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Exponential stability of delayed neutral impulsive stochastic
integro-differential systems perturbed by fractional Brownian motion
and Poisson jumps

Youssef Benkabdi®*, El Hassan Lakhel®

?Cadi Ayyad University, National School of Applied Sciences, 46000 Safi, Morocco

Abstract. In this manuscript, we investigate the existence, uniqueness, and exponential stability of a
delayed neutral impulsive stochastic integro-differential equation driven by fractional Brownian motion
in a separable Hilbert space and Poisson jumps. The results are obtained, using the theory of resolvent
operators, stochastic analysis, and a fixed-point technique. Lastly, an example is provided to show the
validity of the obtained results.

1. Introduction

The theory of functional differential equations have been widely applied to modeling real phenomena
of quite different natures (such as physics, biology, mechanics, medicine, control theory, information theory,
chemistry, economic, etc). A defining property of functional differential equations is that the evolution rate
of the processes described by these equations depends on the past history. Moreover, impulsive functional
differential equations have been extensively developed to describe evolutionary processes in which the
values of the parameters undergo short-term rapid changes, whose duration is negligible in contrast with
the length of an entire evolution. Besides, Random perturbation are common in actual systems, which
might be caused by unexpected environmental changes, stochastic failures, repairs of components, and so
on. These random influences can result in a variety of complicated dynamic performances. As a result,
it is important to include the stochastic impact in describing such systems. Such systems are frequently
modelled by taking into account the theory of stochastic differential equations.

As an important and practical self-similar stochastic process, fractional Brownian motion (fBm) with
Hurst index H € (0,1) is gaussian, has stationary increments, and exhibits long range dependence for
1/2 < H < 1. It has been extensively used to model dynamic random phenomena in diverse fields such as
physics, finance, biology, etc. Driven by fBm, stochastic differential equations has gained a lot of attention.
An existence and asymptotic behavior of solutions result to stochastic delay evolution equations perturbed
by a fBm have been studied by Caraballo et al. [8]. Boufoussi et al. [6] have proved the existence,
uniqueness, and exponential stability of mild solution for neutral stochastic differential equations with
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finite delay driven by fBm. Recently, Benkabdi et al. [4] have established some new criteria ensuring
the controllability of a class of retarded time-dependent neutral stochastic integro-differential equations
driven by fBm. Very recently, Dhayal et al. [12] have derived a set of sufficient conditions guaranteeing
the existence, uniqueness, and stability of mild solutions and controllability result for a class of non-
instantaneous impulsive stochastic differential equations driven by mixed fBm. For more results on the
topic, we refer to [5, 11, 19, 24] and references therein.

In reality, however, where the path continuity assumption does not appear suitable for the model (for
instance, sudden price changes due to market crushes, epidemics, earthquake, etc), stochastic processes
with jumps should be included in modeling such systems. Generally, these jump models are based on the
Poisson random measure. Such systems have right-continuous sample paths with left limits. The study
of stochastic differential equations with jumps has recently attracted more attention. Taniguchi et al.[23]
have established the existence and asymptotic behaviour of mild solution to stochastic evolution equations
with infinite delays driven by Poisson jumps. Lakhel et al.[17] have proved the existence, uniqueness and
asymptotic behavior of mild solutions for a class of neutral functional stochastic differential equations with
Poisson jumps. Very recently, the exponential behavior of a class of neutral impulsive stochastic integro-
differential equations driven by Poisson jumps and Rosenblatt process have been studied by kasinathan et
al. [14]. For more results, we refer to [1-3, 5, 7, 18, 22] and references therein.

The objective of this paper is to investigate the existence and exponential stability of the unique solution
of the following system

d[x(t) “Ty(b j; ths, xs)ds)]
= A0 -1, fo Lt s, x,)ds)] + Tt x, fo s, xds) |dt
+ []: B(t - s)[x(s) —T1(s, x5, f: pa (s, r, xr)dr)]ds]dt (1)

+ [ e, NGy o080, te]=10,T] 151,
Uu

Axle—y, = x(87) = x(t;) = Ik(x(t)), k=1,.,m, meN
xo=¢ € Ca

where A is the infinitesimal generator of a strongly continuous semigroup of bounded linear operators,
(S(#))i=0, in a Hilbert space X; B is a fractional Brownian motion with Hurst parameter H > % on a real and

separable Hilbert space Y; B(t) is a closed linear operator on X with Domain D(B(t)) > D(A). For any con-
tinuous functionxand t € J, x; : (—=7,0] = X, x4(r) = x(t +r),and I';, [ : [XCax X — X, u1, 4 : DX Ca — X,
v :[0,00) = L)V, X), and f : ] X Ca x U — X are appropriate functions and will be specified later, where
Lg(Y, X) denotes the space of all Q-Hilbert-Schmidt operators from Yinto X, D = {(t,s) € IX] : s < t},and Ca =
{p : [-1,0] — X, ¢ is cadlag everywhere except a finit number of points 7; at which ¢(t;), ¢(t;") exist }.
For ¢ € Ca, llgllca = sup_,_, SO(]EH(FJ(S)HZ)% < +o0o. Moreover, the fixed moments of time t; satisfy
0<t <ty <..<ty <T. Ax(f) represents the leap in the state x at time f; with I(.) : X — X deter-
mining the size of the leap.

Although there are numerous results concerning the solvability and stability of stochastic differential
equations, to our knowledge, no research has considered the existence, uniqueness, and exponential stability
of delayed impulsive neutral stochastic integro-differential equations driven by fBm and Poisson jumps.
To illuminate this uncharted area, we will attempt to research this issue for the first time in this work.

The outline of this paper is as follows: Some preliminary results and notations are provided in section
2. Section 3 demonstrates the existence, uniqueness, and stability of system (1) by employing a fixed point
strategy. Section 4 gives an illustrative example of our result. Lastly, section 5 concludes the paper.
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2. Preliminaries

For more information on the subjects covered in this section, we refer to [13, 16, 20].

Let (U, B, v(du)) be a o-finite measurable space, given a Poisson point process (4(t)):~o which is defined
on a complete probabilty space (Q2, ¥, P) with values in U and with characteristic measure v (see [16]).
N(dt, du) denote the counting random measure associated to g(-)i.e N(t, A) := N([0, 1), A) = Yse,q 1a(4(5))

such that E(N(t, A)) = tv(A) for A € B. Define ﬁ(dt, du) := N(dt,du) — dtv(du), the Poisson martingale
measure generated by g(t).

2.1. Fractional Brownian motion.

Let given a complete probability space (Q2, 7, IP). A standard fractional Brownian motion (fBm) {8(t), t €
R} with Hurst parameter H € (0,1) is a zero mean Gaussian process with continuous sample paths such
that

Ru(t,s) = E[7 (1B (s)] = %(tZH + 52— |t —s21), s,teR. )

Remark 2.1. In the case H > 1, it follows from [20] that the second partial derivative of the covariance function

dRy _ 2H-2
where oy = H(2H — 1), is integrable, and we can write
t S
Ru(t,s) = aHf f lu — v 2dudo. 3)
0 Jo

Moreover, ! has the following Wiener integral representation:

t
Hi) = | Ky(t,s)dB(s), 4
B0t fo (1, 9)AB(S) @

where g = {B(t) : t € [0, T]} is a Wiener process and kernel Ky (%, s) is the kernel given by
t
Kin(t,5) = cnst ™! f (u—s)F 2yt 14y,
S

fort > s, where cy = /% and g(-, ) denotes the Beta function. We take Ky (f,s) = 0if t <s.
A3

We will denote by H the reproducing kernel Hilbert space of the fBm. Precisely, H is the closure of set
of indicator functions {1, : ¢ € [0, T]} with respect to the scalar product

(Lo, Lpos)# = Ru(t, s).

The mapping 1jo4 — B(t) can be extended to an isometry between H and the first Wiener chaos and we
will denote by () the image of ¢ by the previous isometry.
Recall that for ¢, ¢ € H, the scalar product in H is given by

T AT
(Y, p)u = H2H - 1)f f Y(s)p(t)|t — s 2dsdt.
0 Jo

Consider the operator K3, from H to L%([0, T]) defined by

T
d
®)© = [ o505
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The proof of the fact that K}, is an isometry between H and L%([0, T]) can be found in [20]. Moreover, for
any ¢ € H, we have

T
B(p) = fo (Key) OB,

It follows from [20] that the elements of H are distributions of negative order. In order to obtain a space
of functions contained in H, we consider the linear space |H| generated by the measurable functions ¢’ such
that

T T
1l = an fo fo ()Y ()lls — t2dsdt < co.

Note that [H| is Banach space with the norm ||.||#;; and we have the following result.

1
Lemma 2.2 (Nualart [20]). Let H > 5 the following inclusions hold

IL2([0, T]) < ILYH([0, T]) C |H| € H;
and for any ¢ € IL*([0, T]),
T
i, < 2HT? fo Y (s)ds.

Let X and Y be two real, separable Hilbert spaces and let £(Y; X) be the space of bounded linear operator
from Y to X. For the sake of convenience, we shall use the same notation to denote the norms in X, Y and
L(Y, X). Let Q € L(Y,Y) be an operator defined by Qe, = A,e, with finite trace rQ = Y., ; A, < . where
Ay 20 (n = 1,2...) are non-negative real numbers and {e,} (n = 1,2...) is a complete orthonormal basis in Y.
We define the infinite dimensional fBm on Y with covariance Q as

B = B = Y NAueupll(®),
n=1

where ‘85 are real, independent fBm’s. This process is Gaussian, it starts from 0, has zero mean and
covariance:
E(BM(t), x)(BM(s), y) = Ru(s, t){Q(x), y) forall x,y € Y and t,s € [0, T].

In order to define Weiner integrals with respect to the Q-fBm, we introduce the space Lg = Lg(Y, X) of all
Q-Hilbert-Schmidt operators i : Y — X. We recall that ¢ € L(Y; X) is called a Q-Hilbert-Schmidt operator,

if
Il = Z; INAutpenl? < oo,

and that the space £ equipped with the inner product (¢, i) 0= Y1 {pen, Ve,) is a separable Hilbert
space.
Let y(s); s € [0, T] be a function with values in Lg(Y, X), such that

" 1
Y IKYQi el oy < -
n=1

The Weiner integral of i with respect to B is defined by

t 0o t o) t
[ veie =Y [ Voo =Y, [ e 0.0 ©
0 n=1+0 n=1 0

We conclude by stating the following lemma which is critical in the proof of our result, see for example [6].
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Lemma 2.3. If¢ : [0,T] — Lg(Y, X) satisfies fOT IIIp(s)lIZLOds < 0o, then (5) is well-defined as an X-valued random

variable and

E| fo P(s)dB (s)I? < 2H fo ()l ds.

2.2. Resolvent operator.

For better comprehension of the subject we shall introduce some definitions, hypothesis and results (see

[13, 15]). Throughout this work we assume that X is a Banach space, A and B(t) are closed linear operators
on X, and Y denotes the Banach space D(A) equipped with the graph norm defined by

lylly = 1Ayl + [lyll, foryeY.

We consider the following abstract integro-differential problem

du(t) =
— = Au(t) + fot B(t — s)u(s)ds, (6)
u(0) =xeX

Definition 2.4. A one-parameter family of bounded linear operators (R(t));»0 on X is called a resolvent
operator of (6) if the following conditions are satisfied.

(@) Function R(") : [0, 00) — L(X) is strongly continuous and R(0)x = x for all x € X.

(b) For x € D(A), R(-)x € C([0, ), [D(A)]) N C'([0, o), X), and

t
% = AR(H)x + fo B(t — s)R(s)xds, 7)
% = R(HAx + fo R(t — s)B(s)xds, (8)

forevery t > 0,

(c) There exists some constants M > 0, 6 such that ||[R(t)|| < Me® for every t > 0.

Definition 2.5. [13, Theorem 4.1] A resolvent operator (R(t))o of (6) is called exponentially stable if there
exists positive constants M, § such that ||[R(t)|| < Me™".

Resolvent operators are crucial in studying integro-differential equations. So it is important to know
when the linear system (6) has a resolvent operator. In this work, we assume that the following two
assumptions are satisfied.

(A1) Ais the infinitesimal generator of a strongly continuous semigroup on X.

(A2) Forallt>0,B(t)is a closed linear operator from D(A) to X, and B(t) € L(Y, X). For any y € Y, the map

t —s B(t)y is bounded, differentiable and the derivative B'(t)y is bounded and uniformly continuous
on R*.

Theorem 2.6. [13, Theorem 3.7 ] Assume that (A.1) and (A.2) hold. Then there exists a unique resolvent operator
of the Cauchy problem (6).
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In the remaining of this section we discuss the existence of solutions to

% = Au(t) + fot B(t - syu(s)ds + f(t), t=0,
u0) =wupeX

where f : [0, +00) — X is a continuous function. First, we give the definition of strict solution.

Definition 2.7. A function u : [0, +00) — X, is called a strict solution of (9) on [0, +o0) if u € C([0, +o0), [D(A)]) N
CY([0, +0), X), and u satisfies (9) on [0, +0).

Theorem 2.8 ([13, Theorem 2.5]). Let ug € X. Assume that f € C([0, +o0), X) and u(-) is a strict solution of (9)

on [0, +00). Then

u(t) = R(t)ug + ]: R(t=5s)f(s)ds, te]0,+oo). (10)

Motivated by (10), we introduce the concept of mild solution.

Definition 2.9. A function u € C([0, +0), X) is called a mild solution of (9) if

u(t) = R(Hug + f R(t—5s)f(s)ds, te]0,+o).
0

3. Main result

In this section, we prove the existence, uniqueness, and stability of system (1). To obtain our result, we
use the theory of resolvent operator and a fixed point theorem. First, we introduce the concept of mild
solution for equation (1).

Definition 3.1. A stochastic process x(-) : [-T, T] — X is a mild solution of (1) if

1. x(-) has cadlag path on [0, T] — {t1, t2, ..., tn}, and fOT Ix(B)?dt < co almost surely, and Ax|i=, = Le(x(t)), k=
1,..,m;

2. x(t) = p(t) on [~,0];

3. for every 0 <t < T, the process x(t) satisfies

x(t) = RMO[90) = T1(0, @, 0)] + Ta(t, xi, [} pnt,s,x,)ds)

+ fot R(t = s)'2(s, x5, fos ta(s, T, x7)d7)ds + fot R(t — s)v(s)dBH(s)
(11)

¢ —
+ fo fﬂ R(t = s)g(s, xs, n)N(dt, dn)
+ X o<t <tR(E = t)Ik(x(£)), P —as.
To establish our main result, we introduce the following assumptions.
(H.1) The resolvent operator (R(f)):>0 given by (A.1) and (A.2) satisfies the following condition:

IR(H)|| < Me™ for t >0, where M >1 and A > 0.

(H.2) The mappingI';: [ x Cax X — X, i = 1,2, satisfies the following conditions.
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(i) The function I'; is continuous in the quadratic mean sense, i.e for x1,x, € Ca, y1,y2 € X

lim EIIT1 (£, x1, y1) = Ti(s, 22, y2)IF = 0.

(ii) There exist positive constants y;,i = 1,2 such thatfor t € [, x1,x, € Ca, y1,12 € X
E|[Ti(t, x1, y1) = Tilt, x2, y2)IP < yilllxr = x2ll%, + Ellys = vall*],
and I';(¢,0,0) = 0.
(H.3) The functions u; : D x Ca — X, i = 1,2 satisfies the following condition. There exists a constant

0; > 0,1=1,2, such that for x1, x, € Ca we have

!
E|l f [pi(t, s, x1) — pit, s, x2)1ds|* < Sillxs — xallg,,  te€],
0
and p;(t,s,0) =0, for (t,s) € D.

(H .4) There exist a positive constant k > 0 such that, for all t € Jand x,y € Ca

E fﬂ 1Ft,xm) — £y, IPv(n) < Kl — yIR,,

and f(¢,0,n7) =0,forne U.
(H.5) The function v : [0, 00) — LI(Y, X) satisfies

T
f ez’\sllv(s)llg(xx)ds < oo, YT > 0.
0

(H.6) The impulses functions I, k = 1,2, ..., m, satisfy the following conditions. There exist positive con-
stants My, such that E||L(y1) — L(y2)I? < MyIElly1 — yall* for all y1,y2 € X, and Ix(0) = 0.

Next, we prove the paper’s main result.

Theorem 3.2. Suppose the hypotheses H.1 — H.6 are satisfied. Moreover, the initial value ¢ satisfies
Ellp®)I? < Mollpl,e™, -t <t<0,
for some Mo > 0 and b > 0, and
4()/1(1 +61) + M2ya(1+ 5472 + MR@AY " + md?( ) Mk)) <1. (12)

i=1

Then, there exist a unique mild solution of system (1). moreover, it exponentially decays to zero in mean square, i.e,
there exist a pair of positive constants o < A and M* = M* (@, o) such that

E|lx(t)|* < M*e™

Proof. Forafixed T > 0, let Car be the space of cadlag processes y(s) on [0, T]—{t1, t, ..., i} such that y(¢;) and

1/2
y(t]) exist, and y(s) = ¢(s), s € [-7, 0], equipped with the supremum norm [|yllcs,; = supge_. 7 (]EIly(G)lIZ) / .
Assume further that there exist some constants b > 0 and M* = M*(¢, b) > 0 such that

E|lx(t)|* < M'e™. (13)
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It is routine to check that Car is a Banach space endowed with the norm ||.||c;,. Define the operator IT on
CﬂT by
o), if te[-7,0],

R(O[9(0) = T1(0, @, 0)] + T (t, x, [ pa(t, 5, x)ds)
T =1 + [ R(t = 8)Ta(s, %, [ 25, T, x)d0)ds + [y Rt~ s)o(s)dBH(s)

+ fot f(u R(t —9)f(s, xs, n)ﬁ(dt, dn)

+ L 0<t<tR(E = t)Ik(x(t))), if te].

Thus it is clear that proving the existence of a unique mild solution to equation (1), which exponentially
decays to zero in mean square, is equivalent to finding a unique fixed point of the operator I1. We will
provide the proof in the steps that follow.

Step 1: We verify that I1(x)(t) is a cadlag process. Let t € | and & be sufficiently small, then for all x € Car,
we have

EIIG)(t + 1) - TI@®IP < 6ENR( + k) — RO (9(0) = T1(0,,0))P

FOEIT(F + s, [ pia(E+ s, %))

“Tu(t 3, f) p(t,s, x)ds)|?

+6E|| [ R(t+ R = $)Ta(s, x5, [ 125, 1, x)dm)ds
- fot R(t — 5)Ta(s, xs, fos pi2(s, 1, Xy )dn)ds||?

t+h
+6E R(t + h — s)v(s)dBH(s
I fO ( Jo(s) (®) By Definition 2.4, we have

_ J(‘)t R(t = s)v(s)dBH (s)|I*

t+h

+6IE|| [ R(t+h—s) [, f(s,x, )Nt dn)

— [y R(t =) [y, f(s,x., )N, dn)|P
+6E| Lot <ernR(E -+ — B)L(X(ED)
~Y ot R(E = ()P
= 6X.0 ElIF()I.
lim(R(t + 1) = R(©)(p(0) = T1(0,¢,0)) = 0.

And from condition H.1, we get

EIl(R(t + ) = R(£)((0) = T1(0, ¢, 0)il < Me™* (e~ + 1)EI|((0) — T1(0, 0, 0) Il
Then using the Lebesgue dominated theorem, we obtain

: 2 _
lim E||Fy ()|I” = 0.
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From condition (i) in H.2, we conclude that
lim E||F,(h)|1> = 0.
h—0
For the third terme F3(/), we have

IEs(MIl <] fot[R(t +h—3) = R(t — 9)ITa(s, x5, fos 12(s, T, X )d)ds||
R+ = 9)Ta(s, x,, [ pals, T, x)d0)ds]

= [[Fs1 (Ml + [IFs2(R)Il.
By using Holder’s inequality, we get

t S
E||Fs1 (W] < tf El[R( + 7 — 5) = R(t = 5)]Ta(s, xs,f pa(s, T, 2 )d )| Pds.
0 0
By using conditions H.1-H.3, one has that

IE”[R(t +h— S) - R(t - S)]FZ(S, Xs, j: Hz(sl T, xT)dT)”2

< 2MPe7 M9 (72 4 1)y (1 + 82) sup_, 7 Ellx(s)II.
Then by using Definition 2.4 and by applying the Lebesgue dominated theorem, we obtain
lim E||F31 (B)|* = 0.
Lim E||F3, (W)]I” = 0

Through the use of H.1-H .2 along with Holder’s inequality, we get

ElF(I* < M?A)7(1 = e *M)ya(1 + 62) sup_ 1 ElXG)IP,

1<s<T
therefore

lim E||F5(h)|]> = 0.

lim El|F (1)
Moreover, we have

IEL)] < fo (R(t +h — 5) — R(t — 9))o(s)dBy(s)

+

t+h
f R(t + h = s)v(s)dBr(s)
t
< [IFa (Wl + [[Fs2(W)I-

From Lemma 2.3, we get that
t
E ||[Fy (h)|* < 2H! f I(R(t + 1t = 5) = R(t = 5))v(s) ||, ds.
0
Since R(t) is strongly continuous and by using condition 4.1 we conclude, by the dominated convergence

theorem that,
lim IE IFa (W = 0.

Again by virtue of Lemma 2.3 , we obtain that
t+h
EIFa®F <282 [ eI s
t

t+h
< 2M?HR*H f eZASIIU(s)IIist — 0ash — 0.
t
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By assumption H.1, we get

t _ 2
EIEsM? < 2E f [R(t+ 1~ )~ R(t—5)] f £s, %0 (N (ds, )
0 U
t+h s 2
+ 2]Ef R(t+h—s)ff(s,xs,n)N(ds,dn)
t u
<

t
VP[4 1] f f P | (s, 2, )Pr(dn)ds
0 Uu

t+h
b MR f f e MEIE £(s, x,, m)Pr(dn)ds,
t u

(14)
from assumption H.5, we have
¢ t _
[ [ eemis s mipvands < [ e R as
0o Ju 0
<k sup Ellx(s)P@A) A - e M)
—1<s<T
= K
(15)

Using the Lebesgue dominated theorem along with the continuous property of the resolvent operator
and the inequalities (14) and (15), we obtain that

lim E||F5(h)|]? = 0.
Lim IFs(h)II~ =0

Finally, we have

E|Fs(M)IP < 2E || S oo, (R(t+h —t;) — R(t - ti))Ii(x(tl.‘))”Z

+2 || pepctn RCE+ 1= )LEE|

From condition H.1 and H .6, we have

E||(R(t+h—t) - R(t - ti))Ii(x(tl.‘))Hz < M*[e —1]eM9IM, sup Ellx(s)IP,

—1<s<T

and
E||R(t +h - t,f)Ii(x(ti‘)))(z < M2 M0 sup E|lx(s)|.

—1<s<T
So, we obtain that
E ||IFs(h)|> = 0as h — 0.
The above arguments show that limy,_,o E|[TT(x)(t+k)—-T1(x)(#)|[> = 0. Therefore, we conclude thatt +— TT(x)(#)

is cadlag on | — {1, t2, ..., t} in the L.2-sense.
Step 2: In this step, we show that II(Car) C Car. Let x € Car then there exist some constants b > 0 and
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M* = M*(¢,b) > 0 such that for all t € ], E|lx(t)|> < M*e”", and we have
EITE)®IP < 6EIRE(9(0) — T1(0, 0, 0))I + 6EIT1(E, %1, [} ity s, x)ds)IP
+6E|| [ R(t = $)Ta(s, X, [ pra(s, 1, x)d)dsi?

+6E|| , R(t — $)v(s)dB" (5)]?

+6E|| [ R(t = 5) f,, fis,x, MN(dt, d)|P
+6EI Yot <t R(E — t)I(x(E))IP
= 6L Hi(t).
First, we begin with estimating x; € Car, for t € J.
lxellg, < Mollplig,e™ + Me™ < [Mollpllg, + M'le™ = Me™,

where M = Mollpll%, + M.
Without loss of generality, we can suppose that b < A. From condition .1, we have

Hy(t) < M?E|lp(0) = T1(0, @, 0)|Pe™ < Nye™,

where N1 = M?E||p(0) — T1(0, ¢, 0)]1.
By condition H.2 and H.3, we get that

f
Ho(t) < (iR, + El f ut s, )dsl]
0

< y1(1+ 0p)lIxlIg,
< y1(1 + 61)Me™

< Nze_bt,

where N, = y1(1 + 61)]\_/1.
By using Holder’s inequality together with conditions H.1-H.3, we get

Hy(t) <E[ f Me 9o, x, [ pas, n, x)dlids]
< Mz(fot e‘A(t‘S)ds)( fot e ME| Ty (s, xs, fos tia(s, 1, x,,)dn)llzds)
< MPATN (L — e M)yy(1 4 69) [ e M| |x |2, ds
< MPATp(L + 2)(1 — M) [ M- Mebeds
< M2MA~ (1 + 6y)e M fot =05 g

< M2EMAY (A = b) yp(1 + 6)e M(e D — 1)

< N3€_bt,
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where N3 = M2MA~Y (A = b)"'y2(1 + 6y).
Using Lemma 2.3, we obtain

t
Ha(t) < 2H#£H f M?e M) jo(s)|[7, ds
0

t
S2HM2t2H_1e_2’”f eusllv(s)llzﬁzds
0

t
< 2HMP(PH1e7M)( f H|[o(s)IF, ds)e ™,
0

e M < 0o, we get that

using hypothesis H.5 and since sup,. , ™!

H4(t) < N4€_bt,

where Ny = 2HM?22H-1p=At fot emsllv(s)llzlzds.
By assumptions H.1 and H .4, we get

t
Hs(f) < f MPe=2Ms) f E|lf(s, x5, )*v(dn)ds
0 Uu

£
< MPe Mk f x|, ds
0

IA

t
MVEMe~2M f 028 p=b5 4o
0

< MZA_/IE_ZM(Z/\ _ b)—l(e(Z/\—b)t _ 1)
< kM*M(@2A — b) e
< N5€_bt,

where N5 = kM2M(2A — b)'. By assumptions .1 and 9.6, we get

He(t) < mE )" BIR( — t)L((E))IP

O<t<t

<m Z M2 M1 M ()|

O<ty<t

< mM2Me2M Z M, o2 M bt

O<ty<t

< mM2M* e—ZAt( Z Mk) oAb}t

O<ty<t
<mMPM( Y My)e™
O<ty<t
< N6€_bt,

where Ng = mM>*M* (Yo, « M) Therefore, we obtain

E[IITI(x) (DI < Ne™

8840

for some constants b > 0 and N = 62?:1 N; > 0. That is Il(x) € Car, and hence, we conclude that

H(CtlT) C CCIT.
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Step 3: Finally, we show that ITis a contraction. Let y,z € Car, and t € |

]E”H(]/)(t) - H(Z)(t)”z < 4]E||r1 (t/ Yy, j(;t [Jl(t/ s, ys)ds) - 1-'1 (t/ Zt, j(;t H (t/ s, Zs)ds)”2
H4E|| [} R(t = $)[Ta(s, s, [} pias, 0, yy)d)
—Ta(5, 25, Jy pa(s, 1, 2y)dn)1ds|?

HAE|| [ R(E=5) [, £, yom) = (5,26, DIN(L, d)|P

+HAE| L och < R(E = t) [y () = I(zE)IP.
From (H.1) — (H.6) combined with Holder’s inequality, we obtain
E|T(y)(t) - )G < 4y1(1 + 61) sup_ .7 Elly(s) — z(s)II?

+4M?2y, (1 + 62)A 2 sup_ .1 Elly(s) — z(s)II?
+AMk(2A) " sup_ 1 Elly(s) — z(s)IP

+4mM( L1ty My)sup___r Elly(s) - z()IP-

Thus .
ITI(y) = 11(@)llcar < klly = zlica.,

where

k=4{y1(1+61) + M?y,(1 + 8)A 2 + MZE(Z)L)‘1 + mM? M) ) < 1.
Y Y
i=1

Therefore, ITis a contractive mapping. Hence, IT has a unique fixed point x € Car, which is a unique mild
solution to equation (1). Furthermore, this solution is exponentially stable in mean square. This complete
the proof.

O

4. Exponential stability in the case of time-varying delay

Consider now the following impulsive neutral stochastic integro-differential equation driven by frac-
tional Brownian motion with time-varying delay and Poisson jumps

t
d[x(t) - F1(t, x(t — rl(t)),f(; ui(t, s, x(s — rl(s)))ds)] =
t
Alx() = Tu(t, x(t = 11 (1), fo u(t, s, x(s = 11(s)) )ds) |at

t
+[ra(t 20 - a0, fo palt 5,305 = ra(s))ds)
(16)

+ [j; | B(t - 5)[x(s) = (s, (s = 11(5)), fos ta(s, &, x(6 — 71(5)))d5)]d5]dt

+ f ft, x(t —rs(t)), n)ﬁ(dt, dn) + o(t)dBA(t), te]:=[0,T], t#t,
u

Axl=y, = x(t) = x(t;) = I(x(t)), k=1,..,m, m e N,
x(t) =) € Ca foraete[-1,0],
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where 11,72, 13 : [0,00) — [0, 7] are continuous functions. The conditions H.2 — H .4 are replaced with the
following ones:

(H.2") The mappingT;: [Xx X X X — X, i = 1,2, satisfies the following conditions.

(i) The function I'; is continuous in the quadratic mean sense, i.e for x1,x2, y1,¥2 € X

tlgn)s EIT1(t, x1, y1) = T1(s, %2, y2)I* = 0.

(if) There exist positive constants y;,7 = 1,2 such that for f € J,x1,x2,y1, y2 € X
EITi(t, x1, y1) — Ti(t, x2, y2)II* < yilEllx1 — x2l* + Elly1 — val*],
and T(£,0,0) = 0.

(H.3") The functions y; : DX X — X, i = 1,2 satisfies the following condition. There exists a constant
0; > 0,i =1,2, such that for x;,x, € X we have

¢
E] f [wi(t,s,%1) = pilt, s, x2)1ds|* < 8,Elley = xal >, £ €],
0

and ;(t,s,0) =0, for (t,s) € D.

(H.4") There exist a positive constant k > 0 such that, for all t € Jandx,y € X

E f 1t xm) — £y, pIPv(n) < REllx - yIP,
7

and f(t,0,n) =0, forn e U.
Using the same arguments as in theorem 3.2 and the fact that
Ell(t = )P < Mollpl, + M) < Mollgllg, + M)e e’ < Me™,
where M = (M0||(P||éu + M*)e!™, we can easily obtain the following result.

Theorem 4.1. Assume the assumptions H.1,H.2" — H.4', and H.5 — H.6 hold, then the unique mild solution to
the system (16) exists and is exponentially stable in mean square provide that the inequality 12 is satisfied.

5. example
As an application for our theoretical result, let us consider the stochastic system:
2[u(t, &) — Falt,u(t — b1, &), [} filt,s,u(s — by, £))ds)]
= Zo[u(t,&) = Fi(tu(t = by, &), [} filt,s,u(s — by, £)ds)] + Falt, u(t — by, &), [} folt, s, u(s = by, £)ds)
+ [y alt = ) Zeu(t, &) = Fit,u(t = by, &), [} filt,s, u(s — by, £)ds)lds )
+o(t) B0 1 [ h(tu(t - bs, &), pN(t,dy), te]=[0,T],0<E<m,

u(t,0) = u(t,m) =0, 0<t<T,

u(s, &) = @s,&), —-t1<s<0, 0<&<m,
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where 0 < b; < T < o0,i=1,2,3, By is a fractional Brownian motion, F;, F>: ] X RXR — R, 2: ] — R are continuous
functions and ¢ : [-7,0] X [0, 1] — R is a given continuous function such that ¢(s,.) € L*([0, 7]) is measurable and
satisfies Ellp(t)|* < Molll3,e™, -1 <t <0.

Let X = L%([0, 7t]). Define the operator A : D(A) ¢ X — X givenby A = ;225 with domain D(A) = H*([0, 7]) N Hy([0, 7t]),
then we get

Au = Z n?<ue, >xe, UE D(A),
n=1
2
T
generator of a strongly continuous semigroup of bounded linear operators {S(f)} ;>0 in X, thus (A.1) is true. Furthermore,
{S(t)}1=0 is given by (see [21])

where e, := sinnu, n =1,2,....is an orthogonal set of eigenvector of —A. It is well known that A is the infinitesimal

=]

S(tu = Z et < e, > ey,

n=1

for u € X and t > 0, that satisfies ||S(t)]| < e™" for every t > 0.

Let B : D(A) ¢ X — X be the operator given by B(t)u = a(t)Au, for t > 0 and u € D(A). If a is bounded and C!
function such that a’ is bounded and uniformly continuous, then (A.1) and (A.2) are satisfied and hence, by Theorem
2.6, Equation (17) has a resolvent operator (R(f)):>o on X.

Let q(t):>0 be a Poisson point process with a o-finite measure v(dn). Denote by N(dt, dn) the Poisson counting measure,
which is induced by 4(:), then N(dt, dn) = N(dt,dn) — dtv(dn) is the compensating martingale measure. Let Q : Y :=
L*([0, ], R) — Y, we choose a sequence {A,},en C R*, set Qe, = A,e,, and assume that t7(Q) = Y74 VA, < co. Define
the fBmin Y by BH() = Y;2; VAbl (te,, where H € (,1) and {b]},cn is a sequence of one-dimensional fBm mutually

independent. Let us assume the function o : [0, +o0) — L3(L*([0, 7]), L*([0, 7])) satisfies fOT EZASIIG(S)Hiods < oo, VT > 0.
2

Then the condition (H.5) is satisfied. Suppose further that there exist positive constants ki,E, ks, i=1,2,and M;, j =
1,2,...,m, such that

Fi(t,0,0) = fi(t,s,0) = h(t,0,n7) = I;(0) = 0, (18)
IE||Fi(t, 1, v1) = Fi(t, 2, 02)|* < ki[Elluy — ua|* + Elloy — val ], (19)
t
E|l f [fi(t, s, u1) = filt,s, u2)lds|* < kiElluy — ua|?, (20)
0
f Ellh(t, u1,n) = h(t, uz, MIPv(dn) < ksEljuy — ua|* (21)
u
El|j(u1) = Lju2)I? < MiElluy — ual?, (22)

fort € [0, T], ui,vi € X, i €{1,2}. For (t,9) € ] X Ca, where y(s)(&) = (s, &), (s, €) € [-7,0] X [0, 1], we put y(£)(&) = y(¢t, &).
Define the functionsT; : [xCax X —» X,i=1,2, f : [xCax U — Xand v : [0, +c0) — LY(L([0, ]), L*([0, 7t])) as follow
T, ll),f wilt, s, P)ds)(&) = Fi(f,¢(—bi,5),f filt,s, Y(=b;, E)ds), i =1,2
0 0

f(tr ll)/ T])(é) = h(t/ lP(_b3/ 5)/ T])/
o(t) = o(t).

Thus, we can rewrite system (17) in the abstract form of system (1). Moreover, if we assume that
IR(H)|| < Me™ for t >0, where M >1 and A > 0. (23)

It follows from assumptions (4.2), (4.3), (4.4), (4.5), (4.6) and (4.7) that the functions I';, I';, f, v satisfy all assumptions on
theorem 3.2. Hence, system (17) has a unique mild solution, which is exponentially stable provided that

4(k1(1 FR) + Ma(1 + A7 + Mk +md?(Y Mj)) <1.

=
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6. Conclusion

In the paper sufficient conditions for the existence, uniqueness, and exponential stability of a class of delayed

neutral stochastic integro-differential systems driven by a fBm in a separable Hilbert space and Poisson jumps with
instantaneous impulses have been established. In the proof resolvent operator, stochastic analysis, and a fixed-point
strategy have been used. Finally, an example is provided to illustrate the applicability of the obtained result. Here, the
result was obtained for delayed neutral stochastic integro-differential systems with instantaneous impulses. Recently,
there have been an increasing interest in studying dynamic systems with non-instantaneous impulses, see for example
[9, 10] and references therein. So as a future work, one can consider solvability and exponential stability of system (1)
with non-instantaneous impulses.
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