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Abstract. In this paper we introduce a theory of multiplication alteration by two-cocycles for weak Hopf
algebras. We show that, just like it happens for Hopf algebras, if H a weak Hopf algebra and H” its weak
Hopf algebra deformation by a 2-cocycle o, there is a braided monoidal category equivalence between
the categories of left-right Yetter-Drinfel’d modules ;¥ D" and o Y D" " Asa consequence we get in this
context that the category Rep(D(H)) of left modules over the Drinfel’d double D(H) can be identified with
the category Rep(D(H?)) of left modules over the Drinfel’d double D(H?).

1. Introduction

Let R be a commutative ring with a unit and denote the tensor product over R by ®. In [20] we can
find one of the first interesting examples of multiplication alteration by a 2-cocycle for R-algebras. In this
case Sweedler proved that, if U is an associative unitary R-algebra with a commutative subalgebra A and
0=),09b®c € A®A®Ais an Amistur 2-cocycle, then U admits a new associative an unitary product
defined by uev =}’ a; ub; vc; for all u, v € U. Moreover, if U is central separable, U with the new product is
still central separable and is isomorphic to the Rosenberg-Zelinsky central separable algebra obtained from
the 2-cocycle 07! (see [19]). Later, Doi discovered in [8] a new contruction to modify the algebra structure of
a bialgebra A over a field IF using an invertible 2-cocycle ¢ in A. In this caseif 0 : A® A — F is the 2-cocycle,
the new product on A is defined by

axb= Z (a1 ® b1)azbro (a3 ® bs)

for a,b € A. With the new algebra structure and the original coalgebra structure, A is a new bialgebra
denoted by A°, and if A is a Hopf algebra with antipode A4, so is A? with antipode given by

Ago(a) = Z 0(a1 ® Aa(@2))Aa(a3)0 ™" (Aa(as) ® as).
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fora € A. This type of deformations appear frequently in relation to the classification problems of semisim-
ple and non semisimple Hopf algebras. For example, as was showed in [4], all Hopf algebras whose
coradical is an abelian group algebra are cocycle deformations of their associated graded Hopf algebras.

On the other hand, to study projections of Hopf algebras, Radford [18] establishes conditions that led
to the notion of Yetter-Drinfel’d module introduced by Yetter [22] in order to explain the relationship
between different theories in mathematics and physics, as low dimensional topology, knots and links, Hopf
algebras, quantum integrable systems, and exactly solvable models in statistical mechanics. It is a well-
known fact (see [12]) that every Yetter-Drinfel’d module gives rise to a solution of the quantum Yang-Baxter
equation, and if H is a finite Hopf algebra in a symmetric monoidal category C, the category pY. D of left-
right Yetter-Drinfel’d modules is isomorphic to the one of modules over the quantum double (also called
the Drinfel’d double), which was originally conceived to find solutions of the Yang-Baxter equation via
universal matrices. The connection between Yetter-Drinfel’d modules and cocycle deformations of Hopf
algebras was established by Majid and Oeckl [15] by giving a category equivalence between Yetter-Drinfel’d
modules for H and those for H°.

In another vein, weak Hopf algebras (or quantum groupoids in the terminology of Nikshych and
Vainerman [17]) were introduced by Bohm, Nill and Szlachanyi [5] as a new generalization of Hopf algebras
and groupoid algebras. The main difference with other Hopf algebraic constructions is that weak Hopf
algebras are coassociative but the coproduct is not required to preserve the unit, equivalently, the counit is
not a monoid morphism. There is a close connection between weak Hopf algebras and the theory of algebra
extensions, and they have important applications in the study of dynamical twists of Hopf algebras and
a deep link with quantum field theories and operator algebras, besides being an useful tool in the study
of fusion categories in characteristic zero [10]. In addition there are innumerable examples, such groupoid
algebras of finite groupoids and their duals. Also, Hayashi's face algebras (see [11]]) are particular instances
of weak Hopf algebras, whose counital subalgebras are commutative, and Yamanouchi’s generalized Kac
algebras [21] are exactly C*-weak Hopf algebras with involutive antipode.

The main goal of this paper is to get the results related to cocycle deformations and Yetter-Drinfel’d
modules cited above in the context of weak Hopf algebras. We have considered a definition of 2-cocycle
inspired in the one we had already used in [2] and [3] in order to get the Sweedler cohomology for weak
Hopf algebras. Our notion of 2-cocycle is essentially different to the one given by Chen, Zhang and Wang in
[6] (see Remark [3.11), and it has the advantage of using a minimum number of conditions similar to those
well-known in the Hopf algebra setting.

An outline of the paper is the following: after a section of preliminaries, in Section 3 we introduce a
theory of cocycle deformations for weak Hopf algebras. In the main result of this section (Theorem
we show that, if 0 : H® H — K is a normal and convolution invertible 2-cocycle for a weak Hopf algebra H,
the cocycle twist H is also a weak Hopf algebra. In section 4, using the theory of Yetter-Drinfel’d modules
for weak Hopf algebras developed in [1] and [16], we obtain the braided monoidal equivalence between
the categories of Yetter-Drinfel’d modules for H and those for H” which implies a category equivalence
between D(H)-modules and D(H°)-modules, being D(H) and D(H?) the Drinfel’d doubles associated to the
weak Hopf algebras H and H?, respectively.

2. Preliminaries

From now on C denotes a strict symmetric category with tensor product denoted by ® and unit object
K. With ¢ we will denote the natural isomorphism of symmetry and we also assume that C has equalizers.
Then, under these conditions, every idempotent morphism g : Y — Y splits, i.e., there exist an object Z and
morphismsi:Z — Yandp:Y — Zsuch thatg =iopand p oi = idz. We denote the class of objects of C
by |C| and for each object M € |C], the identity morphism by idy; : M — M. For simplicity of notation, given
objects M, N, P in C and a morphism f : M — N, we write P® f foridp ® f and f ® P for f ® idp.

We assume that the reader is familiar with the notion of algebra, coalgebra, module and comodule in a
monoidal setting. For an algebra in C, A = (A, 14, a), 1a : K = A denotes the unitand us : A® A - A
the product. If A, B are algebras in C, the object A ® B is an algebra in C where nagz = 14 ® 113 and
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tass = (ta ® up) o (A ® cpa ® B). Similarly, for a coalgebra D = (D, €p, 0p), €ép : D — K denotes the counit
and 6p : D — D ® D the coproduct. When D, E are coalgebras in C, 0pege = (D ® cpg ® E) o (0p ® Of) is the
coproduct of the coalgebra D ® E and epgr = ep ® ¢ its counit.

If A is an algebra, B is a coalgebraand f : B — A, g : B — A are morphisms, we define the convolution

productby f*g = pao(f ®g)o0p.
By weak Hopf algebras we understand the objects introduced in [5], as a generalization of ordinary
Hopf algebras. Here we recall the definition in the symmetric monoidal setting.

Definition 2.1. A weak Hopf algebra H is an object in C with an algebra structure (H, g, ug) and a coalgebra
structure (H, ey, Ox) such that the following axioms hold:

(@l) 6y o uy = (un ® Un) © OHeH,
(@2) egoupo(up ®H) = (eg ® en) o (up ® pp) o (H ® 6y ® H)
= (en ®ep) o (un ® pn) o (H® (cHH © 6n) ® H),
(@3) (bp®H)odyony =H® ug ®H) o (0 ® On) © (Mg ® NH)
= (H® (un o crim) ® H) © (61 ® 0m) © (11 ® 11)-
(a4) There exists a morphism Ay : H — H in C (called the antipode of H) satisfying:

(a4-1) idy * Ag = ((eg o ug) ® H) o (H ® cy,pr) o ((0m © nu) ® H),
(a4-2) Ay *idy = (H® (eq o up)) o (cyu ® H) o (H® (0n © nw)),
(a4—3) AH * ZdH * /\H = /\H

To finish this section of preliminaries in the following remark we list the main properties of weak Hopf
algebras we will need in this paper.

Remark 2.2. If H is a weak Hopf algebra in C, the antipode Ay is unique, antimultiplicative, anticomulti-
plicative and leaves the unit and the counit invariant:

Agopug=puno(Au®An)ocyny, Ono Ay =cuyo (Au®Ay) ooy, 1)

AgONH =1NH, €HOAH = €H. )
If we define the morphisms Héf (target), Hf{ (source), ﬁIL{ and ﬁi by
ITj; = ((en © pr) ® H) o (H® ciy) © (01 © ny) ® H),
I} = (H ® (¢ © pp)) © (e ® H) o (H® (5y © 1)),
—L
Iy = (H® (¢ o un)) o ((6n © nu) ® H),

—R
I = ((er o pn) ® H) o (H® (6H © 111)),
it is straightforward to show (see [5]) that they are idempotent and T1f, IX satisfy the equalities

I} =idy* Ay, TIj = Agridy, Tl *idy =idy, TI§*Ag = Ap. ©)
Moreover,

—L =R =L =R
5 = Ay oIl =IzoAy, IIf =Tl 0Ay =Ayolly, 4)
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—L —R —R —L —L —R
I oI, =11, ITholly =11, TINoIl; =11, IIKoll, =TI}, (5)

—L —L —L — — —
My ollh =TT, TjolR =118, TIyolll=Imk, IIyollk =TI, (©6)

For the morphisms target and source we have the following identities:

(H®TIE) 06y o [T}, = 6y o I1E;,  (IIF ® H) 0 6y o ITK. = 6y o T1}, ?)
(H®TI}) 0 65 o Ty = 65 o Ty, (T ® H) 0 & 0 Ty = b 0 Ty, 8)
pr o (H®TIE) = ((ey o pp) ® H) o (H® cpy) © (65 ® H), )
(H® 1Y) 0 81 = (s ® H) o (H ® cryar) o (61 0 nir) © H), (10)
et o (TR @ H) = (H® (41 © 1)) o (crus ® H) o (H ® 517) (11)
(I8 ® H) 0 811 = (H® i) o (¢ ® H) o (H® (611 0 71r)) (12)
st o (T ® H) = (e © ) ® H) o (H® 1), (13)
w0 (H®TTy) = (H® (en 0 i) o (0 ® H), (14)
([T ® H) 0 1 = (H® un) o (511 © 1) ® H), (15)
(H®TTy) 0 b1 = (i ® H) o (H® (51 0 1)), (16)

—R —L
Spong=TIK®@H)odyony=H®IE) odyony=H®Iy)odyony =Tl ®H)odyonu, (17)

EHoyH=£HoluH0(Hﬁ®H):eHoyHO(H®HfJ):eHoyHO(ﬁII;@H):eHoyHO(H®ﬁI;{). (18)
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3. Product alterations by two cocycles for weak Hopf algebras

In this section we prove that, as in the Hopf algebra case (see [9]), 2-cocycles provide a way of altering
the product of a weak Hopf algebra to produce another weak Hopf algebra.

Definition 3.1. Let H be a weak Hopf algebra. We will say that a morphism ¢ : H® H — K is convolution
invertible if there exists a morphism o™ : H® H — K (the convolution inverse of o) satisfying the following
equalities:

(bl) o*x0 ' =0"1*0=¢eyopuy.
(b2) 6+ txr0=0.
b3) o0 lxogro0 =07l

It is not difficult to see that, if ¢ is convolution invertible, the inverse ¢~*

is unique.
Proposition 3.2. Let H be a weak Hopf algebra and let 0 : H ® H — K be convolution invertible. Then

ox(egouy)=0=(egoun)*o, (19)

o ' x(epopun) =07 = (egoum o (20)

As a consequence, the equalities

c=00(H®uy)o (HRII} ®H) o (55 ® H), (21)
0= 00 (uy®H) o (H Tl ® H) o (H® (cis © 1), (22)
o=00(ug®H)o (H®II;,® H) o (H® dp), (23)
o=00(H® ) o (HeTly®H) o ((ciu o o) ® H), (24)

hold, and similar equalities involving o' are satisfied.

Proof. We will show (19). Using (b1)-(b2),

1

o*(egouy) =0%0" *o‘:o:(j*o'_lx-(j:(gHOIJH)*g

The proof for is similar but using (b3) instead of (b2). Finally, the equalities (21)-(24) are a direct
consequence of (9), (T1), and (14). O

Proposition 3.3. Let H be a weak Hopf algebra and let 0 : H® H — K be convolution invertible. Assume that the
antipode Ay is an isomorphism. Then

(i) The following conditions are equivalent:

oo (T]H®H) = €H. (25)

oo (I, ® H) o 6y = ep. (26)
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0 ey o (H®TI) ooy = en. 27)
oo (II{ ® Ay) o Oy = €p. (28)
gocHyo° (/\I:,1 ®ﬁ§) ooy = ¢ey. (29)

(ii) The following conditions are equivalent:

oo (H®nu) = en. (30)
oo (H®II}) o by = ep. (31)
00 crp o (Thy ® H) 0 81 = en. (32)
oo (Ag®Ilk)ody = ep. (33)
gocyy© (ﬁ; ® /\1_11) o0y = €q. (34)

And similar equivalences involving o~ are satisfied.

Proof. We will show part (i). The proof for (ii) follows a similar pattern. By composing with ny ® H in
and , wegetthatoo(nqp®H) =ococypo (H®ﬁ;) odg=00 (Hg ® H) o 6. Moreover, if we compose in
(22) with iy ® Ay, using (1) and (4) we obtain that g o (N ® Ay) = 0 o (ITK, ® Ap) 0 6y. Finally, by composing
in 1i with g ® A;! we get that oo (ny®A;') = oo (ﬁﬁ ® A" o ey 0 Oy Then the result follows by . O

Definition 3.4. Let Hbeaweak Hopfalgebra with antipode Ay isomorphism. We will say thata convolution
invertible morphism ¢ : H® H — K is normal if it satisfies any of the equivalent conditions of (i) and (ii) of

Proposition

Proposition 3.5. Let H be a weak Hopf algebra and let 0 : H® H — K be a convolution invertible morphism.

Assume that the antipode Ay is an isomorphism. Then o is normal if and only if so is L.

Proof. Assume that ¢ is normal. Then
o7l o (ny ® H)
= (071 % (en © ) © (N1 ® H) oy fo))
=((c'ocggo(H® ﬁ;) 0 8p7) ® €1) © On (H coalgebra and by the definition of Tlj;)

= (0™ o iy 0 (H®TTy) 0 51) @ (0 0 (T, @ H) 0 51)) 0 511 oy e
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= (07" ocun) ® (((en 0 pr) ® 0) o (H @ ey ® H))) o (H ® (H ® g ® H) © (61 © 1) ® (011 © 111))) ® O11)
00y (by (10) and by the definition of I1;)
= (07" o cry) ® ((¢m © ppr) * 0)) © (H ® (0 © i) ® H) 0 Opy oy (a3)
= (07" % 0) o (nu ® H) oy fish
= &g (by (b1)).

The equality 07! o (H ® ny) = ey follows a similar pattern but using for 07! and . Finally, by
exchanging the roles of 0 and 0~! we get the only if part. [

Proposition 3.6. Let H be a weak Hopf algebra and let 0 : H ® H — K be a normal and convolution invertible
morphism. Assume that the antipode Ay is an isomorphism. Then we have that

(LH ® 0) © OngH © (Mu ® H) = idy, (35)
(0 ® pp) © Ongn © (Mu ® H) = idy, (36)
(4 ®0) o Opgn © (H®np) = idy, (37)
(0 ® upr) o Oper © (H®ny) = idy, (38)

and similar equalities involving o' are satisfied.

Proof. The proof follows easily by Proposition[3.3|and by (I0), (15), (16) and (12). O

Proposition 3.7. Let H be a weak Hopf algebra and let 0 : H® H — K be a normal and convolution invertible
morphism. Assume that the antipode Ay is an isomorphism. Then, for IT € {TI%, TIE, ﬁz, ﬁIL{},

(0® pn) © Opgn © (I1® H) = py o IT® H), (39)
(tr ® 0) 0 dpiery © (1@ H) = pyy o (TT® H), (40)
(0® up) © Spiep © (H®TT) = ppy o (HTI), (41)
(1 ® 0) © pgrs 0 (H®TI) = pyy o (H®T1), (42)

and similar equalities involving o' are satisfied.
Proof. We begin by showing for IK.. Indeed,
(0 ® uy) o dpeH © (Hﬁ ® H)

= ((0 o (IT} ® H)) ® up) © dngr © (I} ® H) (by H)
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= s o (TR ® ((0 ® pu) © Oen © (N1 ® H))) by )
= s © (11 ® H) Gy fe.

and we get the equality (39 . 9) for Ik, As a consequence, using (19) and (1 . we have that oo (ITK®H) = eouy
and then

(UH ® 0) © Spgr o (TIR ® H)
= ((un © (I} ® H)) ® 0) © dpenr © (T} ® H)
= (H® (¢ © pir) ® 0) © Omzn)) © (e ® H) o (TTF ® 6p)
=(H®o0) o (cyu ® H) o (I, ® 6n)
= (H® (¢p o pn)) © (cup ® H) o (H ® 6p)
= pp o (I} @ H).

— —
By composing with IT; ® H and using (5) we obtain the equalities for HIL,I. In a similar way we get and

1&) for ﬁ; and the equalities for ITL follow by composing with Ik, ® H.
On the other hand,

(ur ® 0) 0 Oy o (H®TIL)
= (un ® (0 o (H®T1y))) 0 Oper © (H T, )by@’)
=t o (un ® 0) 0 dnn © (H ® 1)) @ I, )(by.)
=ugo (H®H%1) (by),

and we get the equality for IT,. Asa consequence, using and wehave that 0o (H®ITY) = egouy
and then

(0 ® un) o Oper © (H @ TI)
= (0® (un o (H®IIy))) © Spen © (H @ ITy;)
= (0 ® (en © pm)) © dnen) ® H) o (H ® cpypy) © (61 ® IT)
=(0®H) o (H®cyy) o (6y ®I1k)
= ((en o pup) ® H) o (H ® cy) o (6n ®TIE)
= pup o (HRIIL).
By composing with H ® ﬁﬁ and using (5) we obtain the equalities for ﬁﬁ. In a similar way we get and
for ﬁz and the equalities for I} follow by composing with H® ITK. [

Corollary 3.8. Let H be a weak Hopf algebra and let ¢ : H® H — K be a normal and convolution invertible
morphism. Assume that the antipode Ay is an isomorphism. Then

aHoyH—OO(HR@JH)_ao(HH®H)_ao(H®H )_ao(H®nH) (43)

—L
enougo(Ag®H) =00 (Il;®H) =0 ocyy o (HIIy), (44)
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eHoyHO(H®/\H)=00(H®H§)=GOCH,HO(ﬁ§®H), (45)

and similar equalities involving o' are satisfied.
As a consequence, we have the following expressions for the I'1 morphisms:

1k = (0® H) o (H® i) o (64 0 i) ® H) = (07 @ H) o (H® ciyr) o (0 © 1) ® H), (46)
I8 = (H®0) o (e ® H)) o (H® (65 0 111)) = (H® 0™) o (ciys ® H)) o (H ® (531 0 1), (47)
My = (H®0) o (61 © i) ® H) = (H@0™") o (651 0 nir) ® H), (48)
Ty = (0@ H) o (H® (51 0 i) = (07 @ H) o (H® (511 © 1), (49)

Proof. The equalities of (@3) follow by composing in (39) and (@#2) with ey and using (18). Moreover, taking
into account [@) and by composing with Ay ® H we get the first equality of (#4), and the second one follows
because

er o py o (Ag ® H)
=g oy o (Ay ®TIL)
= gHoyHO(AH(@(/\HOﬁiI))
= SHO[JHOCH,HO(H®ﬁIL{)
= gocuo (H®TIL).

The proof for the equalities of (45) is similar. Finally, (#6)-({49) can be easily obtained using ([@3) and (17) and
the proof is complete. [

Proposition 3.9. Let H be a weak Hopf algebra, and let 0 : H® H — K be a normal and convolution invertible
morphism. Define 0*(0) = en®o, 0*(0) = oo(up®H), °(0) = oo(H®up), 0*(0) = o®ey and e = egoupo(H®up).
Then the following equalities hold:

AN o)+ (c Hxe=e=exd'(0)+d'(c 7)), (50)
Mo +d (o) xe=e=exd' (07" *d (0), (51)
2*(0)* P =e =P *3*(0) (52)

2*0)re=0%(00) =e+d* o), o re=0d*(0"!) =exd* (oY) (53)
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P0)+ P ) =e=P01)*3(0) (54)

P)re=030)=exd0), Pl HNre= ") =exd* ™) (55)

*o)r o Hre=e=exd*(0)+ ™), (56)

o+t o)re=e=exd*(c7") * o), (57)
Proof. First of all, note that

d'(0)*e =00 (uy ®H) o (1§ ® H® H). (58)

e+d'(0) = 0o (uy ®H) o (Tly ® H® H), (59)

and similar equalities involving o1 are satisfied. We will show 1i the other is similar. Indeed,
A (o) ~e
=(eg®o®((eg ® en) o (up ® pup) o (H ® (cy,r © O6) ® H))) o OpeheH (by (22))
= (0 *(eg o up)) o (H® (€ o up)) o (cup ® H) o (H ® 8p1)) ® H) (H is a coalgebra and naturality)
=0 o (ug ® H) o (TIR ® H ® H) (by {11} and 0)).
Then
' (0)* (o) *e
=(ep®0® (07" o (ug ® H) o (ITf, ® H ® H))) © Spshen
= (007" o (H® (¢ o up)) © (e ® H) o (H® dpy)) ® H)
= ey o pp o (MK ® uy)
=e.

The other equality of (50) and the ones of follow a similar pattern.
On the other hand, using (al) and by naturality,

*(0)+* (0 ) =(o*0 o (un®H) =e= (07" *0) o (ug ® H) = &*(0™") » 9*(0).
Moreover,
9*(0) xe = (0 + (e 0 up)) © (upg ® H) = *(0) = ((en © pp) * 0) o (uy ® H) = e+ (o),

and with similar computations we can obtain (54). Finally, taking into account that the equalities

Fo)se=00H®uy) o HeHII) (60)

e*d*0) =00 (H®uy) o (H®HXIIL), (61)
and the ones corresponding for 0! hold, it is not difficult to see @ and . O



J.N. Alonso et al. / Filomat 37:26 (2023), 87258745 8735

Now we recall the notion of (normal) 2-cocycle (see [2] for details).

Definition 3.10. Let H be a weak Hopf algebra, andleto : H®H — Kbe a convolution invertible morphism.
We say that o is a 2-cocycle if the equality

9'(0) * *(0) = 9*(0) * *(0) (62)

holds.
Equivalently, a convolution invertible morphism ¢ : H® H — Kis a 2-cocycle if

00 (H®((0 ® un) ©dnsn)) = 0 o (((0 ® un) © dnen) ® H). (63)
The 2-cocycle o is called normal if it satisfies the normal condition, i.e.; the conditions and hold.

Remark 3.11. We want to point out that there is an alternative definition of 2-cocycle given by Chen, Zhang
and Wang (see [6]) in which other conditions are requested. Although some of their conditions can be
obtained from those of our definition and viceversa, there is a very important difference involving the
convolution inverse morphism of the 2-cocycle, since in our definition ol xg=¢go UH =0 * o1, while in
theone of [6] 01 +0 = e o uy but o * ol =¢epgo pn o cyy. This is a fundamental point to establish that
both definitions are essentially different, since in the case that one could be obtained from the other, we
would have that ey o ug = ey o uy o ¢y g, and this equality is not true in general in the weak Hopf algebra
setting (consider for example a groupoid algebra). Therefore, both alternatives determine different ways
and procedures. We consider that our choice has the advantage of using a minimum number of conditions
similar to those well-known in Hopf algebras, and in addition the conditions about the convolution inverse
of the 2-cocycle in our definition are very close to the ones given by the third author of the quoted paper in
an article with Liu and Shen (see [13]).

Proposition 3.12. Let H be a weak Hopf algebra, and let ¢ : H® H — K be a normal and convolution invertible
2-cocycle. Then the equalities

' (o) +e=exd' (o), (64)

o) xe = exd*(0), (65)
hold.
Proof. Indeed,
A (o) *e
= 0o (uy ® H) o (TIf ® H® H) by f5e))
=00 (((0 ® ) © dper) ® H) o (I ® H ® H) oy 35
=00 (H® ((0® un) © Oren)) © (1K, ® H ® H) ©y (63)
= 00 (H®& (08 ) © Su1am)) © (Tyy ® H & H) oy )
=05 (0 ® ) © Bpserr) ® H) 0 (TTy © H @ H) oy )
=oo(ugr®H)o (T @ He H) <by>
= e+ 3'(0) my b9),
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and we obtain (64). The proof for the equality follows a similar pattern and we get the details to the

reader. [J

Proposition 3.13. Let H be a weak Hopf algebra, and let ¢ : H® H — K be a normal and convolution invertible

2-cocycle. Then the following conditions are equivalent:

(i)
& (0)+*(07") = d'(07") »I*(0),
() (07 = o™ * 9L (o).
(ii)
' (o) *e =e+9'(0),
d* (o) xe =exd*0).
(ii)

Mo Nre=exd'(c7)),

o HNre=exd* ™).

Proof. (i) = (i) Using (54), condition of 2-cocycle, (67) and (59) for o7,

(o) *e

= 9'(0) * B3(0) * P(a7)

= 4(0)+ (o) * P07

= 9%(0) **(0") » 9 (0)

=((0*07") ®ep) (o)

= ((en o pua)®0) o (H® 6y ® H)

=co(ug®H)o (ﬁﬁ@H@H)

—exd'(0),

and in a similar way but using (66) and (53) instead of (67) and (55), respectively, we get (65).

(ii) = (iii) Indeed, follows because by (50),
Mo Hre=0a o) rexd (0)*d' (07') = (07 +d (o) xexd (o7} =exd'(07h),

and in a similar way we get (71).
Moreover, if we assume (iii), it is easy to obtain (ii). Indeed,

o) re=0d'(0)xexd (07) * ' (0) = dX(0) * A (67 }) xex 31 (0) = e+ (o),

(66)

(67)

(68)

(69)

(70)

(71)



J.N. Alonso et al. / Filomat 37:26 (2023), 87258745 8737

and by similar computations 9*(0) * e = e * 9*(0).
To complete the proof we get (iii) = (ii). First of all, note that the equalities

(o) rexexd*(0) = d'(o7") * 3*(0), (72)

o) xexexd'(0) = * (07" *d'(0), (73)
hold. We will show (72), the proof for is similar. Indeed,
(o) xexexd*o)
= (07" o (up ®H) o (TIR @ H® H)) * (0 o (H ® 1) o (H ® H @ TT,)) (by e and 1))
=(07'®0) o (H® (e o up)) o (cyy ® H) o (H® 1)) ® H® H @ (€1 © ppr) ® H)
o(H ® cy,n) © (61 ® H))) © dngHeH by () and {11))
=(ep®ep) o (up @ up) o (HR®Ooy ®H)o (HO®H® 0 @ H) o (H® (cHi © 01) ® 0 ® Op1) © (Onen ® H)
(by naturality)
= (en®en) o (un ® pr) o (H® (e o dn) @ H) o (HO H® 0™ ® H)
o(H® (cr,u © 6H) ® 0 ® Op) © (OnsH ® H) (by (a2))
= (((em o un) *0) @ (071 * (ey © up))) © (H @ (cpr © O1) ® H) (by naturality)
= 9'(071) * 9*(0) by {19) and foo}).
As a consequence, using (ii), (iii), , , the condition of 2-cocycle and we have that
9'(07") # (o)
=9l (07 ) xexe o)
=exd(c7) *d*0) e
= e+ (071 94 (0) * P*(0) * *(07!)
=exd(07!) %' (0) * P(0) * *(c7)
=e¢+(0)* (07"
= 0%(0) * 9*(0 7).
Finally,
2*(o ) » (o)
= ) rexexd (o)
=exd* o)+ 9 (o) +e
=e+d*071) % dY(0) * *(0) * (o)
=e+ Mo ) *d40) * (o) * P (07!)
=exd*0)*d(07")
= 9%(0)»P(07),
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and the proof is complete. [J

Proposition 3.14. Let H be a weak Hopf algebra, and let ¢ : H® H — K be a normal and convolution invertible
2-cocycle. Then the equality

PN (o) =P o™ (74)
holds.
Proof. Indeed,

Po Ny *d' (o)

=ex+P(o7 )+ (07" by b))

= P07 x0(0) *P(07) +d'(07") by b2

= P07 xd*(07") +9'(0) 9" (07") Gy 7

= P07 ) xexd o)+ 9" (0) 9 (07") oy b3

= P07 x (o) xexd"(0) * I (07" Gy fesh

= (o) * P07 * e oy )

= P07 xexd o) eyl

=007+ 9*(07") oy B3
0

Proposition 3.15. Let H be a weak Hopf algebra and let o be a normal and convolution invertible 2-cocycle. Define
the product up. as
ppe = (0@ ug ®0 ') o (H® H ® dngh) © OrisH-

Then H° = (H, o = N, Ube, €10 = €H, Ono = Opr) is an algebra coalgebra and the equality

Ons © Upe = (UHe ® HHe) © OHogHe (75)
holds.
Proof. We begin by showing that H is an algebra. Indeed, using (46),

[uH" (¢] (T]Hu ® H)

= (up ® 071) 0 dpgn o (I, ® H) 0 6

= H%I * idH

= idy,

and in a similar way we get that ugs o (H ® o) = idy. As far as the associativity of the product, the proof
is identical that the well-known one for Hopf algebras ([8], Theorem 1.6).
On the other hand, it is obvious that H is a coalgebra. Finally,

(HHo ® o) © Opoghe
= (O®[.1H®(G_1 *O)®‘LlH®O_1) o (6H®H ®H®H®6H®H) o (H®H®6H®H) 0 dyeH

= (G®[JH®(€H0[JH)®‘UH®G_1)O(6H®H®H®H®6H®H)O(H®H®6H®H)06H®H
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=(0® un® tp ®01) o (neH ® OHgn) © OHeH

= Ope © lipe,
and the proof is complete. [
Remark 3.16. In the same conditions of Proposition [3.15 by (19),

€H © UHe = €H © UH. (76)
As a consequence the Il morphisms of H and H* coincide, that is to say, for i € {L, R}, the equalities

I, =TT, (77)
and

T, =TIy, (78)
hold.

Lemma 3.17. Let H be a weak Hopfalgebra and let 0 : H® H — K be a normal and convolution invertible morphism.
Assume that the antipode Ay is an isomorphism. Then, for I1 € {IT}, Tk, ﬁﬁ, ﬁIL{}, the following equalities hold:

upe o (H®TIT) = iy o (H @ T1) (79)

pire © IT® H) = pp o (IT® H) (80)
Proof. The result follows easily using Proposition[3.7jand by equalities (7) and (8). O

The following theorem is the main result of this section. We will show that, under suitable conditions,
H? is also a weak Hopf algebra we will call the cocycle twist of H.

Proposition 3.18. Let H be a weak Hopf algebra and let o be a normal and convolution invertible 2-cocycle. Then
H? is a weak Hopf algebra with antipode

Ar = (00 (H® Ap) 0 6y) ® Ay ® (07" o (H® Ap) 0 6py)) © (6 ® H) 0 64

-1

Lis a convolution invertible 2-cocycle for H°, and (H°)* = H.

Moreover, 6~
Proof. By Proposition[3.15] to get that H” is a weak Hopf algebra we only need to see (a2)-(a4). Then
et 0 ppo o (e ® H)

= €p © pp © (Une ® H) by @6)

= ep 0 g o (upe TIE) oy i)

= epo © fpo © (e @ TIE) by @e))

= epo 0 Upe © (H® ppo) o (H ® H @ TTL) (by associativity)

=egopugo(H®up)o(HOH®ILY) (byand (7o)

= ep o pp o (H® ppr) oy (i8),
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and we obtain (a2). Moreover, using and it is not difficult to get (a3) because
(H® ppe ® H) o (61 © 1) ® (01 © ) = (H ® upg ® H) o ((61 © 1) ® (61 © NR)).- (81)
Now we will show that Ay is the antipode of H?. Indeed,
idyo * Apge
= (un®0 1) o (0 ®dnen) © bpen o (H®o®@H®0™1)
o H®H® (cun o6goAg)®Ap ®H) o (H® 6y ® 6g) o (H®Oy) o dn
(anticomultiplicativity of Ap)
= (((0 ® up) © SpeH) ® (071 #0)) 0 (OHen ® 0 1) 0o (H® Ay ® Ay ® H) o (65 ® 6p1) © 01
(by naturality)
= (0 ® pn) © OHan) ® (€1 © fn)) © (Onen ® 0™ 1) 0o (H® Ay ® Ay ® H) 0 (5 ® Opy) © O
(0 is convolution invertible)
= (0® un) o OHen ®0 ) o (H® Ay ® Ay ® H) 0 (5 ® Op1) © Op (H weak Hopf algebra)
=I5 ®0®0 ") o ((chu © On) ® Ap ® Ay ® H) 0 (65 ® 6x) © O (anticomultiplicativity of Ax)
= (I}, ® (3 (671) * 9*(0))) o ((cH © 1) ® Ay ® H) o (H ® 6p) © 81 (anticomultiplicativity of Ax)
= (I}, ® (3%(0) * 9*(071))) o ((cuu © 1) ® Ay ® H) o (H ® bp) © Op1 by )
= (M, 8000 ) o (HEHBH® iy ® H) o (H® H® cyyy ® H® H)
o(H® 6y ® (e © (Ay ®ITX) 0 6) ® H) o ((Chp © O11) ® Op) © On (anticomultiplicativity of A1)
=1 ®(egoun)®0 ) o (HOHOH® uy ® H) o (H® H® cyy ® H® H)
o(H ® 6y ® (crp © (Ap ® A) 0 6) ® H) o ((ch © O) ® O1) © O by {45))
= (15 ® (ep 0o ) ® (07" o (uy ® H))) o (H ® Spien ® H) © ((chi © 01) ® (An ® H) 0 6y)) © 6
(anticomultiplicativity of Ay)
=15 ®07™") o (H® (un © (H® A)) ® H) o (e, © Op) ® Op1) © Opy (H weak Hopf algebra)
=(H®0 1) o (unen ® H) o ((cu © 01) ® (A ® Ap) 0 1) ® H) o (5 ® H) 0 S (definition of I1L,)
=(H®0™") o (unen ® H) o ((crm © 0r) ® (Cri © 0n © Ar) ® H) 0 (5 ® H) 0 6y
(H weak Hopf algebra and anticomultiplicativity of Ay)
=(H®0o™") o((cyn © 6 o IT5) ® H) 0 Oy (H weak Hopf algebra)
= ((((eg o pr) ® 071) 0 Open) ® H) o (H® cyypr) © (61 © 1) ® H) (definition of T, and coassociativity)
= ("' ®H) o (H®cyu) o (0m © i) ® H) oy o)
=TT}, oy i
=T1%, oy {7,

and with similar computations, we get that Ape * idye = ITY, . Finally, using ,
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Appe # idppe % Ao
= Apo #I1f,
= Apo +I1E
=((0o(H®An) @0 ® (up o (H®IIL))) o (51 ® (Oren © (An ® H))) 0 (6n ® H) 0 6y
= (0o (H®An))® (67" ® (e © in)) © Srier) ® H) 0 (0n ® H ® crym) © (H ® (O © An) ® H)
o(6p ® H) 0 6y
=(0®0c1'®H) o (H®Ag®H®cyp) o (5 ® (0g © Ag) ® H) o (5 ® H) 0 O
=(0®0cI'@H) o (HRAy®H®cyp)o (5 ® (Ay ® Ay) o cypy 0 0y) ® H) o (o5 ® H) o oy
= Apo.

To finish the proof, using (b1) it is easy to see that (H°)°" = H. Moreover, by and Proposition
07! : H® H — K is a normal and convolution invertible morphism with inverse o. Finally, condition (63)
holds because

0o (H® (07 ® ppr) © Omen))

olo (H® (671 +0)® Uy ® 071) o(H®H ® H ® 0pgn) © (H ® dggy) (by the definition of o)

o lo(H®(enopn)®un®o ) o (H®H® H ® dpgn) © (H ® Snan) (by (b1)
=0 o (H® ((un ® 07) © dpgr)) (by (@1)

07 o ((un ® 071 0 Spen) ® H) vy foe)

=0 lo((0t*0)@ur®c ! ®@H) o (H®H ® dpgn ® H) © (Snen ® H) (by (a1) and (b1))

=¢lo (((G_l ® yHa) o 6H®H) ® H) (by the definition of pipo),

and the proof is complete. [

4. The Yetter-Drinfel’d module category of a cocycle deformation

In this section we consider the categories of left-right Yetter-Drinfel’d modules over the weak Hopf
algebras H and H” and show that they are equivalent. As a consequence we get an equivalence between
modules for their Drinfel’d doubles.

First of all we recall the notion of left-right Yetter-Drinfel’d module in the weak Hopf algebra setting. We
want to point that the properties of Yetter-Drinfel’d modules remain valid with slight changes regardless
of the side where we work (left-left, left-right, right-left or right-right), so that we will cite our convenience
different papers without taking into account the side on which their results are obtained.

Definition 4.1. A left-right Yetter-Drinfel’d module over a weak Hopf algebra H is a triple M = (M, o, pm)
such that

(b1) (M, pum) is a left H-module.

(b2) (M, pum) is a right H-comodule.

(b3) (M ® pp) © (H @ cup ® H) 0 (61 ® pm) = (M ® ) o (om ® H) © e 0 (H ® i) © (61 @ M)
(b4) pm = (pm ® pm) o (H® ey ® H) 0 (61 ® pm) © (111 ® M)
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If M and N are left-right Yetter-Drinfel’d modules over H, we say that f : M — N is a morphism of left-right
Yetter-Drinfel’d modules if f is a morphism of left H-modules and right H-comodules. In what follows we

will denote by p YD the category of left-right Yetter-Drinfel’d modules over H.
Remark 4.2. The condition (b4) (see [1]]) can be restated as
oM = (M® eg) o (pm ® ug) o (H® cym ® H) o (65 ® pm) (82)
Moreover, conditions (b3) and (b4) (see [16]) are equivalent to
pm o oM = (M® (un o crm)) © (v ® H) o (A7 ® o ® i) 0 (6 ® e ® H) 0 (61 ® pimr) (83)
Let H be a weak Hopf algebra and let (M, ¢p) and (N, @) be left H-modules. Following [1], the morphism
VMmen = Pmen © MHOMON) : MON - M®N

is an idempotent, where ppen = (M ® ¢n) © (H ® cum ® N) o (04 ® M ® N). Moreover, if we denote by
M X N the image of Vyen and by pmen : M®N — M XN, imgn : M X N — M ® N the morphisms such that
iMeN © PMeN = Vmen and pusn © iven = idpxn, the object M X N is a left H-module with action

PMxN = PmaN © PmeN © (H ® iven) : H® (M X N) - M X N.
Moreover, the following equalities hold:
PmeN = VMmeN © Prmen = PumeN © (H ® Vpen) (84)
In a similar way;, if (M, pp) and (N, pn) are right H-comodules, the morphism
Apen =M ON® ep) o pyen : MON - M®N

is an idempotent, where ppgn = (M ® N ® (up o can)) © (M ® cun ® H) o (om ® pn). Moreover, if we denote

by M © N the image of Aygn and by pl oy : M®N = MON, i} : MON — M ® N the morphisms such

that i;v@N o p;w@N = Apmen and p;w@N o i;\/[®N = idpon, the object M O N is a right H-comodule with coaction
pmoN = (Phieny ® H) © pmen © gy : MON — (MON)® H,
and the equalities
PMeN = PMeN © Amen = (Amen ® H) © ppen (85)

hold.
On the other hand, by [16], if ¢ is a normal and convolution invertible 2-cocycle and M, N are in gy Z)H,

then Viyen = Apeny and M XN = MO N is in ¥ D' with the action and coaction defined above. Moreover
1Y D" is a braided monoidal category with braiding tpyn : M X N — N X M defined by

tmN = pnem © (N ® ou) o (on ® M) © cyn © imen,

with inverse
tyin = PMen © cnp © (N ® @ur) o (N ® Ay ® M) o (pny ® M) © ingu.

Proposition 4.3. Let H be a weak Hopf algebra and let ¢ be a normal and convolution invertible 2-cocycle. If
M = (M, pm, pm) is a left-right Yetter-Drinfel’d module over H then M° = (M, @3, pm) is a left-right Yetter-
Drinfel’d module over H, being

P =M®0)o(pm®H)ocymo (H® Py ®0™") o (0 ® cm ® H) o (O ® pwm)
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Proof. It is obvious that (M, pu) is a right H-comodule. To get that (M, ¢},) is a left H-module, the equality
P o (H® @Y, = ¢F, o (une ® M) follows with similar computations to the ones developed for Hopf algebras
in [7]. A far as the unity,

Prr © (M @ M)

= (M®0) o (py ® H) o cri © (T ® a ® ) 0 (61 ® ciypa © H) © (H Ty ® pa) o (61 0 ) © M)
by ™)

= M®em) o (M® un) o (pm ® H) o capr o (H® @ur) © (05 ® M) ® (en 0 um))
o(H ® cam ® H) o (61 © 1) ® par) by {83))

=M®en)o (((pm® pn) o (H®cum ® H) o (05 ® pm)) ® (ep © pn)) o (H® cum @ H) o (0 © ) ® pm)
(by (b3))

= (M®ep) o (pm® pm) o (H®cym ® H) o (07 ® pm) © (g ® M)
(because M is a right H-comodule and by (1))

= (M®é€n) © pm by (b4)

=idy,

and we have (b2). To get (b3), the proof given in [7] for Hopf algebras works well in our setting by using
(al) instead of the invertibility of the cocycle 0. Finally,

(@3, ® prr) © (H ® ey ® H) 0 (0 ® pu) © (1 ® M)

= (M ® (11 0 ) © (par ® H) 0 ciyp © (T ® n)) ® 071 @ (e o (TTE, @ H))) o (55 ® iy ® H)
061 ® pm)) ® H® H) o (H ® cyym ® H) o (011 © 1) © pm) oy (17
= (M®ep) o (M® up) o (pm ® H) o cyp o (H® @u) © (55 @ M) ® 07! @ (uy o (ITh; ® H)))
o(H® cum ® H) 0 (61 ® pm)) ® H® H) o (H® cpym ® H) © (O © 1) ® pim) by {13) and {50
= (M ®¢en) o (pm ® up) © (H® cup ® H) © (51 ® pu)) ® 07! ® (um o (TT; ® H)))
o(H®cum®H) o (65 ® pm)) ® H® H) o (H® cym ® H) o (01 © 111) ® pimr) by (03) and {17)
= (pm®0 ® up) o (H® cym ® H) o (65 ® pm)) ® H® H) o (H ® cm ® H) 0 (51 © 1) © pm))
(by B2)
= (pm ® (07! ® pp) © dners © (115 ® H))) o (H ® cm ® H) 0 (01 © 1) ® pm))
(by coassociativity, {T7) and condition of right H-comodule)
= (pm ® up) o (H® cym ® H) 0 (01 ® pam) © (N ® M) oy o))
= PMm (by (b4)),
and the proof is complete. [
Now we will show that b YD and o YD are equivalent as braided monoidal categories.

Theorem 4.4. Let H be a weak Hopf algebra and let ¢ be a normal and convolution invertible 2-cocycle. Then there
is a braided monoidal category isomorphism between aY D" and g YO
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Proof. We define the covariant functor
Fip YD -y YOI

by F(M) = M° on the objects and by the identity on the morphisms. By Proposition M? is an object in

YD To get that F is monoidal, note that if M and N are two objects in Y. D7, by lb the idempotent
morphisms Aprens and Apenys coincide and then we can define @y : M? X N° — (M X N)° as

DN = (Pvsny ® (07" 0 c)) © (M ® cyn ® H) © (o ® pn) © ivogne.
Using (20) it is easy to see that
Dy N © Pmeane = (Pavany ® (07 0 cppr)) o (M ® cn ® H) o (om ® pn) (86)
and
ieNny © Pyn = (MON)’ ® (67" 0 cpp)) © (M ® ey ® H) o (pm ® p) © invene, (87)

and using this fact and (b1) we can see in a similar way that in the case of Hopf algebras that @y is a
morphism in po Y DM and commutes with the braidings.
Moreover @y, is an isomorphism with inverse

Dy = (Pmrene ® (00 cap)) © (M ® ey ® H) o (pm ® pN) © imenye-
Indeed, using and (b1),
@3] 0 Dy
= (((pmeene ® (0 © cp)) © (M ® cyn ® H) 0 (pm ® pn) © (Aeny © (071 © cip))
o(M® cyn ® H) o (pm ® pn) © ineene
= (pmrene ® ((0+07) o cyy)) o (M ® can ® H) © (pm ® pN) © inpogne
= PmoeNe © AmrgNe © ipooNe
= idpoxne,

and in a similar way @py o (I);/},N = id(MxNye -
1

To get the inverse functor of F note that, by Proposition o7!is a 2-cocycle on H’ and (H°)° = H
and then ;) Y Z)(Hg)fl =y YD Asa consequence we can define the functor
G e YOI -y YO
by G(M) = M’ on the objects, and by the identity on the morphisms. Then, if M is in p ¥ D",
@)
=M®c ) o (pmu®H) ocumo (H® ¢S, ®0) o (6 ® cuym ® H) o (5 ® pum)
=(M® (07" *0)) o (pm®H) o cym o (HO® M ® (07! *0)) o (o1 ® cm ® H) 0 (on ® pm)
(by naturality)
=M®(euoun))o(pm®H) ocgp o (H® pm ® (eg o pn)) © (On ® cam ® H) o (05 ® pm)

(by (b1))
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= (M® (en o pn)) © (oM ® H) 0 ey © (H ® @) © (0m ® M) oy §82))

= @M by @

As a consequence G o F is equal to the identity functor on the braided monoidal category YD, and in
a similar way F o G is equal to the identity functor on the braided monoidal category g.Y. D" Therefore
nY D and gV D are isomorphic braided monoidal categories and this finishes the proof. O

It is a well-known fact the close connection between Yetter-Drinfel’d modules and the Drinfel’d double in
the sense that pYD' can be identified with the category Rep(D(H)) of left H-modules over the Drinfel’d
double D(H) (see [14] for Hopf algebras or [16] for weak Hopf algebras). As a consequence we get the
following corollary.

Corollary 4.5. Let H be a weak Hopf algebra and let ¢ be a normal and convolution invertible 2-cocycle. Then there
is a category equivalence between Rep(D(H)) and Rep(D(H?))
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