Filomat 37:26 (2023), 8909-8926 Published by Faculty of Sciences and Mathematics,
https://doi.org/10.2298/FIL2326909] University of Ni§, Serbia

Available at: http://www.pmf.ni.ac.rs/filomat

The expressions of the generalized inverses of the block tensor via the
C-Product

Hongwei Jin?, Mengyu He?, Yuzhen Wang*~

“School of Mathematics and Physics, Guangxi Minzu University, Nanning 530006, China

Abstract. In this paper, we present the expressions of the generalized inverses of the third-order 2 X 2
block tensor under the C-Product. Firstly, we give the necessary and sufficient conditions to present some
generalized inverses and the Moore-Penrose inverse of the block tensor in Banachiewicz-Schur forms. Next,
some results are generalized to the group inverse and the Drazin inverse. Moreover, equivalent conditions
for the existence as well as the expressions for the core inverse of the block tensor are obtained. Finally, the
results are applied to express the quotient property and the first Sylsvester identity of tensors.

1. Introduction

Operations with tensors, or multiway arrays, have become increasingly prevalent in recent years. A
complex tensor A can be regarded as a multidimensional array of date, which takes the form

A= (11,'1,'2__.,‘1)) € Cmxmxxmy i/' € {1,...,71]‘}, i=12,..,p.

The order of the above tensor A is p. In general, vectors and matrices are considered as first-order and
second-order tensors, respectively. A third-order tensor can be regard as a “cube” of data. Notice that
the orientation of third-order tensors is not unique. So, it is necessary to refer to its slices, i.e., the two-
dimensional sections defined by holding two indices constant. We can use horizontal, lateral, and frontal
slices defined in [8] to specify the two indices holding constant. In this paper, we mainly focus on the frontal
slice, whose Matlab notation is (A(:, :, /) and we denote A% for short. Notice that there are several products of
tensors, such as the Einstein product which appears in the theory of relativity [3] and continuum mechanics
[10], the T-Product which is introduced in [12] and the C-Product which is defined in [7]. It is also indicated
that we can use the C-Product to study the discrete image blurring model and the image restoration model.
Moreover, the product can be applied in deep convolutional neural networks [24], image classification [15],
matrix networks [22], tensor robust principal component analysis [11] and so on.

Lately, the generalized inverse of tensors with the different tensor product have attracted a lot of study.
Sun et al. [23] defined the Moore-Penrose inverse and {i}-inverses of even order tensors with the Einstein
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product. Moreover, the explicit formulas of the Moore-Penrose inverse of some block tensors were obtained.
Miao et al. [13] presented the definition of generalized tensor function according to the tensor singular
value decomposition via the tensor T-Product. Also, the compact singular value decomposition of tensors
was introduced, from which the projection operators and Moore-Penrose inverse of tensors were obtained.
Miao et al. [14] focused on the tensor decompositions: T-polar, T-LU, T-QR and T-Schur decompositions
of tensors. The T-group inverse and T-Drazin inverse which can be viewed as the extension of matrix
cases were studied. Krushnachandra et al. [9] gave an expression for the Moore-Penrose inverse of the
product of two tensors via the Einstein product. Then a new generalized inverse of a tensor called product
Moore-Penrose inverse was introduced. A necessary and sufficient condition for the coincidence of the
Moore-Penrose inverse and the product Moore-Penrose inverse was also proposed. Stanimirovi¢ PS et
al. [21] investigated some basic properties of the range and null space of multidimensional arrays with
respect to Einstein tensor product. Computation of tensor outer inverse with prescribed range and kernel of
higher order tensors was considered. Results related with the (b, c)-inverses on semigroups were examined
in details in a specific semigroup of tensors with a binary associative operation defined as the Einstein
tensor product. Ji et al. [4] had a further study on the properties of even-order tensors with Einstein
product. The authors defined the index and characterize the invertibility of an even-order square tensor.
The notion of the Drazin inverse of a square matrix to an even-order square tensor were extended. An
expression for the Drazin inverse through the core-nilpotent decomposition for a tensor of even-order was
obtained. Jin et al. [5] established the Moore-Penrose inverse of tensors by using tensor equations with
the T-Product. Moreover, the least squares solutions of tensor equations were investigated. Behera et al.
[1] studied different generalized inverses of tensors over a commutative ring and a non-commutative ring.
The authors also proposed algorithms for computing the inner inverses, the Moore-Penrose inverse, and
weighted Moore-Penrose inverse of tensors over a non-commutative ring. Sahoo et al. [19] introduced
new representations and characterizations of the outer inverse of tensors through QR decomposition. An
effective algorithm for computing outer inverses of tensors was proposed and applied. The power of
the proposed method was demonstrated by its application in 3D color image deblurring. Sahoo et al.
[20] studied the definitions of the core and core-EP inverses of complex tensors. Some characterizations,
representations and properties of the core and core-EP inverses were investigated. The results were verified
using specific algebraic approach, based on proposed definitions and previously verified properties.

This paper mainly deals with the generalized inverses of the third-order block tensor with the C-Product.

1.1. The Definition of the C-Product

Let A € C"*"2X"s be a third-order tensor. Denote the i frontal slice of tensor A as A®. The operations
mat and ten are defined as follows [7]. Observe that mat(A) is the nin3 X nynz block Toeplitz+Hankel
matrix:

AD R (GO~ (U VR (L) A A® .. A O
AP AV L A2 A=) AG A® L. O A
mat(A) =| : ; N I ; ; sl
A=) ga=2) o A A A 0 ... AD  AO
A A=) AR AWM O Am) ... A®  AO

where O is the 1y X ny zero matrix. Notice that ten(mat(A)) = A, which means that ten(:) is the inverse
operation of the mat(-). Furthermore, the definition of the cosine transform product was given in [7].

Definition 1.1. [7] Let A € C"*"2X" gnd B € C"*">"s. The cosine transform product, which is called C-Product
for short, is defined as
Ak B = ten(mat(A)mat(B)).

From the definition, we can see that it is easy to compute mat(A)mat(B) by using the technical of the
matrices product. In order to compute the C-Product, we must deal with the operation “ten(-)”, which can
be realized by using the following algorithm.
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Algorithm 1.1: CoMPUTE ten(-) OF A MATRIX

Input: n1n3 X nynz matrix X
Output: 1y X np X n3 tensor A
1. Take the bottom left 117 X 1, block of X > A,
2. fori=n3-1,...,1
[i-th block of first block column of X]-A™D s AD
end

There is an alternative method to compute the C-Product by using the face-wise product. The face-wise
product of two tensors A € C">"2*" and B € C"2X™*" js defined as

(ArB)) = AVBD, i =1,2,...,n3.
Lemma 1.2. [7] Let A € C">¥"X gnd B € C"2*"XM, Then,
Ak B = L"L(A)AL(B)). (1.1)

Notice that
L(A) = AxsMand L™Y{(A) = Axs M},

where M is defined in [7, Definition 3.2] and A X3 M means the mode-3 product of a tensor A € C"*"2X"s
with the matrix M € C™*™. More precise, we have

n3
(\7{ X3 M)i1izi3 = Zai1i2i3mji3/ ik € {11 21 ey nk}/ k= 1/ 2/ 3/ je {1r 2r eeey 7’13}.

i3=1
The reader can consult [8].

Definition 1.3. [7] Let L() = T € C"*"*" be sych that 1O =1, i=1,2,...,n3. Then T = L~\(T) is the identity
tensor.

Lemma 1.4. [7] Let A € C">">*™ gnd T € C"*™>"s pe the identity tensor. Then,
ITHhA=AKI =A.
Definition 1.5. [7] Let A € C"*™">*" gnd B € Cm>s | [f
AXB =171 and Bk A =1,
then A is said to be invertible and B is called the inverse of A, which is denoted by AL
Definition 1.6. [7] Let A € C"*"2*", Then the conjugate transpose of A, which is denoted by A, is such that
LA = (LAY, i=1,2,...,n5.

1.2. The Genralized Inverse of Tensors with the C-Product

Next, we recall the definition of the Moore-Penrose inverse, the Drazin inverse, the group inverse and
the core inverse of a tensor via the C-Product.

Definition 1.7. [6] Let A € C"*"*"_ The unique tensor X € C"™*"*" satisfying
(1) AKX KA = A, (2) X kAKX = X, (3) (AKkX)" = AkX, (4) (X kA" = XKk A, (1.2)

is called the Moore-Penrose inverse of the tensor A and is denoted by A
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Forany A € C">*™*" denote Ali, j, ..., k} the setof all X € C"™"*" which satisfy equations (i), (j), ..., (k)
of (1.2). In this case, X'is a {i, j, ..., k}-inverse of ‘A.

Definition 1.8. [6] Let A € C"*™*" and ind(A) = k. The unique tensor X € C">">" satisfying
AKX KA = A, Xk AKX = X, AKX = Xk A, (1.3)

is called the Drazin inverse of the tensor A and is denoted by AP. In particular, when k = 1, the tensor X is called
the group inverse of A and is denoted by A*.

For the definition of the core inverse of a tensor, we generalize Theorem 2.14 in [18] and obtain the
following definition. We also indicate that the core inverse we defined has similar forms as the core inverse
under the Einstein product studied by Sahoo et al. [20].

Definition 1.9. Let A € C"*"*", The unique tensor X € C">™">*" is the core inverse of A if and only if X satisfies
that

(AKX = AKX, Xk A2 = A, AKkX* = X. (1.4)
The core inverse of A is denoted by A®.

1.3. The Generalized Schur Complement of Tensors
Let M € Cim*m)X(m+m)XpThen, M can be partitioned as the following form

A B

M:[c D

] e C(m1+m2)><(”1+"2)><l7, (1.5)

where A € C"*">XP, B € C"*™XP, C € C"XMXP, D e CMXP,
The operations of partitioned tensors are given as follows.

Lemma 1.10. The following statements are true.
W XKk[ A B|=] XA XKkB | where A € C>"x0, B e Cmxmp, X € CHmMP,

(2) [ g) }*M = [ ZC):? ], where C € lexnlxpl De szxnlxp, Y e Crxaxp,

®3) [ A B ] * [ g ] = AKC + Bk D, where A € C"¥mXP B e Cmxmxp C e CXmXp | ) € CraXmaxp,

) [ ;‘ ]*[ c D= [ J;‘Ig J;‘Ig ] where A € CMXmxe, B e Cmxmxp C e CMXMP, ) €
CTIqXTHsz'
) ? g * ;oi - ?Ig: gigj ] where A € CXP | B e QM C e O D) €

szxnzxp/ EeCmn 'mlxp/ F E“@:rzzxmlxp.
©[6 H |k ? g = [GKhA+HK)C GhB+ HKhD], where A € C"¥mxp, B e Cmxmxp,
C e szxnlxp, D e» szxnzxp;g c Cnlxmlxp, 7_{ e CanmZXp.

A B (& 7] [ AKE+B%kG AXF + BkH i xp i xap
D¢ o ]* G H |7 | ChkE+DRG ChF + Dx | Where A€ T, B e CHmt,
C c szxm Xp, z) e’ szxnzxp; 8 e CTL] X1 Xp, ?’ e C?’l] XleXp, g c an)(ﬂﬁ Xp, 7_{ c anxmzxp.
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Proof. (1) By Lemma 1.2,
Xk[A B8] = LWL A B ))
| LHL@)aLA)  LHLUX)AL(B) |
|

XhkA XkB ] .

(2)-(7) follow similarly. [

The Schur complements and generalized Schur complements, were studied by a lot of researchers, and
have applications in matrix theory, statistics, electrical network theory, discrete-time regulator problem,
sophisticated techniques and some other fields. So, it is natural to have a deep study on the Schur
complements of tensors.

Let

_ A B (my+my)X(n1+n2)xp
M= & 3 |ec , (16)

where A € C">*">P, B € CM>mXp C e C"*M>P, ) € CM2xm2Xp,

When m; = n; and A is invertible, the Schur complement of A in M is defined by S = D — Chk A 1k B.
Similarly, if my; = np and D is invertible, then the Schur complement of O in M is defined by 7 =
A-BhkD 1 kC.

Notice that if A € C"*"™>? is invertible, then M is invertible if and only if S is invertible. In which case,
the inverse of M is given by

M = [ AT+ ff;ﬁi:i;‘ic*ﬂ_l —ﬂ—lg_flg*s_l ] c C(m1+m2)x(ml+mz)><p’

which is called the Banachiewicz-Schur forms of the inverse of M.
Indeed, if A is invertible, then the Schur complement of A in Mis S = D — Chk A1k B. Since

I, O, * A B * I —ﬂ_l*B _ A O
—Ch A I, CcC D (0 I, 10, S |’

where 11, I, are the identity tensors with proper size and O1, O, are the zero tensors with proper size, we
have M is invertible if and only if S is invertible. Therefore, the inverse of M is

-1
-1 _ A B _ I —ﬂ_l*B AL 01 I, 0
M _[C Z)] _[Oz I, }*[ 0, S ]*[—C*ﬂ_l fz]
[ AT+ ATKRBRS THKCKA! —A KBRS
= —ST Ik CHh A S :

Dually, if D € C"™*™"*? js invertible, then M is invertible if and only if 7 is invertible. In which case,
M can be expressed as

ML= g1 T % Bk D!
T DR CKRT! D+ D IR CKRT TR BRD! |

More general, when A is not invertible, for the tensor given by (1.6) and some fixed generalized inverse
A~ € A(1}, the generalized Schur complement of A in M is defined by

S=D-ChkA k8.



H. Jin et al. / Filomat 37:26 (2023), 8909-8926 8914

Similarly, for some fixed D~ € Df1}, the generalized Schur complement of D in M is defined by
T =A-B%kD *C.

The work is organized as follows. In section 2, we give necessary and sufficient conditions to present
{1},{2},{1,2},{1,2,3},{1,2,4}-inverses and the Moore-Penrose inverse of the 2 X 2 block tensor M in the
Banachiewicz-Schur forms. In section 3, we present some results when the group and Drazin inverse of the
block tensor can be represented in the generalized Schur form. In section 4, we establish several expressions
of the core inverse of the block tensor. In section 5, we apply the results of section 4 to express the quotient
property and the first Syslvester identity based on the core inverse of tensors.

2. The Moore-Penrose Inverse of the 2 x 2 Block Tensor

In this section, we will establish the necessary and sufficient conditions of the Banachiewicz-Schur forms
of the generalized inverse of M. In the following, we omit % in the C-Product of two tensors.

LetM:[ﬂ B

C D ] c C(m1+m2)><(n1+n2)><p_ Then,

X [ﬂ +_?:g;:cyr —ﬂSgaS‘] € Clmtmxmtmaxp.
where A~ € A{l}, S™ € S{1}, A + A BS CA™ € C"">¥, —A-BS™ € C"*"XP — S~ CA~ € C"*™*F and
S e Craxmxp,

Now, we suppose that the sets N1{i, j, k} and N,{i, j, k} are expressed as the following.

A +ABSCA -ABS

Nl okt =1x = |7 g oo 5

] c A e Al K, S=D-CA B, S eSli, j k).

T - 7 -BD~
-DCT~ D +DCT BD
DenoteI', =7 —a"aand Y, =7 —aa~,wherea = A, B,C,D,S,T,a” € ali, j k).

Noi, j ki ={Y = [ ] D €D, k), T =A-BDC, T~ €T1ijkl}

A 8B

Theorem 2.1. Let M = [ c D

] € Clm+m)X(m+m)xp Thep

Ni{1} € M{1}

if and only if
YaBls=0, YsCTa=0 YaBS Clg=0,

for some A~ € A{l}, S~ € S{1}.
Proof. Let
AT+ ABS CA -ABS
=" _sca S }E Mtk
where A~ € A{l}, S =D - CA B, S € S{1}. Assume

MXMzZz[Zl Z: ]

Zs s
By some computations, we have

Z1i=A+YaBS Clag, Zr = AAB+Y4BS"S,
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Z3=CA A+SS Cl'a, Zs=CA B+S.
Then,

Xe M1}, thatis ML} c M{1} & Z1=A Z,=8,2Z:3=C, Zs=D.
S YaBS Cla=0,Y4B8ls=0, YsCI'g =0.

O

Theorem 2.2. Let M = [ ? 23; ] € Clm+m)x(m+n2)xp  They

N1{2} € M{2}.

Proof. Suppose
_|[AT+ABS CA A BS
X= [ S CA S ]E Mz,

where A~ € A2}, S =D -CA B, S € S{2}. Let

o |4
-z 2 Z|
Some computations show that
XMX = (A= + A BSCA -ABS|[A B|[A +ABSCA -ABS

] S CA” S c 9D S CA” S
A A-ABSCra A B-ABS S|[A +ABSCA -ABS
] S CTa S S -SCA” S
A+ ABS CA —ABST| X
] -SCA” N Y

that is X € M{2}. Therefore, N1{2} € M{2}. O

An immediate consequence of Theorems 2.1 and Theorems 2.2 is the following result.

A B

Theorem 2.3. Let M = [ c D

] € Cm+m)xX(m+m)xXp  Then

Nif1,2} € M{1,2}
if and only if
YaBls =0, YsCTa=0, Ya85Clg=0,
for some A~ € A(1,2}, S~ € §{1,2}.

Proof. It follows by Theorem 2.1 and Theorem 2.2. [

A B

Theorem 2.4. Let M = [ c D

] € Clm+m)X(m+n2)Xp  Thep

Mi{1,2,3} € M(1,2,3}

if and only if
YaB8=0, YsC=0,

for some A~ € A(1,2,3}, S~ € S5{1,2,3}.
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Proof. Let
A +ABS CA -ABS
X = [ _S_Cﬂ— S— ] € N1{1/2/3}/
where A~ € A{1,2,3}, S =D - CA B,S5 € 5{1,2,3}. By Theorem 2.3, X € M(1, 2} if and only if
YﬂBFS = 0, YSCI’y{ = 0, TﬂBS_CT&z{ =0. (21)

Therefore, X € M{1,2,3} if and only if (MX)H = MX and (2.1) holds. Now, we will compute MX. By some
operations, it shows that

_[A B|[A+ABSCA -ABS
Mx = |c Z)} _SCA” S ]

_ [AA - YaBSCA YaBS

- YsCA™ ss |

By (MX)" = MX, wehave YsCA™ = (Y4B8S ). Postmultiplying AA~ from the both sides of this equation
leads to YsCA™ = 0.
Again using (YsCA ) = Y488~ postmultiplying SS~ from the both sides of the equation gives
Y#BS~ = 0. This means (MX)" = MX if and only if
YsCA =0and Y488 =0. (2.2)
Therefore, X € M(1, 2,3} if and only if (2.1) and (2.2) hold. By (2.1) and (2.2), since YaBl's = Y48S™ =0,
one has
YaB=YgBls+YaB8S S=0+0=0. (2.3)
Similarly, YsC = 0. Conversely, if Y48 = 0 and YsC = 0, then (2.1) and (2.2) are true. Hence,
Ni{1,2,3} € M{1,2,3}
if and only if
YaB=0, YsC=0,
for some A~ € A{1,2,3},S™ € S{1,2,3}. O

In a similar way, we have the following theorem concerning the {1, 2, 4}-inverse of M.

A B

Theorem 2.5. Let M = [ c D

] c C(m1+mZ)X("1+"2)Xp, Then

Ni{1,2,4} € M({1,2,4}
if and only if
Bls=0, CTa=0,
for some A~ € A(1,2,4}, S~ € S5{1,2,4}.
By using Theorem 2.4 and Theorem 2.5, we get the following desired result.

A B

Theorem 2.6. Let M = [ c D

] € Cm+m)xX(m+m)xp  Then

A+ A'BS'CAT - A'BS!
M = [ _StCAr st ] @4
if and only if

YaB =0, CTg=0, Bls=0, YsC=0,
where A~ = A, S =8, S=D-CA'B.
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Dually, we have the following theorem.

Theorem 2.7. Let M = A B € Clm+m)X(m+m)xp Thep,
cC D
Tt —Tt 8D
T _
M ‘[ _D'CT* D' + DICT D ] @5)
if and only if

YpC=0, Blp=0, CI+=0, Y&rB8=0,
where D~ =D T =71, T = A- BDC.

3. The Drazin Inverse of the 2 X 2 Block Tensor

In this section, we will present some results which characterizes when the group and Drazin inverse of
a partitioned tensor can be expressed in the Banachiewicz-Schur forms.

Theorem 3.1. Let M = A B € Cm+m)X(m+m)xp  They
cC D
At + A*BSICA* —A*BS*
M# = [ —-StcA* St ] (3‘1)
if and only if

YaB =0, CTgq=0, Bls=0, YsC=0,
where A~ = A", S~ =8, S=D-CA'B.
Proof. Let

X = A+ A*BS CA* - A*BSH
- -StcA* S )
By Theorem 2.3, X € M(1, 2} if and only if
YaBls=0, YsCTa=0 YxBS ClLg=0. (3.2)
where A- = A", S~ = §, S = D — CA*B. Furthermore, X = M* if and only if MX = XM and (3.2) holds.
Simple computations show that

MX = [ﬂﬂ# - Y48StCcA* Yﬂss#]

YsCA" Ss*
and
S*CT 4 StS

If MX = XM, one has Y4BS" = A*Bl's. Postmultiplication by S from both sides of the equation gives
YaBS'S = A*BrsS = 0. Premultiplication by A from both sides of the equation gives AY#B8S" =
AA*BI' g = 0. Notice that

YaBls =YaB - YaBS'S = Bl's — AA'Bls = 0.
Thus, Y48 = 0 and Bl s = 0. Similarly, by YsCA* = S*CT'5s and YsCT 4 = 0, one has
Cl'q =0, and YsC = 0.

XM = [ﬂ#:ﬂ - A*BS*CT 4 A'BT S] _

Conversely, if
YaB=0, Clg=0, Bls=0, YsC=0,

where A~ = A*, 8™ = §%, S = D - CA'B, it is clear that MX = XM and (3.2) holds. Thus, the proof is
finished. O
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If S = D - CA'B is invertible, we can get the following result.

A B
c 9

S = D — CA*B is invertible, then

Corollary 3.2. Let M = [ ] € Clmtmxmtm)xp  If YaB = 0, CTg = 0, where A~ = A*, and

At + APBS AT —A'BS!

# _
M= -StcA* S!

Dually, we have the following theorems.

Theorem 3.3. Let M = A B € Clm+m)X(m+m)xp  Thep,
c D
T ~T*BD
#_
M ‘[ ~DCTF D + DFCTBD? ] 5-3)
if and only if

YpC=0, Blp=0, CI't+=0, Ys8=0,
where D~ = DY, T~ =TT = A- BD*C.
A B

CcC D
T = A - BD*C is invertible, then

Corollary 3.4. Let M = [ ] € ClUmtm)x(mtm)p  If YpC = 0, Blp = 0, where D~ = D*, and

M#=[ 71 -7 18D }

-DfcT ! Df + DT 18D

If we combine Theorem 3.1 and Theorem 3.3, a new result can be obtained.

Theorem 3.5. Let M=| 7+ B | & clmmxtmenp Then
c 9
M = At + ABSICA' - A'BSt | T* -T*BD*
B -StcAt St | =ofcTt DF + DFCTHBD!
if and only if one of the following condition holds.
(i) YﬂB = 0, Ysc = 0, Y@C = 0, BFS = 0, CF;I = 0, Brz) = 0, (3.4)
() YaB=0 Y58=0,YpC=0, BIp=0 Cla=0,Cl'+ =0, (3.5)

where A= = A, S =8, O =D, T =T",S=D-CA'B, T = A- BD"C.

Proof. (i) By Theorem 3.1 and Theorem 3.3,

M = At + AtBSTCAt - A*BS _ TH —T*BDH
- -StcA* St | -ofcTt D + DI CTFBD!
if and only if
YaB=0,YrB=0,YsC=0,YpC=0,Bl[s=0,CTg=0, By =0, CT'y+ =0. (3.6)

Now, we only need to prove (3.6) is equivalent to (3.4). It is clearly (3.6) implies (3.4). Now, we prove the
reverse part.
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Denoting 7~ = A* + A*BS*CA*. ByYaB =0,YsC =0, Bl'p = 0, we have

TT = (A-BDC) A"+ A*BS'CAY)
= AA" + AA'BS'CA" - BD'CA" - BD*CA*BS'CA*
= AA"+ BS'CA" - BD'CA" - BDH(D - S)S*CA*
= AA

and by YpC =0, BI's =0, CT'#z = 0, we have

TT (A" + A'BS'CA"A - BD'C)
= A'A- A'BDC + A*BS'CA* A - A*BS'CA*BDC
= A'A- A'BD'C + A'BS'C - A'BSH(D - S)D*C
= A'A.

Now, it is easy to get
TT T = AAHA - BDC) = A- BDC =T,
TTT = A AA" + A*BS' CA" = A* + A*BS*CA* =T .

Thus, 7~ = 7% Hence, T#T = A*Aand TT* = AA*. Now, we get Y4B = Y78 =0and CT 4 = CT'+ =0,
which means (3.4) implying (3.6). Thus, (3.4) is equivalent to (3.6).
(ii) The proof is similar to the proof of (7).
|

In the following, we give some expressions related to the Drazin inverse of the block tensors. Before
that, we denote IT, = 7 —aPa = T — aaP, wherea = A, B,C,D, S, T .

A B

Theorem 3.6. Let M = [ c D

] c C(m1+mz)><(m1+mz)><p‘ If

[IsCAP =0, [1xBSP =0, Clla =0, Bllg =0, [1p = I,

then

(3.7)

MP = [ AP + APBSPCAP - APBSP ]

-SPcAP SP
where S = D — CAPB.

Proof. Let

x| A+ APBSPCAD —APBSP
= -SPeAP se |

By ITsCAP = 0, T1xBSP = 0, we have

D
MX=XM=[ﬂﬂ 0 ]

o S88°

Moreover,

D D D D _ gD D D
XMX = [ﬂ + APBSPCA APBS Hﬂﬂ 10) ]

_SPCAP SP 0 SSP
AP + APBSPCAP -~ APBSP |
_SPCAP s =X



H. Jin et al. / Filomat 37:26 (2023), 8909-8926 8920

Next, we will prove M*1X = MK, By CIl4 = 0, BI1s = 0, I1p = I1s, we have
A Bl|lAaa® o | _ | #AP BSSP
cC D o SS° |7 | caAad DSSP
[ﬂ B]_[ﬂ([—ﬂﬂD) o ]

MAX

cC D 0] DT — DDP)
Furthermore,

MY = M= [ A = AAD) 0 ]

(@) DNT - DDP)
which implies that M1 X = MF, when k > max{ind(A),ind(D)}. O
Similarly, we have the following result.

A B

Theorem 3.7. Let M = [ c D

] c C(m1+mz)><(m1 +m2)><p‘ If

[1-BDP =0, [1oCTP =0, Bllp =0, Clly =0, I14 =1y,

then
M7= [ PO 0P 1 DPOrPmDP ] (3:8)
where T = A — BDPC.
Combining the above two theorems, we can get a new theorem as follows.
Theorem 3.8. Let M = [ ? g ] € Clmtm)x(m+m)xp Jf
IMpC =0, IaB =0, Cllg =0, Bllp =0, Ilp =1I1s, I1x =TIy,
then
MP = [ AP + APBSPCAP - APBSP ] _ [ 7P -7 PBDP
-SPcAP SP -DPCTP DP + DPCTPBDP |’
where S = D — CAPB, T = A - BDPC.
4. The Core Inverse of the 2 x 2 Block Tensor
In this part, we will establish several expressions of the core inverse of the partitioned tensor.
Theorem 4.1. Let M = [ ? 23; ] € Cm+m)X(m+m)xp  They
M = [ﬂ® + A*BS°CA® - A*BS®
-S®CA® S®
if and only if
YaBS® =0, YsCA® =0, T48=0, ['sC=0, (4.1)

where A= =A%, S~ =8% S=D-CA®SB.
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Proof. Let
X = A® + A*BS°CA® —-A°BS®
a -S®CA® S

If X is the core inverse of M, then by the definition, we have
X =M & MX)" = MX, MX* = X, XM> = M.
According to (2.2), we have
MX)" = MX & YsCA® =0, YaBS® = 0.
Since XM? = M, that is,

A? + A°BS*CA® -A*BS°|[A B] [A 8
~8°CA® s ||lc o| T|lc o

we have

A= AA — A°BS*C(I — AP A)A + A*B(T — S*S)C,
B = AYAB - ABS®C(I — A A)B + A°B(I — S*S)D,
C = 8°C(I - A A)A + S?SC,
D = SC(T - AA)B + S*SD.

4.2)

The third equality of (4.2) gives C = S®SC. Substituting the fourth equality of (4.2) into the second equality,
we will get B = APAB. Hence, we have I'gB =0, I'sC = 0.
Conversely, if
YaBS® =0, YsCA® =0, T48=0, I'sC=0,

we will prove that

y o |Ae+ AeBSTCA —APBS?
= ~S*CA S°

is the core inverse of M.
Since Y 48S8® = 0 and YsCA® = 0, we have (MX)" = MX and
2 | AA® O ||A®+ A*BS*CA® —-A*BS®|
MX™= [ 0 SS®H —srCA s ] =X

SinceI'4q8=0,T'sC=0and I'sD = (I — S®S)(S + CA®B) = 0, we have
XM = (AP A — APBSPC(T — AA) ABI - S*S)|[A B
- | S®C(I - A>A) S8 cC D
_ (A + APB(I - S®S)C APAB — A*BS?C(I — AA)B + A*B(I — S*S)D
i SeSC SeC(I — A2A)B + S°SD
(A B

c D =M

Above all, MX)H = MX, MX? = X and XM? = M. Then, we have X = M®. [

If S is a nonsingular tensor, then YsCA® = 0, I'sC = 0 are always true. Hence, we can get the following
corollary.
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A B
Corollary 4.2. Let M = c D

0, '8 =0, where A~ = A®, then

] € ClmrmXm+m)<p gnd § = P — CA®B be invertible. If Y7BS™ =

MO = [ﬂ® + A*BSICA® —ﬂ@BS—l]

-S71CA® S
Dually, we have the following results.

A B

Theorem 4.3. Let M = [ c D

] € Clmi+m)x(my+mz)xp. Then,

M®:[ T ~T®BD® ]

-DPCT® D®+ D*°CT*BD®
if and only if

YpCT® =0, Yy8D® =0, TpC =0, T+8 =0,
where D~ =D®, T~ =T°, T = A - BD*C.

A B
Corollary 4.4. Let M = c D

0, I'pC =0, where D~ = D?, then

€ ClmrmXm+m)<p gud 7 = A — BO®C be invertible. If YpCT 1 =

7! ~T18D"

M® =
—DCT ' DP + DUCT 1BD® |

If we combine Theorem 4.1 with Theorem 4.3, we can get a corollary as follows. In the following
theorem, we denoteT', = 7 —a®aand Y, = I — aa®, wherea = A, B,C,D,S,T.

Corollary 4.5. Let M = [ ? g ] € Clmrm)x(m+m)xp G = @) - CA®B and T = A — BD®C. Then,
M = A® + A°BSPCA® -A°BS®| T® —TeBPD® 43)
- -S®CA® S® T=DPCT®  DP + DPCTeBD® ’

if and only if
YaBS® =0, TaB=0, YsCA®*=0,IsC=0, YpCT®=0,TpC=0, YvBD® =0, [+8B=0. (4.4)
By using Corollary 4.5, we can get the following corollary.

A B

Corollary 4.6. Let M = [ cC D

] C(ml+m2)><(m1+mz)><ﬁ' If

YaBS®? =0, TaB=0, YsCA®*=0,TsC=0, VpCT®=0,TpC=0, Y7y BD*=0, T+8=0,

then
T =A%+ APBS®°CA®, S® = D® + D*°CT2BD®, TT = AA®, SS® = DD?,

where S = D - CA®Band T = A - BD?C.
Proof. 1f

YaBS8?=0,TaB8=0, YsCA*=0,TsC=0, YpCT®=0,IpC=0, Y78D? =0, I+8=0,
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then the core inverse of M possesses the expression of (4.3). Hence, we have 7® = A® + A*BS*CA®, S® =
D® + DPCTeBD®. Since I'pC = 0, one has

I'pS? = T'pS(S?)? = T'p(D — CA®B)(S?)? = 0.
And by Y#88% =0, YsCA® =0, ['pS® = 0, we have that

TT®=(A-BDC)(A® + A*BS*CA®)
= AA® — BD°CA® + AA*BS°CA® — BD°CA*BS°’CA®
= AA® + BS*CA® — BD°CA® — BD*(D - S)S?’CA®
= AA® + BS*CA® - BD°CA® — BS*CA® + BD*CA®
= AA°.

Similarly, S§8® = DD®. O

Furthermore, we can get the new sufficient conditions for the expression (4.3) being true.

Theorem 4.7. Let M = ? g ] € ClmrmXm+m)>xp § = O — CA®B and T = A — BDC. If one of the
following condition holds
() YaB=0,TaB8=0 YsC=0, YpC=0,TsC=0, TpC=0, Clx=0, (4.5)
() YaB=0,TaB=0, YpC=0,TpC=0,Y58=0,I+8=0, BI'p=0, (4.6)
then
M = A® + A*BS®°CA® -A*BS®| T -T®BD®
Bl -S®°CA® N |-DPCT® DP + DPCTOBD?|”

Proof. (i) We will prove that (4.5) implies (4.4). Denote 7~ = A® + A*BS®CA®. Notice that TnC = 0 implies
I'pS® = TpS(S?)? = T'p(D — CA®B)(S?)? = 0.
By Ya8 =0, YsC =0, ['pS® =0, we have that

TT =(A-BDC)(A® + A*BS°CA®)
= AA® - BD°CA® + AA*BS°CA® — BD*CA*BS*’CA®
= AA® + BS?CA® — BD°CA® — BD*(D — S)S®°CA®
= AA® + BS?CA® — BD®°CA® — BS®’CA® + BD*CA®
= AA.

On the other hand, I'sC = 0 implies I'sD® = 0 and by YpC =0, CT 4 =0, ['sD® = 0, we have

TT = (A® + A*BS®CA®)(A — BD®C)
= A°A - A*BD*C + A*BS°CA’ A — A*BS°CABD*C
= A°A - A®BD°C + A*BS°C — A°BS®(D - S)D°C
= A°A — A*BD®C + A*BS®°C — A*BS®C + A*BD°C
= A°A.

Using I'4B = 0, one has
TTT = A°AA - BD®C) = A-BD°C =T.
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Finally, it is easy tosee 77 7 =97 . Thus, 7 =7 ®. Then, 77 ® = AA® and 7T = A®A. Therefore,
YaB=0,Ta48=0=>Y+8=0, I+8=0.

Hence, (4.5) implies (4.4). By Corollary 4.5, we get

o = [A+AEBS CA® —AeBS®] [ T ~TOBD®
| -scar S ~DPCT® D + D*CT*BD® |

(ii) Similarly. O

5. The Application to the Quotient Property of the Block Tensor

In 1969, Crabtree and Haynsworth [2] showed a quotient formula for Schur complement of a matrix.
The formula was reproven twice by Ostrowski in 1971 [16] and in 1973 [17], respectively. In this part, we
will have a further study on the quotient property for the block tensor.

In the following, we denote

A B &

~ [a 8], [8 & [0 7. [c D
=8 5 Hmefd Gaels Ym[B m-o e
G H L
Moreover, let A = [g; gi], where A = Z, My, My, M3, M,, then
(Aer)e = ay — azalar, (Afag)e = a1 — apajas. (52)

The next theorem presents the quotient property of the generalized Schur complement based on the
core inverse.

Theorem 5.1. Let Z and M, be the form of (5.1). If
YaB=0,TaB=0, YsC=0, [sC=0, (5.3)
where A~ =A%, S~ =8%, 8 =D - CA®B, then
(Z/My)e = (Z/A) ) (Mi] A)c)e-

Proof. According to the definition of the generalized Schur complement based on the core inverse, we have

ZIM)=L-[6 H|M [2] M/ A), = D - CAB,
D F C D-CA®*B F —CA®E
(Z/A). = [7{ L} - [g]ﬂ® |8 &= [W—gfﬂ@B L—gﬂ@S]'
From which we have
(Z/A) ) M1 A)) = L= GAE — (H - GA*B)(D - CA*B)*(F — CA®E)

_r-[g H|[THTBO-CABICA ~ABD - CABy) (€
B ~(D — CAB)* CA? @D-caBe ||F|

By Theorem 4.1, we have

(Z/A)S MR = L=[G H| M [;3] = (Z/My)..
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The next theorem is the first Sylvester identity based on the core inverse.
Theorem 5.2. Let Z, My, My, Mz and My be the form of (5.1). If
YpF =0, TpF =0, YoyH =0, TapH = 0. (5.4)
where D™ = A2, W~ =82 W = L - HD®F, then
(Z/M3)e = (Z/D)e/ M3/ D)c)e = (M1/D)e = (Mz/D)e(Ms/ D)7 (Ms/ D).

Proof. According to the definition of the generalized Schur complement based on the core inverse, we have
@i =a-[s e|as|f], Mo =L o7,

A & _[8 A-BDC E-BDF
(Z/D)Cz[g L]_[W]D®[C T]z[g—mﬁc £—7ﬂ)®9”]'

Thus, we have

(Z/D)e/(Ms/D)c)e = A - BDC — (€& - BD*F)(L ~ HD F)*(G - HD"C)
= (M1/D)c = (Me/D)e(M5/ D)7 (Ms/ D).

A [ 8 8] D+ D*F (L - HD*FPHD’C —-D°F (L -HD*F)®|| G
h —(L - HD*FeHD® (L - HDF)® H|
By Theorem 4.1, we have

(Z/D)/Ma/ D)) = A-[B E|ME [76_{] - (Z/Mo)..

O
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