1

}
∈ I.

This implies that i ∈ D. Hence, Y ⊂ D. Since D ∈ I, so consequently, the sequence x = (xi) is neutrosophic
Jordan I- Cauchy with respect to norms

〈
Φ,Ψ,Υ

〉
.

Conversely, suppose the sequence x = (xi) ∈ ω is neutrosophic Jordan I- Cauchy with respect to the
norms

〈
Φ,Ψ,Υ

〉
, denoted by E. Let on contrary the sequence x = (xi) ∈ ω is not neutrosophic Jordan I-

convergent, denoted by T. Then there exists i ∈N such that

E =
{

i ∈N : Φ
(
Ar

i (x) − Ar
k(x), δ

)
≤ 1 − ϵ, Ψ

(
Ar

i (x) − Ar
k(x), δ

)
≥ ϵ, Υ

(
Ar

i (x) − Ar
k(x), δ

)
≥ ϵ

}
∈ I

Let on contrary,

T =
{

i ∈N : Φ
(
Ar

i (x) − ℓ,
δ
2

)
> 1 − ϵ1, Ψ

(
Ar

i (x) − ℓ,
δ
2

)
< ϵ1, Υ

(
Ar

j(y) − ℓ,
δ
2

)
< ϵ1

}
< I.

This implies that,

1 − ϵ ≥ Φ
(
Ar

i (x) − Ar
k(x), δ

)
≥ Φ

(
Ar

i (x) − ℓ,
δ
2

)
∗Φ

(
Ar

k(x) − ℓ,
δ
2

)
> (1 − ϵ1) ∗ (1 − ϵ1)
> 1 − ϵ,
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which is a contradiction. Now,

ϵ ≤ Ψ
(
Ar

i (x) − Ar
k(x), δ

)
≤ Ψ

(
Ar

i (x) − ℓ,
δ
2

)
•Ψ

(
Ar

k(x) − ℓ,
δ
2

)
< ϵ1 • ϵ1
< ϵ,

which is again a contradiction. And

ϵ ≤ Υ
(
Ar

i (x) − Ar
k(x), δ

)
≤ Υ

(
Ar

i (x) − ℓ,
δ
2

)
⋄ Υ

(
Ar

k(x) − ℓ,
δ
2

)
< ϵ1 • ϵ1
< ϵ,

which is again a contradiction. Therefore T ∈ I and hence x = (xi) ∈ ω is neutrosophic Jordan I-
convergent.

4. Conclusion

We constructed two sequence spaces CI
(Φ,Ψ,Υ)(A

r) and CI
0(Φ,Ψ,Υ)(A

r) with the help of neutrosophic norm
and defined a topology τ(Φ,Ψ,Υ)(Ar) on CI

(Φ,Ψ,Υ)(A
r). We find that these two spaces are Hausdorff spaces and

first countable with respect to the defined topology. We get an if and only if relation between Jordan I-
convergence and Jordan I- Cauchy i.e. if a sequence in CI

(Φ,Ψ,Υ)(A
r) is Jordan I- convergence then Jordan I-

Cauchy and vice versa. Our research opens a path for researchers to work on these two spaces. Researchers
can study more topological properties of these two spaces. These two spaces can be defined for double
sequences also.
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