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Abstract. In §§1 and 2 we follow our online talk at the 21st Geometrical Seminar (Beograd, Serbia) on June
30, 2022 by giving a survey of the formality problem for manifold with special holonomy and exposing
recent results by M. Amann and the author on the formality of Joyce’s examples of G2-manifolds. In §3 we
expose the approach to establishing the formality by using the intersection Massey products.

1. Riemannian manifolds with special holonomy: constructions and properties

The Berger theorem reads that if a simply connected Riemannian manifold M is irreducible (not locally
a product space) and not locally a symmetric space, then its holonomy group is one of the following:

SO(n), dim M = n;
U(n), dim M = 2n (Kähler manifold);
SU(n), dim M = 2n (Calabi–Yau manifold);
Sp(n), dim M = 4n (hyperkähler manifold);
Sp(n) Sp(1), dim M = 4n (quaternion-Kähler manifold);
G2, dim M = 7;
Spin(7), dim M = 8.
The case SO(n) is generic and other cases correspond to situations when the holonomy reduces to some

proper subgroup of SO(n). Therefore Riemannian manifolds with holonomy U(n),SU(n),Sp(n),Sp(n)Sp(1),
G2, and Spin(7) are called manifolds with special holonomy.

We remark that a manifold may belong to a few classes from the list because SU(n) ⊂ U(n) and
Sp(n) ⊂ SU(2n).

It was showed that a manifold with SU(n),Sp(n),G2, or Spin(7) holonomy is Ricci-flat. All known exam-
ples of simply-connected Ricci-flat manifolds were constructed as manifolds with such special holonomy
and then the existence of a Ricci-flat metric was derived from that. The only explicit examples of Ricci-flat
metrics were constructed in [24] on K3 surfaces which are hyperkähler and the existence of such metrics on
them was known before.

Quaternionic–Kähler manifolds are Einstein manifolds: they satisfy the equation
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and moreover the scalar curvature does not vanish: R = const , 0. All known examples of compact
quaternionic–Kähler manifolds are locally symmetric. For every simple Lie group there exists a symmetric
quaternionic–Kähler manifold of positive scalar curvature: R > 0 (Wolf spaces). There is the conjecture
by LeBrun and Salamon which reads that the Wolf spaces are exactly all complete quaternionic–Kähler
manifolds of positive scalar curvature.

Ricci-flat and, more general, Einstein manifolds are of special interest in mathematical and theoretical
physics. In addition, if a simply connected irreducible spin manifold admits a nontrivial parallel spinor
field then it is Ricci-flat, with a special holonomy from the following list: SU(n),Sp(n),G2, and Spin(7) and
moreover all manifolds with such holonomy admit nontrivial parallel spinors [18, 38] (see also [33]).

The first general result on the existence of metrics with special holonomy is the Yau theorem which
implies that on a Kähler manifold with c1 = 0 there exists such a metric which is automatically Ricci-flat.
Now such manifolds are called Calabi–Yau manifolds.

Since Sp(n) ⊂ SU(2n), hyperkähler manifolds form a particular subclass of Calabi–Yau manifolds.
First examples of simply-connected manifolds with holonomy G2 and Spin(7) were constructed by Joyce

(G2 in [19, 20] and Spin(7) in [21], see also [22]) who used the generalized Kummer construction. The
detailed exposition of theory of manifolds with special holonomy before the 21th century and, in particular,
of these examples was given by Joyce in [23].

Later many more examples were constructed by using twisted connected sums and their generalizations
[6, 26, 27, 34]. Moreover recently the first examples of homeomorphic but not diffeomorphic G2-manifolds
were found in [8].

Here we would like to discuss rational homotopy types of manifolds with special holonomy. To be more
concrete, we are interested in the answer to the following question:

Formality problem for manifolds with special holonomy. Are simply-connected Riemannian mani-
folds with special holonomy, i.e. whose holonomy belongs to the following list: U(n),SU(n),Sp(n),Sp(n)Sp(1),
G2, and Spin(7), formal?

This problem has been being discussed already for a while. For instance, it was a motivation of the
article [7] whose title does not reveal it.

The notion of formality is due to Sullivan [35] who proves that
Given a compact simply-connected manifold or nilmanifold X, for the algebra A(X) of Q-polynomial

forms on X there is a minimal algebra MX and a homomorphism f : MX → AX which induces an
isomorphism in cohomology. The algebraMX determines the rational homotopy type of X and, in particular,

Hom (π∗(X),Q) =MX/MX ∧MX.

Therewith, by definition, a minimal algebra is a free differential graded–commutative algebra

M =M0
⊕M

1
⊕ . . .

over Q with homogeneous generators x1, . . . such that 1 ≤ deg xi ≤ deg x j for i ≤ j and allMk are finite-
dimensional and a differential d :Mi

→M
i+1, i ≥ 1, meets the following condition

dxi ∈
∧

(x1, . . . , xi−1)

for i ≥ 1.
In addition, we assume thatM0 = Q, i.e. an algebra is connected.
A minimal algebraM is the minimal model ofA if there is a homomorphism of d.g.a f :M→Awhich

induces an isomorphism f ∗ : H∗(M) =
−→ H∗(A).

A minimal algebraM is formal if there exists a homomorphism of d.g.a f : (M, d)→ (H∗(M), 0) which
induces an isomorphism of cohomology rings.

A space X is called formal if its minimal modelMX is formal, i.e. MX is the minimal model of (H∗(M), 0).
For such a manifold the rational homotopy type of X is determined by the cohomology ring.

Simply-connected closed manifolds of dimension ≤ 6 are formal [31].
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Already in [35] it was mentioned that Lie groups and the classifying spaces are formal. It is already was
known that if a product of harmonic forms is harmonic then the manifold is formal and that implies the
formality of symmetric spaces [17]. Therewith the formality follows from the Hodge theorem that every
real cohomology class is uniquely represented by a harmonic form. In [25] via theory of homogeneous
spaces it was proved that k-symmetric spaces are formal.

The famous result was established by Deligne, Griffiths, Morgan, and Sullivan in [9] where it was proved
that simply-connected closed Kähler manifolds are formal. Then came an idea to look for generalizations
of this theorem and there were two ways for that.

1) Kähler manifolds are the simplest examples of symplectic manifolds. However the formality con-
jecture for symplectic manifolds formulated by Lupton and Oprea was disproved by Babenko and the
author in [3] where non-formal simply-connected closed symplectic manifolds were constructed in all even
dimensions ≥ 10. Later in the left dimension 8 such an example was constructed in [13].

It is known that the existence of a non-trivial Massey product implies the non-formality of a manifold
however the converse is not true: for formality it needs to have a uniform vanishing of Massey products
[9].

The idea behind proving non-formality consists in looking for non-trivial Massey products and all
examples from [3] have non-trivial triple Massey products. Triple Massey product is defined as follows.
Let X,Y,Z be cochains in M which represent the cohomology classes x ∈ Hk(M), y ∈ Hl(M), and z ∈ Hm(M).
Let

x ∪ y = 0, y ∪ z = 0.

This means that there are cochains U and V such that

X ∪ Y = δU, Y ∪ Z = δV.

We have the cocycle
C = X ∪ V + (−1)k+1U ∪ Z, δV = 0.

Now we define the triple Massey product

⟨x, y, z⟩ ⊂ Hk+l+m−1(M)

as the set formed by the classes [C] corresponding to all possible choices of U and V which are defined
modulo cocycles. Hence the triple Massey product is defined modulo x ∪ Hl+m−1(M) + z ∪ Hk+l−1(M). If
⟨x, y, z⟩ does not contain zero it is said that the product is nontrivial. We expose the definition of higher
products in §3. The simplest example of nontrivial Massey product is given by the three-dimensional
Heisenberg nilmanifold H . Thurston had shown that the four-manifold H × S1 is symplectic and not
Kähler because its first Betti number equals: b1 = 3. This was the first example of non-Kähler symplectic
manifold. McDuff symplectically embedded H × S1 into CP5 and applied the symplectic blow up along
this submanifold. It resulted in a symplectic simply-connected manifold for which again b1 = 3 and this
was the first example of non-Kähler symplectic simply-connected manifold [30]. It was first noticed in [3]
that non-trivial Massey products of submanifolds have a tendency to induce non-trivial Massey product of
the ambient space blowed up along the submanifolds. In particular, CPn, n ≥ 5, symplectically blowed up
along embeddedH × S1 have nontrivial triple Massey products naturally generated by the triple product
inH × S1.

Therefore we conclude that the existence of symplectic structure is a quite soft condition which does not
imply the formality of the space.

2) Kähler manifolds have special holonomy. Indeed, all manifolds with holonomy groups U(n),SU(n),
and Sp(n) are Kähler. So we are coming to the already formulated the formality problem for manifolds with
special holonomy. We are left to consider manifolds with holonomy groups

Sp(n)Sp(1), G2, Spin(7).

As we already mentioned all manifolds with holonomy Sp(n)Sp(1) are Einstein with nonvanishing scalar
curvature R. If R > 0 these are positive quaternionic–Kähler manifolds and their formality was established
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by Amann and Kapovitch [1]. For negative quaternionic-Kähler manifolds the formality problem is open
however all known closed simply-connected examples of such manifolds are symmetric and there is a
conjecture that there are no other examples. If it is true, then the formality conjecture holds for quaternionic-
Kähler manifolds.

Recently M. Amann and the author established the formality of the simpelest example of Joyce’s G2
manifolds [2]. However it has all typical properties of other such examples and we think that the given
construction can be case-by-case generalized to other examples. In §3 we expose another approach to
proving their formality based on the intersection theory..

Before going further we would like to mention one observation from [2]. There are so-called nearly
Kähler manifolds which are almost Hermitian manifolds with skew-symmetric tensors ∇J where J is the
almost complex structure. These manifolds were intensively studied and it was observed in [2] that
combining known results for three different classes of such manifolds one can prove that

Theorem 1.1 ([2]). Simply-connected closed nearly Kähler manifolds are formal.

2. Joyce’s example and its formality

Let us expose the Joyce examples of G2 manifolds obtained by the generalized Kummer construction
and briefly sketch how one can prove its formality. This geometrical picture is used in §3.

2.1. The generalized Kummer construction

The Kummer construction of manifolds diffeomorphic to K3 surfaces is as follows. Let T4 is a four-
dimensional torus of the formC2/ΛwhereΛ is a lattice of rank four invariant with respect ot the involution
σ : z → −z, z ∈ C2. This involution generates the group Z[σ] which is isomorphic to Z2 and acts on the
torus with 16 fixed points corresponding to half-periods of Λ: p ∈ T4, 2p ∈ Λ. Near every fixed point the
action looks like line the involution σ near the origin 0 ∈ Λ. The quotient space T4/Z[σ] is an orbifold with
16 conic points. It is the singular Kummer surface.

The resolution (blowup) of every conic point results in removing from T4/Z[σ] a neighborhood, of a
conic point, which is of the form D4/σwhere D4 is the unit disc in C2 and replacing it by some disc bundle
overCP1 such that its Euler characteristic, i.e. the self-intersection index ofCP1, is equal to −2. The resulted
surface M4 is diffeomorphic to K3 surface.

A K3 surface M4 is simply-connected with H2(M4) = Z22. The intersection form in the second cohomol-
ogy is equal to

(−E8) ⊕ (−E8) ⊕H ⊕H ⊕H

where

H =
(
0 1
1 0

)
and E8 is the Cartan matrix of the corresponding Lie algebra. That was derived by Milnor from the general
theory of quadratic forms [32].

In [36] we presented the canonical basis for H2, i.e., a basis in which the cup product is given by this form,
explicitly in terms of the Poincare duals of cocycles. That was done by using the intersection homology
[16].

The method from [36] was applied in [37] to computing the ring structure in the cohomology of the
simplest Joyce’s example of G2 manifold.

It is as follows. First, let us introduce the manifold. Let T7 = R7/Z7 be a seven-dimensional torus. On
it there acts a finite group Γ generated by three involutions

α = (x1, . . . , x7) = (−x1,−x2,−x3,−x4, x5, x6, x7),

β = (x1, . . . , x7) = (−x1,
1
2
− x2, x3, x4,−x5,−x6, x7),
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γ(x1, . . . , x7) = (
1
2
− x1, x2,

1
2
− x3, x4,−x5, x6,−x7).

We have
1) Γ acts on H∗(T7) by involutions such that H1(T7) and H2(T7) have no nontrivial invariant subspaces

and the invariant subspace of H3(T7) is generated by the forms

dx2 ∧ dx4 ∧ dx6, dx3 ∧ dx4 ∧ dx7, dx5 ∧ dx6 ∧ dx7,

dx1 ∧ dx2 ∧ dx7, dx1 ∧ dx3 ∧ dx6, dx1 ∧ dx4 ∧ dx5, dx2 ∧ dx3 ∧ dx5.

Therefore, we derive that the first three Betti numbers of T7/Γ are as follows

b1(T7/Γ) = b2(T7/Γ) = 0, b3(T7/Γ) = 7.

Since the 7-form dx1 ∧ · · · ∧ dx7 is Γ-invariant, the Hodge operator ∗ : Hk(T7) → H7−k(T7) maps invariant
forms into invariant ones, and, therefore,

b6(T7/Γ) = b5(T7/Γ) = 0, b4(T7/Γ) = 7;

2) Γ is isomorphic to Z2
3 and its action is not free. For every involution α, β, or γ its fixed points set

consists of 16 three-tori;
3) For every involution δ ∈ {α, β, γ} the group Γ/Z2[δ] acts by nontrivial permutations on the fixed point

sets of other involutions and the Γ-orbit of every such a torus consists of four tori;
4) The products of different elementary involutions, i.e. αβ and etc., have no fixed points.
5) Every involution α, β, or γ acts on T7 such that

T7/Z2 = T3
× (T4/Z2),

where T4/Z2 is a singular Kummer surface. Moreover π1(T7/Γ) = 0;
6) The singular set in T7/Γ splits into 12 three-tori. For every singular torus there is a neighborhood

homeomorphic to
U = T3

× (D/Z2[σ]),

where D is the unit disc in C2 and σ : D→ D is the involution σ(z) = −z.
Let us apply to the orbifold T7/Γ the resolution of singularities which consists in a fiberwise resolution

of conic singularities of the type D/Z2[σ] for all singular tori.
We denote the resulted manifold M7

Γ
. Joyce had showed that it admits a metric with G2 holonomy [19].

Other examples from [19] are constructed similarly and have the form M7
G for different actions of groups G

on T7.

2.2. Intersection homology
The idea of intersection homology ring goes back to Lefschetz and was actively used by Pontryagin

who, together with his student Glezerman, gave to it a rigorous confirmation [16].
The definition of this ring is as follows.
Let M be a closed oriented n-dimensional manifold. Let us assume that all generators of H∗(M) (here

we consider cohomology and homology with integer coefficients) are realized by embedded submanifolds.
Let x ∈ Hn−k(M), y ∈ Hn−l(M), and Dx ∈ Hk(M) and Dy ∈ Hl(M) be their Poincare duals which are realized
by the submanifolds X and Y. Without loss of generality, we assume that their intersection is t-regular and
therefore it is a submanifold Z. The dimension of Z is equal to k + l − n and if k + l < n this submanifold is
empty.

The orientation of Z = X∩Y is chosen as follows. Let P ∈ Z and (e1, . . . , ek+l−n) is a basis in the tangent space
to Z at P. We complete it to positively oriented bases (e1, . . . , , ek+l−n, e′1, . . . , e

′

n−l) and (e1, . . . , , ek+l−n, e′′1 , . . . , e
′′

n−k)
of the tangent space to X and Y, respectively, at P. We put that the basis (e1, . . . , , ek+l−n) is positively oriented
if and only if the basis (e1, . . . , , ek+l−n, e′1, . . . , e

′

n−l, e
′′

1 , . . . , e
′′

n−k), of the tangent space to M at P, is positively
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oriented. The submanifold Z realizes a cycle Dz which Poincare dual to some cocycle z ∈ Hk+l(M). The
intersection product

Dx ∩Dy = Dz

satisfies the anticommutativity condition

Dx ∩Dy = (−1)(n−k)(n−l)Dy ∩Dy.

This intersection product is dual to the classical cup product:

x ∪ y = z

and the anticommutativity condition for the intersection product is dual to the relation

x ∪ y = (−1)kly ∪ x, dim x = k, dim y = l.

This construction is going back to Poincare and, as was mentioned by Pontryagin, it was introduced and
used by Lefschetz for algebraic varieties. In [16] it was justified for all smooth manifolds. Of course, in this
case not all cycles are realized by submanifolds and to overgo this difficulty Pontryagin introduced special
chains. This article is not very popular however in the case when cycles are realized by submanifolds it is
now completely justified by using the Thom classes (see, for instance, [5] and the comments in [2]).

Since, by Thom’s theorem, the rational homology group H∗(M;Q) has a base realized by submanifolds,
this method can be applied to calculating the cup product in the rational cohomology for all oriented closed
manifolds.

We recall M7
Γ

was obtained from the orbifold T7/Γ by a resolution of singular tori Tδi, where δ ∈
{α, β, γ}, i = 1, 2, 3, 4. Given δ, tori Tδi are induced by fixed tori of the involution δ. Since for every δ there
are four such tori they are enumerated by index i.

The rank of H2 is equal to 12 and the generators are given by twelve cycles cδi corresponding to
submanifolds of the form CP1 which appear after the fiberwise resolution of singularities of the form
T3
δi × (D/Z2[σ]).

The rank of H3 is equal to 43 and there are two types of generators:
a) seven cycles tk are represented by three-tori corresponding to Γ-invariant 2-forms on T7;
b) twelve families of products of CP1 and independent 1-cycles in singular tori: λδi j.
Here δ ∈ {α, β, γ}, i = 1, 2, 3, 4, j = 1, 2, 3, k ∈ {α, β, γ, 1, 2, 3, 4}.
For such generators, by using explicit geometrical constructions, we derive

Theorem 2.1 ([37]). The rational homology groups H∗(M7
Γ
;Q) have the following generators of dimension≤ dim M7

Γ
:

dim = 2 : cδi; dim = 3 : cδi j, tδ, ti; dim = 4 : c′δi j, t′δ, t′i ; dim = 5 : c′δi,

where δ ∈ {α, β, γ}, i = 1, . . . , 4, j = 1, 2, 3. Nontrivial intersections are as follows:

cδi ∩ c′δi = −2, cδi j ∩ c′δi j = −2, tδ ∩ t′δ = 8, ti ∩ t′i = 8, c′δi ∩ c′δi = −2tδ.

To compute the cup product in rational cohomology it needs only to consider the Poincare duals of
cycles and replace cap products by cup products. For instance, the only nontrivial relations

c′δi ∩ c′δi = −2tδ,

which do not reflect the Poincare duality between cocycles, are rewritten as

Dc′δi ∪Dc′δi = −2Dtδ.

The method proposed in [37] can be straightforwardly applied to all examples of G2 manifolds obtained
in [19]. Although other actions of groups G on T7 look more complicated we still can do that however the
calculations may become more bulky. For instance, for another action of a certain group G on T7 which is
quite different from Γ the intersection product was calculated in [11].
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2.3. The formality of M7
Γ

In [9] it was proved that
a minimal algebraM is formal if and only if in every subspaceMi, formed by homogeneous elements

of degree i, there is a complement Ni to a subspace Ci formed by closed elements, i.e., c ∈ Ci if and only if
dc = 0:

M
i = Ci

⊕Ni,

such that every closed form from the ideal I(⊕iNi) is exact.
Later it was showed that, given the dimension of a manifold, this condition can be weakened by using

the notion of s-formality introduced in [12].
We say that a minimal model (M, d) is an s-formal minimal model if for every i ≤ s the subspace Mi

spanned by the i-dimensional generators ofM decomposes into a direct sumMi = Ci
⊕Ni such that

a) d(Ci) = 0;
b) the differential map d : Ni

→M is injective;
c) any closed element in the ideal I(⊕i≤sNi) = N≤s

· (
∧
M
≤s) is exact in

∧
M.

Fernández and Muñoz proved that an oriented closed manifold of dimension 2n or 2n − 1 is formal if
and only if it is (n − 1)-formal [12].

This implies, for instance, theorem by Miller that (k−1)-connected manifolds of dimension ≤ (4k−2) are
formal (we already mention its particular case for k = 2: simply-connected closed manifold of dimension
not greater than six are formal) [31].

In [2] this theorem was used for an explicit construction of a 3-formal minimal model for M7
Γ

for proving

Theorem 2.2 ([2]). M7
Γ

is formal.

The idea of the proof is as follows. Since a space is formal over Q if and only if it is formal over R it
was used the commutative differential graded algebra of differential forms on M7

Γ
together with the exterior

derivative d. For this algebra it was constructed a 3-formal minimal model using explicit construction of
differential forms which are generators of this model up to dimension three. This construction uses the
explicit analytical description of the resolution of singularities of M7/Γ.

We think that this approach can be applied case by case to other examples of G2 and Spin(7)-manifolds
constructed by Joyce in [19, 20]. It was considered only for the simplest example however this case reflects
all the main difficulties, for proving formality, which the approach from [2] can resolve.

We remark that another way to prove the formality of simply-connected 7-dimensional manifolds was
proposed in [7] where the “Bianchi–Massey” tensor was introduced and it was proved that its vanishing
implies the formality of a manifold. The arguments from [2] can be transcribed to showing that this tensor
product vanishes for M7

Γ
.

3. Intersection Massey products

Higher Massey products were introduced in [29] where Massey started with a definition of the triple
product given by him before and demonstrated how to extend it to the quadruple product. That was done
in §2 named by “Provisional definition of some higher order operations” where Massey mentioned that
the extension of the definition from quadruple products to higher ones “leads to formulas of increasing
complexity which are not easy to handle”. In the rest of the article he discussed another approach to defining
higher products. However the original approach was realized by Kraines [28]. In [4] it was showed how
a general definition can be easily presented by solutions of the “Maurer–Cartan” type equation. Let us
expose how that is done.

Let
A =

∑
k≥0

A
k

be a differential graded algebra over some filed k. Let us define a conjugation which is on homogeneous
elements is as follows

a→ ā = (−1)pa
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and is linearly extended onto the whole algebra. The Leibniz rule is written as

d(x ∧ y) = dx ∧ y + x̄ ∧ dy.

We denote by d : A→A the differential, i.e. a homomorphism such that

d(Ak) ⊂ Ak+1 and d2 = 0

and it satisfies the Leibniz rule
d(x ∧ y) = dx ∧ y + x̄ ∧ dy.

Since d2 = 0, there is defined the cohomology ring of this algebra

Hk(A) = Ker (d : Ak
→A

k+1)/Im (d : Ak−1
→A

k).

To every element a ∈ Ker d we naturally correspond the cohomology class [a] which represents it.
The n-th Massey product ⟨[a1], . . . , [an]⟩ is defined by the set of all solutions of the “Maurer–Cartan

equation” of the form
dA − Ā ∧ A = B,

where is A is the (n + 1) × (n + 1)-matrix with zeros below and on the diagonal, elements fromA, and such
such that

[Ak,k+1] = [ak],

the conjugation is entry-by-entry extended onto matrices , and B is the matrix the only non-zero element
is Bn+1,n+1. The Massey product ⟨[a1], . . . , [an]⟩ consists of the cohomology classes [Bn+1,n+1] taken for all
solutions of this equation.

When this definition was derived from [28] we were told that it was written down somewhere by May
and the reference was given to his most known paper on Massey product. It appeared that that was wrong
and this “Maurer–Cartan” type definition was first presented in [4].

The existence of nontrivial Massey products implies the non-formality of a space. That’s can be demon-
strated by using the criterion of formality given in [9] (see §2.3). The converse is not true, for formality it
needs a “uniform” vanishing of Massey products.

Indeed, by this criterion we have to choose complements Ni to Ci such that all closed elements in the ideal
I(⊕Ni) are exact. Let consider, for simplicity, only triple products. Let x ∈ Hk(M), y ∈ Hl(M), z ∈ Hm(M)
and their triple Massey product is defined if the equalities x ∧ y = du and y ∧ z = dv hold. The elements
u, v ∈ M are not unique and are defined modulo closed elements. The elements

x ∧ v + (−1)k+1u ∧ z

taken for all choices of u and v form the set ⟨x, y, z⟩, the triple Massey product. When we fix u and v meeting
these conditions we choose the elements in Ni and, if the closed elements in the ideal I(⊕Ni) are exact, then
[x ∧ v + (−1)k+1u ∧ z] = 0 ∈ Hk+l+m−1(M).

As it is mentioned in [9], by choosing the complements Ni, we construct the homomorphism

(M, d)→ (H∗(M, 0)

which induces the isomorphism of cohomology and therefore establishes the formality ofM.
By analogy with the intersection ring, let us define the intersection Massey products. Therewith cocycles

representing cohomology classes are replaced by immersed manifolds which represent dual homology
classes. For simplicity we discuss only triple products but higher order products can be defined in the same
way.

Let x, y, z ∈ H∗(M; Q) such that their triple Massey product is defined. That means that x∪ y = y∪ z = 0.
Let us denote by [x, y, z] ⊂ H∗(M; Q) the intersection Massey product of Dx,Dy, and Dz. It consists of

homology classes realized by submanifolds as follows.



I.A. Taimanov / Filomat 37:25 (2023), 8709–8718 8717

Let the homology classes Dx,Dy, and Dz are Poincare dual to x, y, and z. Take all triples of immersed
submanifolds X,Y, and Z such that

1) X,Y, and Z realize Dx,Dy, and Dz;
2) their intersections are transversal and hence X ∩ Y,X ∩ Z,Y ∩ Z, and X ∩ Y ∩ Z are submanifolds.
Let X ∩ Y = ∂U and Y ∩ Z = ∂V where U and V are immersed submanifolds with boundaries. Now we

construct an immersed submanifold S as

S = (U ∩ Z) ∪ (±)(X ∩ V)

where we choose the sign from ± to obtain an immersed oriented submanifold. The two components of S
are glued along their intersection which is X ∩ Y ∩ Z.

We put [x, y, z] to be a set consisting of all cycles realized by such submanifolds S with different choices
of X,Y,Z,U, and V. Evidently we have that

D[x, y, z] ⊂ ⟨x, y, z⟩,

and if for some choice of X,Y and Z the intersections X ∩ Y and Y ∩ Z are empty, then

0 ∈ ⟨x, y, z⟩.

We guess that
D[x, y, z] = ⟨x, y, z⟩ and the higher Massey products are calculated similarly via the intersection product

in rational homology.
The analogue of the choice of Ni has to be the choice of manifolds U and V such that X ∩ Y = ∂U and

Y∩Z = ∂V. However for the Joyce’s examples if the intersection product of two homology cycles vanishes
then these cycles are represented by submanifolds which do not intersect (see, for instance, the base for the
homology of M7

Γ
presented in §2.3). In this case U and V are empty as well as a submanifold S.

We think that elaborating this analogy one can prove the formality of Joyce’s examples by using the
intersection product in homology. We briefly mention this approach at our talk at “Workshop on torus
actions in topology (Fields institute, Toronto, May 2020).

4. Final remarks

After our talk in ICTP (Trieste) in 1999 on the results from [3, 4] K. Fukaya asked us the question
do there exist nontrivial Massey products in quantum cohomology?
The definition of such products was sketched in [14] and all technical details of it were presented in

[15]. It looks that a positive answer to the Fukaya problem can be extracted from the results of [10] on the
non-formality of the quantum cohomology of certain toric Fano manifolds.

Until recently all known examples of simply-connected closed Ricci-flat manifolds are given by mani-
folds with special holonomy. However we can expect that Ricci-flat manifolds by themselves have many
interesting properties and even ask the question

are simply-connected closed Ricci-flat manifolds formal?
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