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Abstract. Square matrices whose powers eventually have some special properties are of both theoretical
significance and application value. This paper investigates those complex matrices whose powers are
eventually triangular. We completely characterize the eventually triangular complex matrices of order not
greater than 4, and extend the results to the nonnegative case. Eventually triangular matrices of order n are
also discussed.

1. Introduction

Square matrices whose powers eventually have some special properties are interesting objects of study:.
It is natural to characterize those complex matrices A for which there exists a positive integer ko such that
AF has a certain property for all integers k > k.

Complex matrices whose powers are eventually positive (nonnegative), were introduced by Friedland
[6] in 1978. These matrices have applications in control theory [15], and have been studied extensively. See
[3, 4, 8,12, 13, 16, 18] and the references therein. Zaslavsky and Tam [19] introduced the matrices whose
powers are eventually irreducible. Hogben [7, 9] introduced the matrices whose powers are eventually
reducible, r-cyclic, respectively. In 2019, Ma et al. [11] considered the matrices whose powers eventually
have some structural properties. They characterized those complex matrices whose powers are eventually
diagonal, Toeplitz, normal, respectively.

In this paper, we focus on another basic kind of matrices: triangular matrices. Triangular matrices
have applications in numerical linear algebra [10]. Our aim is to describe the matrices whose powers are
eventually triangular. In Sections 2-4, we give a complete characterization of the eventually triangular
complex matrices of order not greater than 4, and also describe the eventually triangular nonnegative
matrices more clearly. In Section 5, we discuss the eventually triangular matrices of order # in some cases.

A complex square matrix A is called nilpotent if there exists a positive integer p such that A” is a zero
matrix. It is clear that triangular matrices and nilpotent matrices are eventually triangular. Note that if a
nonsingular matrix A is eventually upper (lower) triangular, that is, there exists a positive integer ko such
that A* is upper (lower) triangular for all integers k > ko, then (A%)~! is upper (lower) triangular and thus
A = (Ak)TLAR* is upper (lower) triangular.
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2. Eventually triangular matrices of order 2
Eventually triangular complex matrices of order 2 are easy to characterize.

Theorem 2.1. Let A be a complex matrix of order 2. Then A is eventually upper (lower) triangular if and only if A
is either upper (lower) triangular or nilpotent.

Proof. Consider the two eigenvalues of A. We distinguish three cases.

Case 1. A has two nonzero eigenvalues. Then A is eventually upper (lower) triangular if and only if A
is upper (lower) triangular.

Case 2. A has two zero eigenvalues. Then A is eventually triangular if and only if A is nilpotent.

Case 3. A has a zero eigenvalue and a nonzero eigenvalue.

If A is eventually upper triangular, there exists a positive integer ko such that A* is upper triangular for

all integers k > ko. Then Ak = b b2 [ 8 lbyj ] with by # 0. Suppose A = [ Z; Zi ]-AAkU = AbA

0 0
implies that azb; = 0. Since by # 0, a3 = 0. Thus A is upper triangular.
If A is eventually lower triangular, a similar argument shows that A is lower triangular. This completes
the proof. O

A matrix is nonnegative if all of its entries are nonnegative real numbers. Nonnegative matrices have
many attractive properties, and they are important in a variety of applications [1, 2]. Note that if a
nonnegative matrix of order 2 is nilpotent, then it must be strictly upper or lower triangular. As a corollary,
we can deduce the eventually triangular nonnegative matrices of order 2.

Corollary 2.2. Let A be a nonnegative matrix of order 2. Then A is eventually upper (lower) triangular if and only
if A is upper (lower) triangular.

Itis clear that a block upper (lower) triangular matrix, with diagonal block being upper (lower) triangular
or nilpotent, is eventually triangular. However, we found that eventually triangular matrices may not only

2 -1 -3
have this form, even for the 3 x 3 case. Consider the matrix A=| -2 3 5 [. A simple computation
2 -2 -4

0
shows that Ax = | 0
0

11

11 } for all integers k > 2, but A is not any block triangular matrix with diagonal
00

block being triangular or nilpotent. Thus it is of interest to study the eventually triangular matrices of order
n=3.

3. Eventually triangular matrices of order 3

If A is a matrix, A(i, j) denotes its entry in the i-th row and j-th column. The following fact is clear.
Lemma 3.1. Let A be a complex matrix of order n. If there exists a positive integer ko such that A* is upper triangular
for all integers k > ko, then given an integer i with 1 < i < n, either A¥(i, i) = 0 for all integers k > ko, or A¥(i,i) # 0

for all integers k > ko.

Lemma 3.2. Let A be an eventually upper triangular matrix of order 3, and assume that there exists a positive integer
ko > 2 such that A is upper triangular for all integers k > ko. If A%(2,2) # 0 and A%(1,1) = A%(3,3) = 0, then

a ‘ 0 0 b 1 0
A=S 0 S™1, where a # 0, N is a nilpotent matrix of order 2,and S=| 1 0 ¢ |.
0 N 0 01
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0 b1 by
Proof. Suppose Ak =| 0 b3 by |withbs # 0. Consider the Jordan canonical form of A, denoted as J(A),
0 0 O
s 0 0 Rbs 0 0 by 0 0
it follows that J(A) = 0 0 O0for 0 0 1|.ThusJ(A%) =] 0 0 0 [,ie., there exists a
0 0 O 0 00 0 0 O
b; 0 0
nonsingular matrix S of order 3 such that (STTAS)f = §-14kS = 0 0 0 |.Since bs # 0, STLAS has the
0 0
Wb | 0 0
form| 0 N , where N is a nilpotent matrix of order 2.
0

Next we give the matrix S. Since rank(A%) = rank(J(A%)) = 1, b1by = bybs. A direct computation shows
that A% has the eigenvectors [Z—;, 1,0]%,[1,0,0]%, 0, _%' 1]" corresponding to the eigenvalues b3, 0,0. Then

b
z 1 0 k .
S=11 0 _% .Leta= X/bs,b= b lec= —ﬁ. This completes the proof. [J
00 1
2 -1 -3
We mentioned in Section 2 that the matrix A =| =2 3 5 [iseventually upper triangular. Itis easy
2 -2 -4
1 |00 s o 11 0
to verify that A =S 0 S~1, where N = isnilpotent,and S=| 1 0 -1 |.
0 N 2 2 00 1

The following theorem characterizes the eventually upper triangular complex matrices of order 3.

Theorem 3.3. Let A be a complex matrix of order 3. Then A is eventually upper triangular if and only if A is one of
the following:
(i) upper triangular,

(ii) nilpotent;
ay dp 4as a a ay dp 4as
(iii) A = 0 a5 ag | with a; # 0 and the submatrix [ a5 a6 ] being nilpotent,or A =| ay as as |with
8w 0 0 a
ag # 0 and the submatrix [ ] being nilpotent;
a 0 b 1
(iv)A=S§ 0 N S, wherea #0, N isa nilpotent matrix of order 2,and S=| 1 0 ¢
0 0 0 1

Proof. Consider the three eigenvalues of A. We distinguish four cases.
Case 1. A has three nonzero eigenvalues. Then A is eventually upper triangular if and only if A is upper
triangular.
Case 2. A has three zero eigenvalues. Then A is eventually upper triangular if and only if A is nilpotent.
Case 3. A has two nonzero eigenvalues and a zero eigenvalue.
Suppose there exists a positive integer ko > 2 such that A¥ is upper triangular for all integers k > ko.

by by, b 0 by b b1 by b
Then Ak = by bs |withbiby#0,0r| O by by |withbsbs #0,0or| O O by |withbibs #0.
0 0 0 [ 0 0 bs [ 0 0 bs
by by bs 1 C 3
If AR =| 0 by bs |with biby #0, by Lemma 3.1, AR+l hag the form [ 0 c1 o5 ] with cicq # 0.
0 0 O 0 0 O
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air a 4as
Suppose A =| as as as |.Thenby A-Ak = Ak . A = AR+l we can deduce that as = a; = ag = 0. Thus A
ay ag dog
is upper triangular.
0 by by b1 by b
IfA% = 0 b3 by |withbshbs #£0,0r| 0 0 by } with bibs # 0, a similar argument shows that A is
0 0 bs 0 0 bs

upper triangular.
Case 4. A has a nonzero eigenvalue and two zero eigenvalues.
Suppose there exists a positive integer ko > 2 such that A¥ is upper triangular for all integers k > ko.

by by, b 0 by by 0 by b
ThenA% =| 0 0 by |withb; #0,0or| 0 0 bz |withby #0,0r [ 0 b3 by |withbs #0.
0 0 O 0 0 by 0 0 0
by by b3 c1 2 €3
IfAR =| 0 0 by |withb £0, by Lemma 3.1, Akl has the form [ 0 0 c4 |witheg #0.Suppose
0 0 O 0 0 O
a dp 4as a dp 4as ka
A=|as as as |.By A- AR = Ak A = AR+l we can deduce that ay = a; = 0. Then | 0 a5 4 ] =
ay dg dg 0 asg dog
by by b3 ko 0 b ay dp das
0 0 by |implies a’;‘) =b; and [ A5 A ] = [ 0 61 ] ThusA=| 0 as ag¢ |witha; # 0, and the
0 0 0 s 9 0 as ao
submatrix [ a5 de ] is nilpotent.
a dg
0 bl b2 a dp 4as
IfAR =| 0 0 b3 |withby #0,a similar argument shows that A = | a4 a5 as [withag # 0, and
0 0 b4 0 0 dg
the submatrix [ Zl ai ] is nilpotent.
0 by by
IfAR = 0 by by } with b3 # 0, by Lemma 3.2, A has the form (iv).
0 0 O

Conversely, when A has any one of the forms (i)—(iv), a direct computation shows that A is eventually
upper triangular. This completes the proof. [J

Two matrices X and Y are said to be permutation similar if there exists a permutation matrix P such that
PTXP = Y. Now we can describe the eventually upper triangular nonnegative matrices of order 3 more
clearly.

Theorem 3.4. Let A be a nonnegative matrix of order 3. Then A is eventually upper triangular if and only if A is
one of the following:

(1) upper triangular;

(ii) nilpotent, and thus permutation similar to a strictly upper triangular matrix;

a dp 4as 0 0 as 0 0 O
(ii) A= 0 0 O ] with ay,ag > 0,0or A =| ag 0 ag } with ag,a9 > 0,0rA =10 a 0 ] with
0 ag O 0 0 a b 0 O
a,b>0.

Proof. Consider the three eigenvalues of A. We distinguish four cases.
Case 1. A has three nonzero eigenvalues. Then A is eventually upper triangular if and only if A is upper
triangular.
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Case 2. A has three zero eigenvalues. Then A is eventually upper triangular if and only if A is nilpotent.
By Lemma 2.3 in [11], A is permutation similar to a strictly upper triangular matrix.

Case 3. A has two nonzero eigenvalues and a zero eigenvalue. By the Case 3 in the proof of Theorem
3.3, A is upper triangular.

Case 4. A has a nonzero eigenvalue and two zero eigenvalues. Suppose there exists a positive integer
ko > 2 such that A is upper triangular for all integers k > ko.

by by b3 ap ap 4as
IfAR =| 0 0 by |withb >0, by the Case 4 in the proof of Theorem 3.3, A =| 0 as 4a¢ |with
0 0 0 0 ag dog

.| as ag |. . . . .
a1 > 0, and the submatrix a5 a6 is nilpotent. Since A is nonnegative, a5 = a9 = 0 and a¢ag = 0. Thus A
g 49

is upper triangular or has the first form in (iii).

0 by b
IfAR = 0 0 b; |withbs >0,asimilar argument shows that A is upper triangular or has the second
0 0 by
form in (iii).
0 by b
If A =| 0 by by | with by > 0, either A is eventually diagonal, or there exists a positive integer
0 0 O

ki > 2 such that A% is upper triangular but not diagonal. In the previous case, by Theorem 2.4 in [11], A is

0 b O 0 0 b 000
permutation similar to a matrix of theform | 0 0 0 [witha >0.ThusA=| 0 a 0 } or { 0 a 0 },
0 0 a 0 00 b 0 0
0 c1 C2
which implies that A is upper triangular or has the third form in (iii). In the latter case, A" = [ 0 ¢ ¢4 |,
0 0 O
a dp 4as
where c3 > 0 and at least one of ¢y, ¢y, ¢4 are positive. Suppose A =| a4 a5 as |.Thenby A CAR = AR A
ay ag dg

and the nonnegativity of A, we can deduce that ay = a; = ag = 0. Thus A is upper triangular.
Conversely, when A has any one of the forms (i)—(iii), a direct computation shows that A is eventually
upper triangular. This completes the proof. [J

Obviously, the eventually lower triangular complex (nonnegative) matrices of order 3 can be obtained
from Theorem 3.3 (Theorem 3.4) by taking the transpose.
4. Eventually triangular matrices of order 4

Denote by I, the identity matrix of order 7.

Lemma 4.1. Let A be an eventually upper triangular matrix of order 4, and assume that there exists a positive integer
ko > 2 such that AX is upper triangular for all integers k > ko. If A*(2,2)A%(3,3) # 0 and AR (1,1) = Ak (4,4) = 0,

a b 0 0 d e 10
then A =S 8 (C) 0 0 S~ whereac #0,Nisa nilpotent matrix of order 2, and S = (1) jlf 8 Z
0 0 N 0 0 01
[0 by by b3
Proof. Suppose Ak = 8 %1 Zi Z: with byb; # 0. Consider the Jordan canonical form of A, denoted as
0 0 0 O

J(A). We distinguish three cases.
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Ry 0 0 0 Ry 0 0 0
_| 0o % 00 0 %b; 0 0| _ .. ; koy _
Case 1. J(A) = 0 o o0 ol o 0 0 1 with %0, # %/b;. Then J(AR) =
0 0 00 0 0 00
[ by 0 0 O
O b7 O 0 . . . . -1 k() -1 k()
0 0 0 o] le there exists a nonsingular matrix S of order 4 such that (ST AS)* = ST A%S =
| 0O 0 0 0
by 0 0 0 %, 0 0 0
ky
8 lg 8 8 . Since byby; # 0 and by # by, S"1AS has the form 00 Ovb_7 0 0 ,where N is
[0 0 0 0] 0 0 N

a nilpotent matrix of order 2. Leta = R0, b=0,c= Yb,.
Next we give the matrix S. Since rank(A%) = rank( J(AR)) = 2, by (bsbg — b6b7) by(babg —bsby) = 0. A direct

computation shows that A% has the eigenvectors [b ,1,0,0]%, [b7 + b7(l;17b5b4), w1 0]%,[1,0,0,0]%, [0, Zsii -
bR bk g
by b7 " br(br—bs)
1 bs 0 bbs _ b
ZZ —5 1]T corresponding to the eigenvalues by, b7,0,0. Then S = 0 b7ih4 0 b4b7_ % bs |, Let
0 0 0o 1
b bib bs bsbs b b
d=ge= gt som /= 5m9= 0 =5
R, 0 00 %, 0 0 0
| 0 %, 0 0 0 Kb, 0 0| ... wic _ & _
Case 2. J(A) = 0 0 0 0 or 0 0 0 1 with %/bs = %/b;. Then by = b; and
0 0 00 0 0 00
by 0 0 O
J(AR) = 8 % 8 8 ,1.e., there exists a nonsingular matrix S of order 4 such that (STTASb = 571AkGS =
0O 0 0 O
by 0 0 O B 0 0
0 by 0O . 1 0 0 ko .
0 0 0 0l Since by # 0, ST'AS has the form 00 , where B® = by, and N is a
0 0 00 0 0 N

nilpotent matrix of order 2.

Next we give the matrix S. Note that rank(4%) = rank(J(A®)) = 2 and rank(bsls — A®) = rank(bsly —
J(AR)) = 2. Then bs = 0and thus b; b4b6+b4(b2bg—b3b4) 0. A direct computation shows that AR has the eigen-

vectors [ bl,l 0,0]%, [bZ 0,1,0]%,[1,0,0,0]%,[0 ,——6,—— 1] corresponding to the eigenvalues by, by, 0, 0. Then
by

by b4 1 Ob Bt 0 0
s=| 1 00 =5 et fe=%,f=0g=—3h=- Since Ak =§ 0 0 lg1j
o 10 -b e 9= = = 0 0| 00
000 1 00| 00

upper triangular for all integers k > ko, a direct computation shows that B¥ is upper triangular for all integers
k > ko. By the nonsingularity of B, it follows that B is upper triangular. Leta = B(1,1),b = B(1,2),c = B(2,2).

R, 1 0 0 s 1 0 0
kg ky
Case 3. J(A) = 8 %‘77 8 8 or 8 %77 8 (1) with ¥b; = 4by. Then by = by and
0 0 00 0 0 00
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by 1 0 0
J(AR) = 8 % 8 8 ,i.e., there exists a nonsingular matrix T of order 4 such that (T"'AT) = T-1ART =
0 0 0O
by 1 0 0 B 0 0
0 by 00 . 1 0 0 e | ba 1
0 0 0 0l Since by # 0, T~ AT has the form 00 N , where B® = 0 by | and N
0 0 00O 0 0

is a nilpotent matrix of order 2.
Now we give the matrix T. Note that rank(A%) = rank(J(A%)) = 2 and rank(bsly — A®) = rank(bsly —

](Ako)) = 3. Then b5 # 0 and b1 (bsbg — b4b6) — by(bybg — b3b4) = 0. First A% has the eigenvector S1 = [Z—i, 1,0, O]T

corresponding to the eigenvalue by. Then by solving Akogy = 51 + bys,, we have s, = [%@5 - Z—%, 0, %, 0]7. Next

Ak has the eigenvectors s3 = [1,0,0, 0]%,ss = [O, % - Z—Z, —Z—i, 11" corresponding to the eigenvalues 0,0.
b b b
wohis o 100 . 0 0
bsbs b B
1 0 0 =2-= . 0 O .
Then T = [s1,S2,83,84] = B2 b | Since A =T T-! is upper
bs by 0 0 0 0

0 0 0 1
triangular for all integers k > ko, a direct computation shows that B* is upper triangular for all integers
k > ko. By the nonsingularity of B, it follows that B is upper triangular.

1 0 0 bbb
Let S = [s1, bssy, 83, 84] = b , bs |.Then S = TD with D = diag(1,bs,1,1). Thus A =
0 1 0 —ﬁ
0 0 0 1
. 0 0 5 0 0 B(1,1) bsB(1,2) | 0 0
; 0 0 | gpm 0 0 |pei_g|l 0 BE2 |0 0 |,
0 O N 0 0 N 0 O N ’
0 0 0 0 0 0

Leta=B(1,1),b=bsB(1,2),c=BQ2,2),d=fe=p -4 f=0g="28 -2 h=-p
This completes the proof. [

Lemma 4.2. Let A be an eventually upper triangular matrix of order 4, and assume that there exists a positive integer
ko > 2 such that AX is upper triangular for all integers k > k.

a | 0 0 0
(i) If A%(2,2) # 0 and AR(1,1) = AR(3,3) = AR(4,4) = 0, then A = S 8 N S, where
0
b 1 0 0
) ) . 1 0 c d
a # 0, N is a nilpotent matrix of order 3, and S = 0010l
0 0 01
a | 0 0 0
(ii) If A%(3,3) # 0 and AR(1,1) = AR(2,2) = AR(4,4) =0, then A = S 8 N S~1, where
0

a # 0, N is a nilpotent matrix of order 3, and S =

OoORRa
OO O
OO =, O
— RO O
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Proof. (i) If AR(2,2) # 0 and A%(1,1) = AR(3,3) = AR(4,4) = 0, by Lemma 3.1, A%*1(2,2) # 0 and

0 by by b3
Ab*I(1,1) = A1(3,3) = Ak1(4,4) = 0. Suppose A+l = | O P4 U5 Us 1 i 42 0. Consider the Jor-
PP 00 0 by
0 0 0 O
Yo, 0 0 O kﬂ*{/jooo
d . . _ 0 0 00 0 0O
an canonical form of A, denoted as J(A), it follows that J(A) = 0 00 ol° O 00 1
0 0 00 0 0 00
k°+\l/_4 0 00 by 0 0 O
010 kily _ | O 0 0 O . . .
or O 00 11 Then J(A®*) = 000 0 for ko + 1 > 3, i.e., there exists a nonsingular
0 0 00 0 00O
by, 0 0 O
matrix S of order 4 such that (S71AS)o*! = S-1Ak+1g = 8 8 8 8 . Since by # 0, ST'AS has the form
0 0 0O

Yoy | 0 0 0

8 N , where N is a nilpotent matrix of order 3. Leta = %/bs.
0

Next we give the matrix S. Note that rank(A%*!) = rank(J(A%*!)) = 1. Then b; = 0, bybs — byby = 0
and bibg — bsby = 0. A direct computation shows that A%*! has the eigenvectors [%, 1,0,0]7, [1,0,0,0]7,

b
m 1 0 0

1 0 -& _b&

[0, —Z—i, 1,017, [0, —2—2,0, 1]7 corresponding to the eigenvalues b4,0,0,0. Then S = ba b |. Let

bl __b_s — _b
b=3,c d= b

(11) If Ak°(3, 3) # 0 and AR(1,1) = AR(2,2) = AR(4,4) = 0, a similar argument shows that A =

W3fAkF13,3) | 0 0 0

S 8 N 571, where A%*1(3,3) # 0, N is a nilpotent matrix of order 3 and S =
0
Ak0+1(1,3) 1 0 O
Ak0+1(3/3)
w 01 0 ot [ A1 A Ako*1(1; 3 . _ Ak+1(2,3) _ Altl(3,4)
A e At134) | Leta = ARTI(3,3),b = Ao33) ¢ = Ak, 3)'d T ART33)” -
1 0 0 - A(33)
0 0 0 1

The following theorem characterizes the eventually upper triangular complex matrices of order 4.

Theorem 4.3. Let A be a complex matrix of order 4. Then A is eventually upper triangular if and only if A is one of
the following:
(i) upper triangular;
(ii) nilpotent;
a dp das ay
(ii)) A = 8 ao6 ;171 ;182 with ayas # 0 and the submatrix [
0 0 a5  Aaie

a1

ain . .
being nilpotent, or A =
a15 6 ] & np
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ay dp as as ai a as ag
as dg azy as . . a dp . . 0 773 ay as
with a11a16 # 0 and the submatrix being nilpotent, or A =
0 0 an an e [ as g ] S P 0 a0 aun ap
0 0 0 a16 0 0 0 a1e
. . ag a . .
with aya1e # 0 and the submatrix [ a 6 4 7 ] being nilpotent;
11

a da, a4z a
01 az ; a4 ag ay ag a | 00
(iv) A = 6 %7 " N withay # 0 and the submatrix | aip a1 ap |=S| 0 s
0 aw an an N
0 ay a5 e aiy M5 16 0
Zl gz z?’ 24 (a1 a» a3 a | 00
orA=| " "6 T Vwithaye # 0and the submatrix | as as a; |=S| 0 S, where
a9 a4y 41 a2 N
0 0 0 ag | a9 ayp an 0
b 1 0]
a # 0, N is a nilpotent matrix of order 2,and S={ 1 0 ¢ |;
0 0 1]
a b 0 0 d e 1 0
(WA=S (0) (C) 0 0 St whereac # 0, N isanilpotent matrix of order 2, and S = (1) { 8 Z ;
0 0 N 0 0 01
a dap as ay a4 a a
. 0 as a; ag . . 6 7 8 . .
(vi) A = 0 ap @y an with a1 # 0 and the submatrix | a9 ay  ap | being nilpotent, or A =
0 au @5 | 414 15 A6

ai an as ag
as dg azy

A9 dip 4nn a2
0 0 0 agp

ai a as 1
with a1 # 0 and the submatrix | as ae a7y | being nilpotent;
ag dyp Aai1 |

a \ 0 0 O b1 0 0
(i) A=S 0 S71, where a # 0, N is a nilpotent matrix of order 3, S = 10 cd or
0 N ! ! ! 0010
0 0 0 01
b1 0 0
c 010
1 0 0 d
0 0 01

Proof. Consider the four eigenvalues of A. We distinguish five cases.
Case 1. A has four nonzero eigenvalues. Then A is eventually upper triangular if and only if A is upper
triangular.
Case 2. A has four zero eigenvalues. Then A is eventually upper triangular if and only if A is nilpotent.
Case 3. A has three nonzero eigenvalues and a zero eigenvalue.

Suppose there exists a positive integer ko > 2 such that A¥ is upper triangular for all integers k > ko.
by by by by 0 by by b3 bi by b3 by
0 bs bs by . 0 by bs b . 0 0 bs bs
0 0 bs b with b1bsbg # 0, or 0 0 b b with bybsby # 0, or 0 0 b b

0 0 0 O 0 0 0 b 0 0 0 b

Then Ak =
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b1 bz b3 b4
. 0 bs bg by .
th b1bybg # 0, th b1bsbg # 0.
with byb;bg # 0, or 0 0 0 b with b105b9 #
0 0 0 b
by by by by
k 0 b5 b6 b7 . ko+1
If A% = 0 0 bs by with bybsbs # 0, by Lemma 3.1, A%*" has the form
0 0 0 O

ap  ax az 4y
as ag azy as
g Ay din A4z
a3 a4 a5 aie
as = dag = ajg = a3 = a4 = a15 = 0. Thus A is upper triangular.

cicscg # 0. Suppose A =

0 b1 bz b3 bl b2 b3 b4
If Ak = 8 %‘ Zi ZZ with bybsbo # 0, or 8 g Zi Z;Z with bybybo # 0, or
0 0 0 b 0 0 0 b

with b1bsbg # 0, a similar argument shows that A is upper triangular.

Case 4. A has two nonzero eigenvalues and two zero eigenvalues.

[~y
[y

o o O

Cy
c7
C9

8876

with

. Then by A - AR = AR . A = AR*1 we can deduce that

Suppose there exists a positive integer ky > 2 such that A¥ is upper triangular for all integers k > ko.

[ by b, bz by 0 by by b3
Then A = 8 %5 %6 Z; with b1bs # 0, or 8 8 Zi Z‘;’ with bgbg # 0, or
0 0 0 0| 0 0 0 bs
[ by by bz by ] 0 by by, b
bibg # 0, or 8 8 Zi Zz with bib; £ 0, or 8 % bOS Zj with bybg # 0, or
| 0 0 0 O 0 0 0 bg
bsb; # 0.
b1 by by by
If Ak = 8 %5 %6 Z; with bibs # 0, by Lemma 3.1, A%*! has the form
0O 0 0 O

ay  ax az a4
as de Ay 4g
dg ajp a4
a3 a4 a5 die

cics # 0. Suppose A =

ko

a dp a4z aa b1 bz b3 b4

= - — — 0 as a7 as | 0 bs be by
ag = a9 = a13 = a4 = 0. Then 0 0 ay ap = 0 0 0 b
0 a5 Me 0 0 0 O

ap ay az  dg |

a5 16

ko
| fi1 ] = [ 8 %8 ] Thus A = 8 %6 a7 ds with @yag # 0, and the submatrix[

ain  an
0 0 a5 a6 |

nilpotent.
0 by by bs
k 0 O b4 b5 . . .
If A% = with bebs # 0, a similar argument shows that A =
0 0 b by
0 0 0 bg

a1
as

b

cooc o OO

()
[aiy

o O O

by
0
0
0

b
by
0
0

o
o1

o O

b3

by

a2
a16

a1l
ais
as  ag
ay as
ann a4
0 aie

with

with

with

By A- Ak = Ak . A = Ak*1 we can deduce that a5 =

implies a'{o = bl,ag" = b5 and

[is

with



C. Ma et al. / Filomat 37:26 (2023), 8867-8885 8877

a11a16 # 0, and the submatrix Z; az ] is nilpotent.
by by by by 1 a1 a4y a4z a4
If Ak = 0 0 bs b with b1bg # 0, a similar argument shows that A = 0 a4 a7 ag with
10 0 0 b 178 =5 & 10 a4 an o
0 0 0 bg | 0 0 0 oap
a1a16 # 0, and the submatrix [ ;160 a71 ] is nilpotent.
b1 bz b3 b4 €1 C (3 (4
0 0 bs b 0 0 ¢ ¢
ko — 5 6 ; ko+1 5 C6 .
If A% = 0 0 b b with bib; # 0, by Lemma 3.1, A**" has the form 0 0 o cs with
0O 0 0 O 0O 0 0 O

ai ap as ay
as ag ay as
a9 aipp a1 A4
a3 a4 15 16

cic7 # 0. Suppose A = .By A- Ak = Ak . A = AR+l we can deduce that as = a9 =

ayp a dz a4
0 ag ay as . K . A6 a7 g o pe
a13 = 0. Then A = 0 aw an ap with a; = %0, # 0, and the submatrix | a9 a1 a2 | satisfies
0 a a;s asp fie s e
713 ay as ka 0 b5 b6 ag ay as a ‘ 0 0
{ ayp 41 a4 ] = I: 0 by bg |with b; £ 0. By Lemma 32,[ ay 4y A4 } = S[ 0 N S‘l,
iy M5 g 0 0 O a4 415 16 0
b 1 0
where a # 0, N is a nilpotent matrix of order 2, and S = [ 1 0 ¢ ] .
0 01
0 b1 bz b3 a as as as
If Ak = 0 by bs be with bybg # 0, a similar argument shows that A = 5 @ 47 dg with
0 0 0 b 9 Ay Aai  Aap
0 0 0 bg 0 0 0 a16

am a4z a ‘ 0 0
a1s # 0, and the submatrix | as a¢ a7 |=S| 0 N S71, where a # 0, N is a nilpotent matrix
0

ag  aip a1l

b 1 0

oforder2,and S=|1 0 ¢

0 0 1
0 by by b

k 0 by bs b .
If A% = with byb; # 0, by Lemma 4.1, A has the form (v).

0 0 by bg
0o 0 0 O

Case 5. A has a nonzero eigenvalue and three zero eigenvalues.
Suppose there exists a positive integer ko > 2 such that A* is upper triangular for all integers k > ko. Then

by by by by 0 by by by 0 by by bs
0 0 bs b 0 0 by b 0 by bs b

ko — 5 6 . 4 5 . 4 5 6 .

AR = 0 0 0 b with by # 0, or 00 0 b with by # 0, or 00 0 b with by # 0, or

0O 0 0 O 0 0 0 by 0 0 0 O

0 by by bs

8 8 Z“ Zi with b # 0.

0 0 0 O
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by by by by €1 C C3 (4
0 0 bs b 0 0 ¢ ¢
ko — 5 Y6 ; ko+1 5 Ce6 .
If AR = 0 0 0 b with by # 0, by Lemma 3.1, A®*! has the form 00 0 ¢ with ¢; # 0.
0 0 0 O 0 0 0 O

a4 ax a4z 44

a ag 4ay 4
Suppose A = 5 6 7 8 1. By A- Ak = Ak . A = Ab+1 we can deduce that as = a9 = 13 = 0. Then
dg dip A4 412

d3 a4 15 A6

k
a ap as ay 0 bl bz l’J3 b4 a a a ko 0 b b
0 a a; ag 0 0 bs bs |. . & 6 A7 4 5 De
0 an @y 4y =l 0o 0 o b, impliesa” = byand | 419 a1 a2 =0 0 b, |.Thus
0 aig Aais A1 0 0 0 0 M4 415 Me 00 0
a1 ar as as
0 ag azy as . . 6 a7 48 . .
A= with a7 # 0, and the submatrix | 419 411 a1z |is nilpotent.
0 aw an anp D e 4 P
0 au a5 4y 14 415 16
0 by by by ap dx as a4
If Ak = 8 8 %‘ ZS with by # 0, a similar argument shows that A = 5 ¢ 47 g with
6 a9 dip 411 412
0 0 0 by 0 0 0 ap

ap a4 4z
ai6 # 0, and the submatrix | as 4a¢ a7 |[isnilpotent.
ag dip an

0b1 bz b3 Obl b2 b3
If Ab = 8 %4 b05 Z; with by # 0, or 8 8 Zi Zi with bs # 0, by Lemma 4.2, A has the form
00 0 0 00 0 0
(vii).

Conversely, when A has any one of the forms (i)-(vii), a direct computation shows that A is eventually
upper triangular. This completes the proof. [J

Lemma 4.4. Let A be an eventually upper triangular nonnegative matrix of order 4, and assume that there exists
a positive integer kg > 2 such that A* is upper triangular for all integers k > ko. If AR(2,2),A%(3,3) > 0 and

0O 0 0 O
Ak(1,1) = AR (4,4) = 0, then A is either upper triangular or has the form 8 %6 ;171 8 with ag,a11,a13 > 0.
a3 0 0 0
0 bl b2 b3 0 C1 C C3
Proof. Suppose A% = 0 bs b5 B | ith by, by > 0. By Lemma 3.1, A4*1 has the form | 0 % & ©6
+ OUPP |10 0 by bs 407 = 00 w 0 0 ¢ cs
0 0 0 O 0 0 0 O

aip a4y 4z 4y
as ae a4y 4as
ag aipp Aan
a3 a4 a5 i
of A, we can deduce that as = a9 = a1 = a14 = a15 = 0.

If a13 = 0, then A is upper triangular.

If a3 > 0, then by A - A% = AR . A and the nonnegativity of A, we have by = by = b3 = bs = bg = 0,
and thusay =a3 =ag =a;p =0. AR(1,1)= Y A(1,i1)A(1, i) - A(ig,-1,1) = A(1, 1)% + --- = 0 implies

1Si1 gy -1 <4

with ¢4, c7 > 0. Suppose A = . Then by A - A% = Ak . A = A+1 and the nonnegativity
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A, l)=a; =0.A%4,4) = Y A4 i)A(1, i) - Alig,-1,4) = A4, 4)+ - = Oimplies A(4,4) = a15 = 0.
1Sl’1,..4,l'k0,1 <4
A%o(1,1) = Y AQ,i)A(, i) - Aligk,-1,1) = (A(1,4)A4,1))F +--- = 0 implies A(1,4) = a4 = 0. Thus
1<y, .. jingy-1<4
0 0 0 0
A= 0 4 a Since by = a and by = a, we have ag,a1; > 0. O
0 0 an 0 . 4 6 7 117 6,411 .
ais 0 0 0

Lemma 4.5. Let A be an eventually upper triangular nonnegative matrix of order 4, and assume that there exists
a positive integer ko > 2 such that A¥ is upper triangular for all integers k > ko. If A%(2,2) > 0 and AR(1,1) =
Ako(3,3) = Ako(4,4) = 0, then A is either upper triangular or has one of the following forms:

0 a; asz aa [ 0 0 0 0 0 0 as 0]

8 {106 {107 %8 with ag,a15 > 0; zi %6 8 ﬂ(l)z with ag,a9,a13 > 0and aypa15 = 0; 8 (106 %7 8
0 0 ais 0 | 413 0 ais 0 ] a3 0 ais 0 ]
0 0 0 0 ] [ 0 0 0 a4 0 0 0 07

with ag, a13 > 0; 0 4 0 0 with ag, a12,a13 > 0; 0 as 0 a with ag, a9 > 0; 0 a 0 0

0 0 0 aip dg 0 0 ain g 0 0 0
a3 0 0 0 | 0 0 0 0 0 0 ais 0 1

with ag,a9,a15 > 0.

0 b1 by b3 0 ¢1 ¢ c3]

Proof. Suppose Ak = 8 %1 %5 Z? with by > 0. By Lemma 3.1, A%*! has the form 8 CO4 CS Eg
0 0 0 O 0 0 0 0]

ap  ax as s
as de 4y 4as
dg aip din a2
a3 a4 M5 die

with ¢y > 0. Suppose A = . Then by A - Ak = Ak . A = AR+ and the nonnegativity

of A, we can deduce that as = a9 = a4 = 0. A%(1,1) = . Z <4A(l, i1)A(i, 1) - - - A(ig,-1, 1) = A1, Dk +
-+ = 0 implies A(1,1) = a1 = 0. A¢@3,3) = . L <4:{;g,k;1;1_4(i1,i2)---A(iko_l,?)) =A@ 3 +... =0
implies A(3,3) = a;; = 0. Ak (4,4) = . Z ;Z(XfZSA(il,iz)-'-A(iko1,4) =A@, 4 +... =0 implies
A4,4) = a1y = 0. A%0(3,3) = Y ng[,rilli)A(il,iz)~-A(i2k0_1,3) = (A(3,4)A4,3)f0 + --- = 0 implies

1Sl’1,..4,l'2k0,1$4
A(3,4)A(4,3) = a1pa15 = 0. Next we distinguish four cases.
Case 1. ag = a3 = 0. Then by = A%(2,2) = Y AR,i1)A(, i) Ali,-1,2) = A(2,2)F > 0 implies
1Si1,...,ik0_1S4

0 a; az aa

a¢ > 0. Thus A is either upper triangular or has the form 8 %6 tg cg; with ag, a15 > 0.
0 0 ais 0
Case 2. a,a;3 > 0. Then A%(3,3) = ¥ AB,i)Alin,i2) -~ Alizgg1,3) = (AB, DAL +--- = 0
1S1’1,...,1‘2k0,1$4
implies A(1,3) = a3 = 0. A%(4,4) = Y A&, i)AG, i) Aliag-1,4) = (A@G, DAL 4)0 +--- =0

1Sl‘1,...,l‘2k071S4
implies A(1,4) = a4 = 0.
Weassertthata, = 0. To the contrary, assumea, > 0. Then AR+1(3,2) = Z' A(3,11)A(i, i2) - - A, 2) =

11 gy <4

A3, 1)A(1,2)A(2,2)0 1+ -+ = 0Oimplies A(2,2) = ag = 0, A%*(3,3) = h AB,11)A(, 1) - - Alizy-1,3) =

151’1,...,1’3;(0,1 <4
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(A(B,1)A(1,2)A(2,3))% +--- = 0 implies A(2,3) = a; = 0, A% (4,4) = Y A i)A(, 1) Alisg-1,4) =
1Si1,...,1'3k0,154
(A4, DA, 2)AQ2,4)f + --- = 0 implies A(2,4) = ag = 0. Thus as = as = a; = ag = 0 implies by = A%(2,2) =
Y A(2,11)A(, 1) - - - A(ik,-1, 2) = 0, which is a contradiction.

1Si1,...,ik0_1 <4

Since ay = ajp = a;y = 0, AQ2,2) = ¥ AQ,i1)A(i1,i2) - - A(iy,-1,2) > 0 implies A(2,2) = a5 > 0.
1<y, iy -1<4
Then AR*1(2,1) = Y. AQ,i)A(, 1) Aliy,, 1) = A2, 2y 1A(2,3)A(3,1) + A(2,2)01A(2,4)A(4,1) +
1Si1,...,ik0S4
0 0 O 0
0 ag

--- = 0implies A(2,3) =a; = 0and A(2,4) =as = 0. Thus A = 8 11(1)2 with a¢,a9,a13 > 0 and

a9 0
a3 0 a5 O
aipdis = 0.
Case 3. a9 = 0,413 > 0. Then A% (4, 4) = Y A&, i)A(, i) Aliok,-1,4) = (A4, DAL, 4)F + -+ =
1S1’1,...,1‘2k0,134
0 implies A(1,4) = as = 0. A%0(4,4) = Y A4, i)A(, i) Alisk-1,4) = (A4, DAL, 2)AQ2,4)k +

1Si1,...,i3k(],1ﬂ4
(A4, 1)A(1,3)A(3,4))0 + - = 0 implies A(1,2)A(2,4) = ayas = 0 and A(1,3)A(3,4) = azar, = 0. A%(4,4)
Y A(4,11)A(i1, i) - - - Aligre-1,4) = (A4, 1)A(1,2)A(2,3)A(3,4)fo+- - = Oimplies A(1,2)A(2,3)A(3,4) =
1Sl‘1,‘..,i4k0_1§4
arayd1p = 0.
Assume that g = 0. Since appdis = 0, bi = A2k0(2,2) = Z A(2, il)A(il, iz)"'A(isz_l,Z)

1Si1,...,i2k0_1 <4
A(2,3)A(3,4)A4, 1)A(L,2)---+A(2,3)A(3,4)A(4,1)A(1,3) - - -+A(2,3)A(3,4)A4,3) - - -+A(2,4)A(4, 1A, 2) - - -+
A(2,4)A(4,1)A(1,3)A(3,4) - - +A(2,4)A(4,3)A(3,4) - - - = arazaipays - - - +a3a127013 - - -+ 1241507 - - -+ AxAgA13 -+ +

a3a12dga13 - - - + A10a154g - - - = 0, which is a contradiction. Thus a¢ > 0.
ThenA%(4,2) = Y A(4,i1)A(1, i) Alig,-1,2) = A4, 1)A(1,2)A(2,2)02+- - = O implies A(1,2) =
1Si],...,ik0,1S4
a =0, Ak0(2, 1) = Y, A(2,i1)A(i, i2) - - - A(ig,-1, 1) = A(2, 2)"0‘2A(2, 4)A(4,1) + --- = 0 implies A(2,4) =
1Si1,...,ik0_1ﬁ4
0 0 a3 O
0 ag ay 0 . . .
ag = 0. When ap, =0, A = 0 0 0 0 with ag,a13 > 0. When aip > 0, azayp = apas =0 1mp11es

az 0 a;s 0
a3 = a5 = 0. A2, 1) = Y AR iA(, i) Ali, 1) = AR,2072A(2,3)A(3,4)A(4, 1) +- - = 0 implies

1Si1,-~-,lk0 <4

0O 0 0 O
0 a 0 O .
A(2,3)=a; =0.Thus A = 0 06 0 ap with ag, a1, a13 > 0.
a3 0 0 0
0 0 0 a4
Case 4. ag > 0,413 = 0. A similar argument as in Case 3 shows that A = f %6 8 :8 with ag,a9 > 0,
9 12
0O 0 0 O
0 0 0
0 a¢ 0 O .
orA = . 06 0 0 with ag,a9,a15 > 0. [
0 0 ais 0

Now we can describe the eventually upper triangular nonnegative matrices of order 4 more clearly.

Theorem 4.6. Let A be a nonnegative matrix of order 4. Then A is eventually upper triangular if and only if A is
one of the following:



(i) upper triangular;
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(ii) nilpotent, and thus permutation similar to a strictly upper triangular matrix;

8881

a dp d4dz dy 0 0 as s
| 0 as ay; ag . _las 0 a; ag . _
(iii)) A = 00 0 0 with ay,a6,a15 > 0, or A = 0 0 ay ap with as,a11,a16 > 0, or A =
0 0 ais 0 0 0 0 a16
ap dy 4z  d4
0 0 0 uag . )
0 a0 0 a1 with ai,ai10,q16 > 0,
0 0 0 a16
a, a4, a3 4 0 0 0 a4
. |10 0 0 O . | 0 a 0 as . _
(iv) A = 0 0 ay 0 with ay,a11,a14 > 0, 0r A = % 0 0 ap with ag, 09,016 > 0, or A =
0 aia 0 0 0 0 0 a16
0O 0 0 O
0 as ay . )
0 0 i 0 with ag, 11,013 > O,
a3 0 0 0
a1 4y az a4 _
0 ag ay as . . A6 47 a8 . .
(v) A = 0 a 4 4 with a1 > 0 and the submatrix | aio an a2 | being nilpotent, or A =
10 411 412
0 au @5 | 414 d15 16
ay dap as ay B
as de ay as . . i & a3 . .
o a 4 4 with ai¢ > 0 and the submatrix | as as a7 | being nilpotent;
09 (1)0 (1)1 ﬂiz ag dip adi1 |
0 ap a3 ag ] 0 0 0 0
. 0 ag ay a . 0 a 0 0 .
(vi) A = 0 06 07 5 with ag,a15 > 0, or A = a0 06 0 an with ag,a9,a13 > 0 and a;pas =
0 0 a5 0 | a3 0 a5 O
0 0 a3z 0] 0O 0 0 O
_ 0 ag ay 0 . _ 0 ae 0 0 . _
0, or A = 0 0 0 0 with ag,a13 > 0, or A = 0 0 0 ap with ag,a1p,a13 > 0, or A =
ais 0 ais 0 ] a3 0 O 0
0 0 0 ay 0 0 0
6?9 %6 8 :182 with ag,a9 > 0,0r A = 09 %6 8 8 with ag, a9,a15 > 0;
0O 0 0 O 0 0 a5 O
0 0 as ay 0 as 0 0
.. _ as 0 ay as . _ as 0 0 0 .
(vii) A = 0 0 ay ap with as,a;; > 0, or A = 0 0 ay 0 with ay,a13,014 > 0 and
0 0 0 0 aiz aia 0 0
0O 0 0 O 0 a 0 O
_ _ as 0 ay dag . _ 0 0 0 0 .
amas =0, 0or A = 0 0 ay O with a;1,a13 > 0, or A = 0 0 ay 0 with ar,a11,a13 > 0, or
a3 0 0 O a3 0 0 O
0 ap as dy 0 0 0 0
{0 0 0 O . la 0 0 O .
A= 0 0 ay O with ay1,a14 > 0,0r A = 0 0 ay 0 with as, ay1,a14 > 0.
0 mge O 0 0 a4 0 O
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Proof. Consider the four eigenvalues of A. We distinguish five cases.

Case 1. A has four nonzero eigenvalues. Then A is eventually upper triangular if and only if A is upper
triangular.

Case 2. A has four zero eigenvalues. Then A is eventually upper triangular if and only if A is nilpotent.
By Lemma 2.3 in [11], A is permutation similar to a strictly upper triangular matrix.

Case 3. A has three nonzero eigenvalues and a zero eigenvalue. By the Case 3 in the proof of Theorem
4.3, A is upper triangular.

Case 4. A has two nonzero eigenvalues and two zero eigenvalues. Suppose there exists a positive
integer ko > 2 such that A* is upper triangular for all integers k > ko.

bl bz b3 b4 ay dp as as
0 bs bg b 0 ag ay; a
ko — 5 be 07 . . _ 6 a7 8
If A% = 0 0 0 bs with by, bs > 0,by the Case 4 in the proof of Theorem 4.3, A = 0 0 ay ap
0 0 0 0 0 0 a5  Aie
with a1,a¢ > 0, and the submatrix ZE Ziz is nilpotent. Since A is nonnegative, a1; = a3 = 0 and
6
apa15 = 0. Thus A is upper triangular or has the first form in (iii).
[0 by by b
K 0 0 by bs . e . .
If A% = 0 0 b b with bg, bg > 0, a similar argument shows that A is upper triangular or has
6 U7
| 0 0 0 bs
the second form in (iii).
[ by by, by by
k 0 0 b5 b6 . . . . .
If A% = 0 0 0 b with by, bg > 0, a similar argument shows that A is upper triangular or has
7
| 0 0 0 bs
the third form in (iii).
bl bz b3 b4 ai ar as aa
If Ak = 0 0 bs b with by, by > 0,by the Case 4 in the proof of Theorem4.3, A = 0 as a7 as
0 0 by bg 157 /0y p " 0 aw an an
0 0 0 O 0 au a5 ai
(713 ay as 713 ay as ko 0 b5 b6
with a; > 0, and the submatrix | 419 a11 a1» | satisfies | a9 a1 a2 =| 0 by bs |.By the Case
aie 415 16 iy a5 A6 0 0 O

g ay as 0 0 0

4 in the proof of Theorem 3.4, | a;p 411 a1z | is upper triangular or has the form | 0 a1 0 | with
ay a5 e ag 0 O

a11,a14 > 0. Thus A is upper triangular or has the first form in (iv).

0 b1 by b3
k 0 by bs bs . . . .
If A% = 00 0 b with by, bg > 0, a similar argument shows that A is upper triangular or has
0 0 0 bs
the second form in (iv).
0 by by b3
If AR = 8 %‘ Zs 26 with by, b7 > 0, by Lemma 4.4, A is upper triangular or has the third form in
7 U
0 0 0 O

@iv).
Case 5. A has a nonzero eigenvalue and three zero eigenvalues. Suppose there exists a positive integer
ko > 2 such that A¥ is upper triangular for all integers k > ko.
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[ b1 bz b3 b4 0 b1 bz b3
0 0 bs b 0 0 by D
ko — 5 Y6 : ko — 4 U5 p .
If A% = 0 0 0 b with b; > 0, or A% = 00 0 b with by > 0, by the Case 5 in the proof
| 0 0 0 O 0 0 0 b
of Theorem 4.3, A is upper triangular or has the form (v).
[0 b1 by b3
If Ako = 8 %1 b(; Z6 with by > 0, by Lemma 4.5, A is upper triangular or has the form (vi).
7
| 0 0 0 O
0 by by b3
k 0 0 b4 b5 . . . . .
If A = 0 0 by b with bg > 0, using a similar argument as in the proof of Lemma 4.5, we can
0 0 0 O

show that A is upper triangular or has the form (vii).

Conversely, when A has any one of the forms (i)-(vii), a direct computation shows that A is eventually
upper triangular. This completes the proof. [

Obviously, the eventually lower triangular complex (nonnegative) matrices of order 4 can be obtained
from Theorem 4.3 (Theorem 4.6) by taking the transpose.

5. Eventually triangular matrices of order n and future work

The eventually triangular matrices of orders n = 2, 3 and 4 have been completely characterized. We can
see that many cases have been discussed when n = 4, and the computations would be more complicated
as n increases. In some cases, for example, when the matrix of order n has exactly n, n — 1, 1 and 0 zero

eigenvalue(s), respectively, the results concerning the eventually triangular matrices of order n < 4 can be
expanded to that of the general order n.

Theorem 5.1. Let A be a complex matrix of order n. Then the following statements hold.
(i) When A has n zero eigenvalues, A is eventually upper triangular if and only if A is nilpotent;
(ii) When A has n nonzero eigenvalues, A is eventually upper triangular if and only if A is upper triangular;

(iii) When A has n — 1 nonzero eigenvalues and a zero eigenvalue, A is eventually upper triangular if and only if
A is upper triangular;

(iv) When A has n — 1 zero eigenvalues and a nonzero eigenvalue, A is eventually upper triangular if and only if
A is one of the following:

a ‘ by - by )
0 N :

(1)A = . N or ) : , where a # 0 and N is a nilpotent matrix
: n—1
0 o --- 0 ‘ a

of order n — 1;
a | 0 - 0
(2) A =S; . N Si‘l, where a # 0, N is a nilpotent matrix of order n — 1, and S; =
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bp 10 0 0 O 0
b 0 1 0 0 O 0
biy 0 O 10 0 - 0
1 0 0 0 bi bi+1 bn71 ,i=2,3,...,1’l—1.
0 00 o1 o0 - 0
0 00 oo 1 - 0
o o0 - 00 0 - 1

Proof. (i) and (ii) are obvious.

(iii) This can be shown in a similar way that the Case 3 in the proof of Theorem 4.3 is being proved.

(iv) Suppose there exists a positive integer kg > 2 such that A* is upper triangular for all integers k > k.
Then A%(i, i) # 0 for some i with 1 <i < n, and A%(j, j) = 0 for all j # i with 1 < j < n. We distinguish three
cases.

Case 1. A%(1,1) # 0. Using a similar argument as the Case 5 in the proof of Theorem 4.3, we can deduce
that A has the first form in (1).

Case 2. A (n,n) # 0. Using a similar argument as the Case 5 in the proof of Theorem 4.3, we can deduce
that A has the second form in (1).

Case 3. Ak(i,i) # 0 for some i with 2 < i < n — 1. Let a be the only nonzero eigenvalue of A.
Since ko + n — 3 > n — 1, the Jordan canonical form of A%*"~3, denoted as J(A%*"-3), has the form

gkotn=3 0 --- 0

0 0 --- 0
. Thus there exists a nonsingular matrix S; of order n such that (S5;/'AS;)*"3 =
0 0 --- 0
gotn=3 o ... 0 a ‘ 0 --- 0
0 0 --- 0
SAkT=3G; = ) o . |- Since a # 0, S;'AS; has the form N , where N
0 o --- 0 0

is a nilpotent matrix of order n — 1.

Next we give the matrix S;. By Lemma 3.1, A%*"=3(i,i) # 0 and A%*™3(j,j) = 0 for all j # i. It is
clear that A0*"=3(j,i) = a"*"=3 is the only nonzero eigenvalue of A*"-3, Since rank(A%*"~3) = 1, each
2 X 2 minor of A%*"=3 is zero. For r = 1,2,...,n, let e, be the column vector of dimension #n whose only
nonzero component is the r-th component equal to 1. A direct computation shows that A®*"=3 has the

. Ak0+n—3(1’l‘) Akn+n—3(2/i) Akoﬂt—S(l'_l/l')
eigenvectors s; = —p5~er + —pms eyt + —om5— e T @, Sy = @1, S3 = €, ..., §i = €1, Siy1 =
Ao+ 1) AR03(1,i42) AT i) i i
——ms eitei, Sz = — T mn5 € tei, ..., Sn =~y eiten corresponding to the eigenvalues
_ Ak0+n—3 1,' Ak0+11—3 2,' Ak0+n—3 '_1/‘
ao*"=3,0,...,0. Then S; = [s1,8,...,8n]. Let by = —W,,L D, by = —akoﬂ,,(g D, ., b = ﬁ/ b =
_Ak0+n—3(i,i+1) b _ _Ak0+n—3(l'll'+2) Ak0+11*3(i,n)

4 __urd) = coey by = ——
ko+n-3 7 Yi+ ko+n-3 7 7 Yn ko+n-3
éonversely, when A has the form (1) or (Zu), a direct computation shows that A is eventually upper
triangular. This completes the proof. [

When an eventually triangular matrix A of order n has exactly m zero eigenvalues with2 <m <n -2,
it seems difficult to give a complete characterization of A. Although the results for n = 4 might shed some
light on the solutions for large 7, it is necessary to develop more useful techniques to study this problem.

For an eventually triangular matrix A of order n, it is also interesting to determine the positive integer
ko such that AF is triangular for all integers k > k. When A has exactly m zero eigenvalues, by the
characterization of the eventually triangular matrices of orders 2, 3 and 4 in Theorems 2.1, 3.3 and 4.3, we
can verify that A¥ must be triangular for all integers k > m. We suspect that this statement holds for the
eventually triangular matrices of order #.
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Problem 5.2. Let A be an eventually triangular matrix of order n, and suppose A has exactly m zero eigenvalues. Is
it true that A¥ must be triangular for all integers k > m?

As a generalization of matrix theory, topics on tensors have drawn much people’s attention in recent
years [5, 14, 17]. It is natural to consider those tensors whose powers eventually have certain properties.
We leave them for further study.
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