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Abstract. We investigate various G type spaces on R? and their relations with the Gelfand-Shilov S type
spaces on R? through the mapping w : R* — R%, w(x, &) = (243 +2&2,...,2x2 + 2&2). Sufficient conditions
for the hypoellipticity of symbols originating from the coordinante radial symbols in G type spaces are also
given. Two open problems explained in the introduction are posed.

1. Introduction

When a solution of a certain partial differential equation of global type is smooth but not analytic, we
look for a space where we can describe its decay for |x| — oo and its regularity in RY. For these needs,
Gelfand-Shilov type spaces [11] i.e. S type spaces are significantly useful. Moreover, they are used as a
framework for the time frequency analysis of pseudo-differential operators with symbols being of global
type. Recall that Gelfand and Shilov introduced such spaces in order to find solutions of certain parabolic
initial-value problems. There is a vast literature dealing with pseudo-differential calculus in Gelfand-
Shilov setting, see e.g. monographs [6, 19, 25] as well as articles [1, 2, 4, 22-24, 26] and references therein.
However, there are only a few papers related to similar type of spaces defined over R = (0, c0)?. Here, we
mention [8, 9], where Duran introduced G type spaces and papers [13-15]. In one dimensional case, the
space of tempered distributions supported by (0, o) is determined by the corresponding space of rapidly
decreasing functions in (0, o0) (cf. [10,29]). It should be underlined that the transfer of the space of tempered
distributions over R? to the one with the domain IR is not a trivial task, see [12].

In [16], we considered G type spaces G¢(R%) and their duals for @ > 1 and gave their full topological
characterization. Furthermore, we analyzed the Weyl pseudo-differential operators on the Gelfand-Shilov
spaces

a"(x,D)f(x) = 2n)™ fR d fR d ei(x—y)'éﬁ(HTy,é)f(y)dydé, feSmY), (1)

with symbols a(x, &) such that a(x, &) = a(ry, ..., 74), 1 = 2x> +2&%,i = 1,...,d, where a(r) belongs to a dual
space of a G type space. Symbol a(x, &) is called a symbol with coordinate radial arguments. Essential
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relations between G type spaces and Gelfand-Shilov type spaces are determined through the mapping

R > (x1, .., %) = 0(x) = 7 = (11, 000, 72) = (62, ..., 32) € RL. 2)
and

(x, &) = (1, &1, -, Xa, Eg) > W(X, &) = (207 + 2867, 205 + 283) = (11, Ta)- )

Wong [28, Theorem 24.5] used the Laguerre expansions of symbols with coordinate radial arguments
which are tempered functions on IR? in order to obtain a sufficient condition for the boundedness of the
Weyl pseudo-differential operators in the L?(R) setting. Especially, this expansion is useful for the analysis
of the global hypoellipticity. This was well analyzed in [16] through the Laguerre expansion of symbols
with radial arguments belonging to the projective limit space

REP(R,) := th”

exp( hHl/i (R )

and the Hermite expansions in S(”;/ZZ(]RM),(X > 1. This space is a subspace of G/*(R%). (In [16] we also
considered the Beurling case.) In this paper we show by an example that we can still have symbols, with
the Laguerre expansions as in [16] which are not elements of the spaces introduced there.

Except in the case explained above, we are not able to characterize pseudo differential operators which
originate from symbols in G/*(IR?) even in the case when such symbols are compactly supported in R?. This

is an open problem. More precisely, the characterization of fRd e T (x)dx, ¢ € GE(R?) is not obtained.

Our results relates subspaces of G¢(IR?), the corresponding subspaces of S“/ 5(R*),a > 1 and their duals.
We introduce Gg ,
that Gg‘,a(]R‘i) offers a new field of investigations concerning the behaviour of functions at the corner point
zero. For example, let [0, 00] 3 £ f(t) = p(t)e™/!(f(0) = 0), where ¢ € GI(R,). Then, f € Gf ((R;) € GX(R,)
and f € G2(R,). We know that G3(R) # G{ ((R.) but we do not know whether f € G ;(R). This is also an
open problem.

Assuming « > 2, we introduce G JRY) as a completion of 1)“ (IRd) in the topology of G4 “(R?) and
analyse the corresponding dual pamng, Gy (IR?) is a subspace of G¢ (]Rd) but it is not dense in G0 N (RY).

We finish the paper with a result on global hypoellipticity as a consequence of the fact that a symbol is
a pull-back of ana € G, ' (RY) with additional assumptions on symbols.

(R?) which is a subspace of G&(R?). From the point of view of microlocal analyses, it seems

2. Notations and preliminaries

Sets of positive integers, non-negative integers, integers, real and complex numbers are denoted by NN,
Ny, Z, R and C, respectively. Let x = (x1,...,x,) € R and n = (ny,...,n4) € ]Ng. We use the notation:

= [T 675 () = (1+1xP)Y2, where x| := (¢ +...+x3)Y% D" := D} = D}' --- Dlyt, where D/ := (~id/0x;)"
andj=1,...,d. Givenp,q € N4, wesetp! :=p1!...pa; Ipl := p1+... +pg;a’ =a¥,a > 0,9 < p means g; < p;
fori=1,...d; p — qis the multi-index (p1 — q1, ... ps — 94), whenever g < p.

Let @ > 1 and a > 1. The sequence space s** is defined as a space of all complex sequences {a,,}nE]N?J for

which ||{an}neNd||sm = sup Ianlal”‘ < co. We define s* = lim s*“. The strong dual (s*)" of s* is the space of
nE]Nd a—1*
all complex valued sequences {bn}neNg such that, for each a > 1, ||{bn}neNg||(s“)’,a = ZneNg Ibnla—lnh/a < 00, Its
topology is generated by the system of seminorms || - ||sey .. We also point out that s* is a nuclear (DFS)
space (therefore, (DFN) space) while (s*)" is an (FN) space (see [27] for these notions and consequences).
Remark concerning the notation. Contrary to the usual notation, we use notation S“/ ;(]Rd), a > 1,

EV2(RY), a0 > 0, and for a > 2, DY*(RY), since we will compare these spaces with the G-type spaces given be-
low which will have symbol « in the definition. Thus, all the spaces over RY or R?? will have super- (and sub-)
exponent a/2 while those ones which are defined over RY will be signed with a.
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Leta >0,k > 0. Recall [17],

W2y _ T 1: 2 _ PP )|
EYA(RY) = lim lim 8 P %, where ¢ € Ex Elipllxn = sup 2 ,
KccR? h—oo xeK,geNd ]/ﬂq

while, for @ > 2, the Roumieu type space D*?(R%) of smooth functions equals
DVARY) = lim lim D2,
KccR? h—o0
Z)i/hz is defined by the seminorms |||k, given above, but ¢ is supported by K (supp ¢ cC K).

Let a > 1. We recall the definition of Gelfand-Shilov type spaces [11] (see also [3, 5, 18, 21]). Let A > 0.

Then S’J‘g “(IRY) is the Banach space of all ¢ € C*(R?) with the norm

[l 9160 ()] 2 e
af2 I2(RY)
Pls s 0 = Sl:u}\)w ) < co. (4)

The Gelfand-Shilov space S“/ ;(]Rd) is the inductive limit of S"‘/ g’g(le) ie. S ;(]Rd) lim S“/

A—wo

The corresponding dual space of S“ (]Rd) is the space of ultradistributions of Roumieu type S’“/ 2(]Rd) =

(SY2RY) = Lm(STRARY) (cf. [17]).
A—-0

Denote by h,,n € IN? the Hermite functions which form an orthonormal basis of L%(R%). Then ¢ :
Szg(]Rd) — 5%, defined by «(f) = {{f, hn)} nen 1S @ continuous linear bijection between S ;(IRd) and s%, cf.
[18], for example. Furthermore, for each f € S /2(le) ZneNd (f, hy)hy, converges absolutely to f in S“/ 2 ]Rd).

Let @ > 1. We recall the definition of our basic space from [13]. For A > 0, we denote by GZ?(]R‘i) the
space of all € C*(IRY) for which the norms

||t(P+q)/2aq¢(t)||L2(Rd)

2A(]Rd).

||1,D||GA = sup - = + sup sup [fPIY(t)], j € No. (5)
S paeNd Ar+aplai2glal2 ‘|qlsj teR?
pl<j

are finite. Then, the G type space G5 4(R%) is the inductive limit of the Fréchet spaces G"‘A(]R”’) ie. G“(]Ri) =
lim G A(IRd) The corresponding dual space of G%(IR?) is the spaces of ultradistributions of Roumieu type

A—)oo
GA(RY) = (GA(RY)) = Lim(Gyy(RY))'.
A—>O

Using the Laguerre orthonormal basis of L?(IR%), by ¢,,n € N4 Laguerre functions are denoted, it
is proved in [13, Theorem 6.1], that the mapping ¢ : GZ(R?) — s%, «(f) = {{f, n)}nene is a topological
isomorphism between G%(R?) and s*. Hence, the G type space mherits topological properties of the
sequence space s“. Furthermore, for each feGYRY, Y nen £, 66, = fin G&(RY), see [8, 13].

Let a > 2. We recall the definitions from [24] (with p = 1,0 = sin [24], and s = a/2 here). In the Roumieu
case, for any fixed h > 0, m > 0, by Fgg’m(]RZd;h;m) is denoted the space of all functions a(x, &) € C*(R¥)
such that

DI DYa(x, E)K(x, &)y iem el

sup sup < 00,
APy (xR hraplaf2glal?

Then
To2°(R*) = lim lim T%/5% (R*; h; m).

h—o00 m—0

Leta e FD‘/ >®(IR?). It is said that a symbol a is F“;E’m—hypoelliptic if
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(i) There exist R > 0 and C,m > 0 such that

la(x, &)| = Ce™™ W HED (e £y € Q% = {(x, &) : (x) = Ror (£) > R}. (6)

(if) There exists R > 0 such that for every h > 0 there exists C > 0 such that

WP+ la(x, £)lp!*q1*/

ID{D%a(x, &)| < @y ,

p,qe N, (x,&) € Q5. 7)

3. Relations between G-type spaces
Let @ > 1. The subspace SZZ,L,M(JR”Z) of S"/ 2(IRd) consists of all even functions in S“ (]Rd) Y(xy, ..., Xj,
=X, Xjt1, -+, Xa) = P(X), X € RY, j=1,...,d A topologlcal isomorphism between G%(IR% ) and 5%/ (R%),

wa/2,even

GE(RY) = 8713 oen(R7), (8)
is established in [15] through the push forward G&(R%) — S“/ ; (R?) by the mapping v given in (2). In relation
to G%(R%), the elements of the next space have essentially different behaviour at zero.

LetA>0anda >1; Gg’[f , is defined as an F- space of smooth functions ¢ on IR? such that

ol ||(t)(P+q)/28qq5(t)||Lz(JRi) W), jeN
GOAja = SUp + sup sup [¢ £)l, j€ Nop.
i pgeNd Artapla/2glal2 0I<] teR?
xeR? Ipl<j

G“ is the inductive limit of the spaces G“’A Itis a (DFN) space; G¢(R?) ¢ EY/2(R?).

Furthermore for a > 2, we define G?a(]R ) as the closure of D¥2(R%) in G¢(R?). Clearly, D¥/2(R%)
is a dense subspace of G%,(R%). This gives embedding G/%,(R%) — D'*/*(R%). Moreover, G ,(IR%) is con-
tinuously embedded in Ge ¢(R?) but not densely embedded. See Example 3.3 below and the comment
therein.

If F € G/*(R%), then its restriction on G¢,(IR?) belongs to G/%,(R%). Space G%,(IR?) has a good approxi-
mation property:

Proposition 3.1. Let a > 2 and u € G ' (RY). Then there is a sequence (uj) in G¢ L(R?), such that uj — uin
Giro(RY).
In particular, if u is compactly supported, then (u}); is a sequence in D/*(R%) which converges to u in O'*/*(RY).

Proof. By (8), the properties of SZZ(]R"Z) are transferred to G%(IR?) through the mapping v. If u € L'(R%) and
0 € G¢,(IR?), then their dual pairing is given by (u, Ort = flR‘i u(p)0(p)dp...dpa. Let k € GE(R?) have the
properties:

k(r) = 1,7 € B(0,1) NR%, x(r) = 0,7 € CB(0,2),

where CB(0,2) is a complement of the ball B(0,2) with center at zero and radius equals 2. Put «;(r) =
x(r/j),r € R, j € N, (cut-off function). Further on, let ¢(r) € GZ(RY) so that it is supported by the ball
B(1,1) so that its integral over R? equals one (1 = (1,...,1)). Put ¢j = jdgb(jr),r eR?, j € N (this is a delta
sequence). Let u € G/*(R%). Define u i) =xj(u=i(r), re R?, j € N. This is a sequence in Gca(lR ) which
converges to u in G, ' (R) since (u (1), 9(7’)>]Rd = (u(r), ®; (r))Rd j € N, where

Dj(r) = jﬂ; d P — p)((p/ HO(P))dpi...dpa converges to O(r) in G, (RY), j — oo.
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The particular part of lemma is clear. o

We recall the Faa di Bruno formula for the partial derivatives of the composition of functions [7, Corollary
2.10]:

A Lo T g0(x)\k
S0 = L e e [ [ (5 Y, g ey ©)

where r = k; + ... + k; and the sum is over all nonnegative integers ki, ..., k; for which k; + 2k, + ... + gk; = q.

Example 3.2. Let ¢ € G8,5(IR+) so that ¢(t) = 1,t € [0,1]. Our aim in this example is to show that
f(t) = eP(t) € Gf o(Ry) N G(R,). (10)

We use Fad di Bruno formula (9), in the one dimensional case. Since ( = ) i = (=1)kit=@Dk it follows that

ﬁ(< 1><1> 1,

i=1

With this, we have
1 ot

(e—l/t)(fi) Z 1 k |( 1779,

r=0

By Stirling’s formula, and the fact that e=\/'t=77" takes its maximum at t = 1/(q + r), we have

~1/t e 1 (g + r)ledt” 29t glyl
max & — =T (g+n)""" ~ G+n < g ,
tef01] #7 \2r(g +71) V2m(q +7)
we have,
q
2q+r
(1@ < g13 Z <c1g®,t€[0,1].

=kl k! \2m(g + 1)

By the similar calculation

q . q
/2= @] < q!Z (q/2 + r)il>*remal2r (q/2 +2q/2)27% < g5l

< 4
=Lk, \2rq2 + 1) 7 =L kg \2r(q/2 + 1) o
where we have used that g! < 29(q/2)!* < 29g!. Now, one can find that for a = 6 there exists h > 0 such that

HP+D/2(p=1/1) (@)
tef0,1] hP+ipt3q!3

and that for o« = 5, there exists h > 0 such that

[t P+D)/2(e=1/t)@)|

HPHipI5/2415/2 (12)

te[0,1]
Thus, by (11), "Vt (t) € G} ¢(R+). On the other hand, by (12), we have e M(t) € GA(R,). As we noted, we are not
able to prove that f € GJ 5(R+).

Example 3.3. The space GZ,, a > 2, is not dense in Gy a>2 Letpe Gga(R+) so that ¢(t) = 1,t € [0, 1]. There
does not exist a sequence (), in D**(R) such that Y, — ¢, n — oo, in Gy, because sup, o 1 1p(t) — ()l =

1,n € N.
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The proof of the next proposition is based on the multivariate Faa di Bruno formula (9). First, we formulate
the one -dimensional case with g(x) = 2x*>. Note that i in (9) can take only values 1 and 2. This further,
implies ky + k, = kand k; + 2k, = p, thatis, ky =2k —p,k, = p —k and k > [p/2]. This, with j = p — k, gives

(5]

o 2 ! B o

ﬁo(bcz) = Z ﬁa(” ])(sz)(4x)7’ 2]2], (13)
= jp - 2))

where [x] is the largest integer < x. With the help of multi-indices, the identity (13) in the 2d-dimensional
case becomes

. P
x,& 2 2y _ x,& P 2 5 )
8xr’&5q6(2x +2&%) = 8xz’&gq0(2x1 +2&7,...,205 +2&)
~ ' 'f [%] O(erQ’]'*i)(zxz + 262) (4x)p—2j2j(4é)q—2i2i x ‘S c Rd (14)
plq! o flil(p — 2))!(g — 2i)! ;X ,
where we use notation
14 3103 4114

Proposition 3.4. Let a > 2and ¢ € G} (RY) and let ¢(x, &) = w'(x, &) = P2 +2&2) = P(2x] +2&3, .., 203 +
282), (cf. (3)). Then ¢ € Szg(]RZd) and the mapping

w': GY(RY) = SISRY), Y » wy =gow=g.

is continuous.

Proof. We use the change of variables #; = 2xi2 + 251.2,1' = 1,..,d and the inequalities plg! < (p + q)! <
2*plq!, p,g e NG (01 =1),

)P (€)™ -+ ()P (En)™] < (1+ 207 + 2822 (14 2 + 28502002,

|xth—2j§qz—2i| < <x>ch—21'<g>qz—2i < 2m+qz—21'—2i<,f>q””{ Zj_Zi/ (xy™M(EY™ < 2m1+m2<t>(ﬂl1+m2)/2.

It is enough to show that there exist A > 0 and C > 0 such that for given / > 0 (which depends on 1),

193 9L P(x, O + [xP)™ /(1 + [Py K29 (H)|
su < sup —m—m———.
by AT (gt )R o) = PR Tapiarguere
x,EeRA teRd

It should be noticed that in the successive calculation we obtain the expression (|x]? +1&*)~7~" which can not
be controlled by other factors. Therefore, the assumption that i € G (R+) is needed.

Let ¢ = Ant@tmtmz (g, 4 ,)18/2(131)19/2(m,)19/2, Using (14) and the change of variable t = 2[x? + 2|&[?

A,mymy
(also written as t = 2x2 + 2£2), we conclude, with the use of suitable constants

0% 9F p(x, E)(xy™ (&)™
sup qu,qz

1.0, mp €NG A,myny
x&eRA

a/2 _
P32, =
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[4]1%2] i o
< Sup - - ‘71!’72!|§[’(q1+q2 ! ])(t)| w22(41+‘72)_3(1’+ﬂ+ml+mz
— q1.92 .. . .
‘lqu2/’”1r’”ZENg ]‘:0 1’:0 CA,I’H],mz]!l!(ql - 2])!(q2 - 21)!
te]R‘i
[%1] [%2] q+ap=)7t '12 J=i '"1*'"2
< Cypmemem g i "
A a1.a2m1 mp€NG j=0 i=0 (ql T2 - ] - l)!a/z(ml + mz)!a/2
telRf_
C (27121 i+
@+ g —j=D'G+ Dt (C2(h))ql+q2+ml+mz sup 2] & c,
G+ D Pq+ g - -0 A g 4 G D
felR’fr

This implies that for given & > 0 there exist A, C > 0 such that fpr every j € Ny,

||(P||g/f1 2 SCIYIG s, (see Section2).
This completes the proof of the proposition. [J

We note that this proposition also follows from our result related to (8). Here we obtain this result by
quite different methods.

4. Weyl pseudo-differential operators with radial symbols and hypoellipticity

RY). We refer to [6] for the Wigner transform of f, g € S";Z(IR") It is well known
that the bilinear mapping (f, g) — W(f, g), Sig(]Rd) x 8% /2(]Rd ) > SY i(]RZd) is continuous.

The Weyl pseudo-differential operator with a symbol @ € S'a/ Z(de) defined by (1) is a continuous

Leta > 1andf,g€Sz/2(

and linear mapping from Szg(]Rd) into S;”;/zz(IR”’) (see [20, Theorem 2]). Using the Hermite expansions of

elements from Sgﬁ(]Rd), we obtain

W= Y (F )G W, ),

(mk)eNZ

where the sum converges absolutely in S“/ ;(]Rz‘i)
We introduce A%(R?) as the space of all locally integrable functions a(r), r € R, with the properties

a(r) € G/*(RY) and a(x, &) = a(2x] + 283, 2x5 + 2&3) € SIOLHR™).

(Here we use the fact that the composition of a locally integrable function and a smooth function is locally
integrable.)

We considered in [16] the symbols a,(x, &) := a(2x] +2&7,...,2x5 + 2E2),a € Rlalr(R?) (see introduction).
We obtained the characterisation of a in terms of the growths of their Laguerre coefficients for which the
Weyl quantisation of a,, extends to a well-defined and continuous operator 4!} : S'“/ 2(IRd) - S'O‘/ 2(le).

Example 4.1. Let a > 2 and s = a/2. With the following example, in the case when d = 1, we show that R¥P(IR,)
is a proper subset of AG(R). Let f(x) = e¢*,x € [n,n+¢e7"),n € N,n > Ng and f(x) = 0 in the rest of R. Let
@ € GA(R%). We use the fact that p(x) < Ce"™™,x > Ny, for suitable C,l, Ny > 0. With this, we have

’f fx)e x)dx<CZ e < 0o,

Vl>N()

2/a

so that f ¢ RI/?7(RY) since [, o™ w4y = oo for h = 1. Thus, f € A%(RL) \ R/2P(RY),
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Because of that, the next proposition has a sense although its proof is the same as in [16]; so, the proof is
skipped.

Proposition 4.2. Let a(r) € A%(RY).
(i) The Weyl pseudo-differential operator defined as

@' (x, D)p)(¥) = @" (x, D)p, ¥y = (a@2x* + 26%), W(p, ¥)(x, &), @, 1 € SR

is a continuous bilinear mapping SZZ(]R") X S”;g(]Rd) — C. It is given by (@, ) = ZkeNg @rPrax, where

P) = Lm0, BOm), P) = Ly (0, BIe(x) and a(p) = Lyeng axlicp), ax = Qry2(=1)H2(a, ).

(ii) It can be continuously extended as a bilinear mapping over Sgg(]R”’) X S;‘X/;(Rd), with values in C.

4.1. Hypoellipticity

We continue to assume « > 2. We employ the notation H*(IR?) for a subspace of Gga(]R‘i) consisting of
smooth functions a(r), r € ]Ri, which satisfy the next conditions: There exists R > 0,k > 0, C > 0,m > 0 such
that

‘1/1‘«

la(r)| = Ce™", [#P2a(r)| < WPla(r)lp!*?, p € N3 r e Q5. (15)

Proposition 4.3. Let a(x, &) = a(2x? + 2&2), x,& € RY, where a function a belongs to H(RY). Then the Weyl
pseudo-differential operator a"¥(x, D) is 1"”/ > 5 -hypoelliptic.

Proof. We skip the part in which we prove that a(x, &) € F“/ 22 (RM).
Condition (6) is clear. We will prove (7). Let (x, é) e B%. To prove (7), we use our calculation in
Proposition 3.4 (without the multiplication with powers of x and £). Let " = AN+ (qy + )19/,

0% oF alx, )|
sup q1.q2
a1 ,azewg CA
x,E€RA

(31141 1, a1 +02i=) (¢ -2
q'q2!la Oy w22 g ag)-364) <

sup

et 578 4= <) jliNg1 — 2)(g2 — 23)!
te]Ri
[3113] +42-j-i) D -
<C_)ql+qz sup (q1 + g2 = j = DG + @I (@B)KE) (H*
A ey S (1 +q2—j— )23+ )12(q1 + g2 — j—0)!
fE]Ri
Call)\arae (31131 i+
2() ¢ 2
S( 1 ) a(r) sup (% J)aD

a o= L
742 MmNy j=0 =0
teIR‘i

Now assumption (15) and the choice of A > 0 imply the assertion. [
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