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Basic classes of timelike general rotational surfaces in the
four-dimensional Minkowski space

Victoria Bencheva?, Velichka Milousheva?

Institute of Mathematics and Informatics, Bulgarian Academy of Sciences, Acad. G. Bonchev Str. bl. 8, 1113, Sofia, Bulgaria

Abstract. In the present paper, we consider timelike general rotational surfaces in the Minkowski 4-
space which are analogous to the general rotational surfaces in the Euclidean 4-space introduced by C.
Moore. We study two types of such surfaces (with timelike and spacelike meridian curve, respectively)
and describe analytically some of their basic geometric classes: flat timelike general rotational surfaces,
timelike general rotational surfaces with flat normal connection, and timelike general rotational surfaces
with non-zero constant mean curvature. We give explicitly all minimal timelike general rotational surfaces
and all timelike general rotational surfaces with parallel normalized mean curvature vector field.

1. Introduction

Rotational surfaces are basic sources of examples of many geometric classes of surfaces both in Euclidean
and pseudo-Euclidean spaces. In [17], C. Moore introduced a class of surfaces in the four-dimensional
Euclidean space R* which generalized the rotational surfaces and described a special case of such surfaces
with constant Gauss curvature [18].

The analogue of these surfaces in the Minkowski 4-space was considered by G. Ganchev and the second
author in [9], where spacelike general rotational surfaces in R} with plane meridian curves and special
invariants were studied. The flat general rotational surfaces and the general rotational surfaces with flat
normal connection were described analytically and the minimal general rotational surfaces and the general
rotational surfaces consisting of parabolic points were completely classified. Spacelike general rotational
surfaces in R} with plane meridian curves and having pointwise 1-type Gauss map were studied by U.
Dursun in [6].

Analogously to the general rotational surfaces in the Euclidean 4-space and in the Minkowski 4-space,
in [1], Y. Aleksieva, N.-C. Turgay and the second author defined general rotational surfaces of elliptic
and hyperbolic type in the pseudo-Euclidean 4-space with neutral metric IR}. Especially, Lorentz general
rotational surfaces with plane meridian curves were considered and the complete classification of some
special geometric classes was given: minimal general rotational surfaces of elliptic and hyperbolic type,
general rotational surfaces with parallel normalized mean curvature vector field, flat general rotational
surfaces, and general rotational surfaces with flat normal connection.
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In the present paper, we consider two types of timelike general rotational surfaces in the Minkowski
4-space R} with meridian curves lying in 2-dimensional planes and describe analytically some of their basic
geometric classes. In Theorem 4.1 we describe all flat timelike general rotational surfaces of first and second
type. In Theorem 5.1 we describe the timelike general rotational surfaces with flat normal connection. The
minimal general rotational surfaces of first and second type are explicitly determined in Theorem 6.1. In
Theorem 7.1 we classify the timelike general rotational surfaces with non-zero constant mean curvature.
In the last section, we give explicitly all timelike general rotational surfaces with parallel normalized mean
curvature vector field.

2. Preliminaries

Let ]R‘% be the four-dimensional Minkowski space endowed with the metric (, ) of signature (3,1) and
Oeyese3e4 be a fixed orthonormal coordinate system, i.e. ¢2 = €5 = ¢3 = 1, ¢2 = -1, giving the orientation of
R{. The standard flat metric is given in local coordinates by dx? + dx3 + dx3 — dx3.

A surface M? : z = z(u,v), (1,0) € D (D c R?) in R} is said to be spacelike if (,) induces a Riemannian
metric g on M?. A surface M? is said to be timelike if the induced metric g on M? is a metric with index 1.
So, at each point p of a spacelike (resp. timelike) surface M? we have the following decomposition:

4 _ 2 2
R} = T,M? & N,M

with the property that the restriction of the metric ¢, ) onto the tangent space TPM2 is of signature (2, 0) (resp.

(1,1)), and the restriction of the metric (, ) onto the normal space NPM2 is of signature (1, 1) (resp. (2,0)).
Denote by V and V the Levi Civita connections on R} and M?, respectively. If x and y are vector fields

tangent to M? and & is a normal vector field, then we have the following formulas of Gauss and Weingarten:

Fﬁxy =V.y+o(x,y);
Vi = —Agx + Dy,

which define the second fundamental tensor o, the normal connection D and the shape operator A: with
respect to &.

1
The mean curvature vector field H of M? is defined as H = 3 tro. A normal vector field & on a surface M?

is called parallel in the normal bundle (or simply parallel) if D& = 0 [4]. The surface M? is said to have parallel
mean curvature vector field if its mean curvature vector H is parallel, i.e. DH = 0. The class of surfaces with
parallel mean curvature vector field is naturally extended to the class of surfaces with parallel normalized
mean curvature vector field as follows: a surface is said to have parallel normalized mean curvature vector
field if H is non-zero and there exists a unit vector field in the direction of H which is parallel in the normal
bundle [3].

Let M? : z = z(u,v), (u,0) € D (D C R?) be a local parametrization on a timelike surface in R}. The
tangent space T,M? at an arbitrary point p = z(u,v) of M? is spanned by z, and z,. We use the standard
denotations E(u, v) = (z,,z,), F(u,v) = {z,,z,), G(u,v) = {z,,z,) for the coefficients of the first fundamental
form. Since M? is timelike, without loss of generality we assume that (z,,z,) < 0, (zo,2z,) > 0. Hence,

E(u,v) <0, G(u,v) > 0 and we set W = V—EG + F2. We choose an orthonormal frame field {n,7,} of the
normal bundle, i.e. (n1,n1) =1, (np, n2) = 1, (n1, nz) = 0. Then we have the following derivative formulas:

v _ _ 1 2 1 2 .

Vazu = zuy = =15 zu + T 2o + €7y 11 + €7, 125

V. 2o = Zup = =T}, 2, + T2, z, + ¢} ny + 2, np; 1
Z v uv 12 u 12 v 12 1 12 27 ()

— — 1
2,20 = Zpy = -T

2 1 2 .
2 Zu t+ rzz Zy + €y M1 + €5, M2;
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where Fifj are the Christoffel’s symbols and the functions ci.‘]., i,j,k=1,2 are given by

oy = (Zuu, m); Clp = (Zuo, m); 3y = (Zoo, 11);

C%l = (Zyu, M2); C%z = (Zyo, N2); C%Z = (Zyp, N2).

It is obvious, that M? lies in a two-dimensional plane if and only if it is totally geodesic, i.e. cj; = 0 for
all i, j, k = 1,2. Further, we assume that at least one of the coefficients cf.‘]. is not zero.

Let us consider the following determinants:
11
1 ‘2

2 2
1 ‘n

1
11

2
11

1
22

2
22

1
12

2
12

1
22

2
22

C C C C C

A = , A= , Ag=

C C C C C

At a given point p € M?, the first normal space of M? in E{, denoted by Im oy, is the subspace given by
Imo, = span{o(x,y) : x,y € T,M?}.

It is obvious, that the condition A; = A, = Az = 0 characterizes points at which the first normal space
Im ¢, is one-dimensional. Such points are called flat (or inflection) points of the surface [12, 13]. E. Lane [12]
has shown that every point of a surface in a 4-dimensional affine space A* is an inflection point if and only
if the surface is developable or lies in a 3-dimensional space. So, further we consider timelike surfaces free
of inflection points, i.e. we assume that (A, Ay, Az) # (0,0, 0).

Now, we shall consider a special class of surfaces in the Minkowski 4-space, which are called general
rotational surfaces.

General rotational surfaces in the Euclidean 4-space R* were introduced by F. N. Cole [5] and later
studied by C. Moore [17]. We present shortly the construction. Let ¢ : x(u) = (xl(u), x2(u), 3 (w), x4(u));
u € ] € R be a smooth curve in R*, and a, $ be real constants. A general rotation of the meridian curve c in
R* is defined by

X(u,v) = (Xl(u, v), X*(u,v), X°(u,v), X*(u, v)) ,

where
XY (u,v) = x1(u) cos av — x*(u) sin av; X3(u,v) = x3(u) cos fv — x*(u) sin fo;

X%(u,v) = x'(u) sin v + x*(u) cos av; X*(u,v) = x3(u) sin Bv + x*(u) cos o,

v € [0;2m). The constants a and § determine the rates of rotation. In the case f = 0, x*(u) = 0, the plane Oezey
is fixed and one gets the classical rotation about a fixed two-dimensional axis. In [18], C. Moore described
a special case of general rotational surfaces with constant Gauss curvature.

In [16], the second author considered a special case of such surfaces, given by

M :z(u,v) = (f(u) cos av, f(u) sinav, g(1) cos pv, g(u) sin fv), (2)

where u € ] C R, v € [0;2n), f(u) and g(u) are smooth functions, satisfying a2 f2(u) + g*g*(u) > 0, f'*(u) +
¢’ %(u) > 0, and a,  are positive constants. In the case a # f each parametric curve u = const is a curve in
R* with constant Frenet curvatures, and in the case & =  each parametric curve u = const is a circle. The
parametric curves v = const are plane curves called the meridians of M.

The surfaces defined by (2) are general rotational surfaces in the sense of C. Moore with plane meridian
curves. In [16], the second author found the invariants of these surfaces and completely classified the
minimal super-conformal general rotational surfaces in R*.

Similarly to the general rotations in R* one can consider general rotational surfaces in the Minkowski
4-space R}. Let ¢ : x(u) = (xl(u), x2(u), x3(u), x4(u)); u € ] € R be a smooth spacelike or timelike curve in R?,
and a, 8 be real constants. We consider the surface defined by

X(u,v) = (Xl(u, v), X2(u,v), X>(u,v), X*(u, v)) , 3)



V. Bencheva, V. Milousheva / Filomat 37:25 (2023), 8505-8519 8508

where
XY (u,v) = x'(u) cos av — x*(u) sin av; X3(u,v) = x3(u) cosh Bov + x*(u) sinh po;

(4)

X%(u,v) = x}(u) sin av + x*(u) cos av; X*(u,v) = x3(u) sinh Bv + x*(u) cosh fo.

In the case f = 0, x*(u) = 0 (or x!(1) = 0) one gets the standard rotational surface (with two-dimensional
axis) of elliptic type in IR{. A local classification of spacelike rotational surfaces of elliptic type, whose mean
curvature vector field is either vanishing or lightlike, was obtained in [11].

In the case @ = 0, x*(1) = 0 one gets the standard hyperbolic rotational surface of first type, and in the
case a = 0, x*(1) = 0 we get the standard hyperbolic rotational surface of second type. Spacelike rotational
surfaces of hyperbolic type with either vanishing or lightlike mean curvature vector field are classified
in [10]. In [14], the classification of timelike and spacelike hyperbolic rotational surfaces with non-zero
constant mean curvature in the three-dimensional de Sitter space §° is given. Spacelike and timelike
Weingarten rotational surfaces in §? are studied in [15]. The class of Chen spacelike rotational surfaces of
hyperbolic or elliptic type in R is described in [7]. Timelike rotational surfaces with two-dimensional axis
of hyperbolic, elliptic, and parabolic type in R} were studied in [2], where such surfaces with pointwise
1-type Gauss map of first and second kind were considered.

In the case a > 0 and B > 0 the surfaces defined by (3) and (4) are analogous to the general rotational
surfaces of C. Moore in R*. In [8] and [9], G. Ganchev and the second author considered spacelike general
rotational surfaces with plane meridian curves in R} and described analytically some basic geometric classes
of these surfaces.

In the present paper, we study timelike general rotational surfaces in the Minkowski space R} with
plane meridian curves and describe analytically some of their basic geometric classes, namely: flat surfaces,
surfaces with flat normal connection, minimal surfaces, surfaces with non-zero constant mean curvature,
and surfaces with parallel normalized mean curvature vector field.

3. Timelike general rotational surfaces with plane meridian curves
We consider a surface M; in R} parametrized by
M = z(u,v) = (f(u) cos av, f(u) sin av, g(u) sinh fv, g(u) cosh o), (5)
where u € ] C R, v € [0;27), f(u) and g(u) are smooth functions, satisfying the conditions
f2u)— g *(u) <0, a*f*(u)+p*g*(u) >0,

and a, f are positive constants. This is a general rotational surface with plane meridian curves, defined by
(3) and (4) in the case x»(u) = 0 and x3(u) = 0. The meridian curve ¢ : x(u) = (f(1),0,0,9(u)); u € ] c Ris
timelike.

The coefficients of the first fundamental form of M; are

E=f20=g W F=0 G=af)+fw.

M is a timelike surface in R}, since E < 0, G > 0. We call it a general rotational surface of first type.

We consider the tangent frame field {x, y} defined by:

Zu ) _ Zp
Ve Ny ©

Obviously, (x,x) = =1; (y, y) = 1; {x, y) = 0. Let us consider the following normal frame field of M;:

1
n=————— sin av, —Bg cos av, a f cosh B, a f sinh Bv);
e (Bg pg f coshpu, af sinh pv)
1 )
ny = ———— (¢’ cosav, g’ sinawv, f’ sinh fv, f’ cosh pv).

g/2_f/
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It can easily be seen that (n1,n1) = (np,n2) = 1;{n1,ny) = 0. Hence, {x, y,n1, 12} is an orthonormal moving
frame field of the surface M;.
By direct computation we obtain the second partial derivatives of z(u, v):

Zuy = (f” (u) cos av, f(u) sin v, g’ (u) sinh pv, g’ (u) cosh pv) ;
Zyp = (—af’(u) sinav, af’(u) cos av, Bg’ (u) cosh pv, Bg’ (1) sinh fv) ; (8)
Zyp = (—a2 f(u) cos aw, —a? f(u) sin aw, B2 g(u) sinh o, g (1) cosh ,87)) .

Formulas (7) and (8) imply that the functions Ci,‘j, i, j,k =1,2 are expressed as follows:

. oB(fg - f'9)

cl =0; ol = ——=——" cl, =0;
1 12 2 1 B 22

1" At 2 ! 4 2 £1 (9)
R i 2 =0, cgzz_afg p°f'g

gIZ_f/Z )

11 ; —
/g 7_f2
Taking into consideration (6) and (9), we obtain that the second fundamental tensor ¢ is expressed by:

i S N s/ B
(72— f2)3 VIZT=F 2022 + B2g?) ’ ’ VI ZT= 222 + Bg?) ’

Using the last formulas, we obtain the Gauss curvature K and the mean curvature vector field H of M;
expressed by the functions f(u), g(1) and their derivatives:

‘- (fug/ _f/g//)(a2fg/ +ﬁ2frg) (0(2f2 +ﬁ292)+a2ﬁ2 (fg/ _f/g)z (gr2 _f/2).

o(x,x) = ny;  o(x,y) =

(2 = f2O2(a2f2 + B2g2)? (10)
(F'g” - f9) (@ F + B3 — (P fg + Bf9) (g2 - f2) -
= 1.
2212 + Bg?) g2 - f12) 2
In a similar way, we consider the surface M, in R} parametrized by
My z(u,v) = (f(u) cos av, f(u) sin av, g(u) cosh v, g(u) sinh fv), (12)

where u € ], v € [0;2m), f(u) and g(u) are smooth functions, satisfying the inequalities

A fu) - P29 (u) <0, f2w)+g *u)>0,

and a, are positive constants. The surface, defined by (12), is a general rotational surface for which
x2(u) = 0 and x4(1) = 0. In this case, the meridian curve ¢ : x(u) = (f(u),0, g(u),0); u € ] € R is spacelike.
The coefficients of the first fundamental form of M, are

E=f2u)+g%u); F=0; G=d*f(u)-pq* ).

M, is a timelike surface in R}, since E > 0, G < 0. We call it a general rotational surface of second type.
We consider the tangent frame field {x, y} defined by:

= I 1
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Obviously, in this case, (x, x) = 1; (y, y) = —1; (x, y) = 0. We choose the following normal frame field of M,:

ny = ; (¢’ cosav, g’ sinaw, — f’ cosh fv, — f” sinh pv);
f; 2 + gl 2
1 | n ) (14)
Ny = W (—Bg sinav, Bg cos av, af sinh v, af cosh pv),

which satisfies (111, n1) = (np, 1) = 1;{(n1,ny) = 0.
As in the previous case, by calculating the second partial derivatives of z(u,v) and the functions ci,‘j,
i, j,k =1,2, we obtain the second fundamental tensor ¢, which in this case is expressed by:

(P v !y ’ 2 ’ 2 £
fg fgénl; o, y) = ap(f'g - f9) ny oly,y) = a*fg +Bf'g
(f/2+gl2)2 f12+g/2(ﬁ2g2_a2f2) (f12+g/2) ﬁZgZ_O(ZfZ

By use of these formulas we obtain that the Gauss curvature K and the mean curvature vector field H of
M, are expressed by the functions f(u), g(1) and their derivatives, as follows:

‘o P (Fg-fgV (F 2+~ (f'q - £ ) P2 - B2 (P fg +B*f'9)

- (f2+g 222 f2 - p2g2)

(g~ S @ -FP) + (@ fg + B 0) 2497
2(a2f2 — B2g2)( W)s

In the following sections we shall describe some basic classes of timelike general rotational surfaces of
first and second type, like flat surfaces, surfaces with flat normal connection, minimal surfaces, surfaces of
constant mean curvature.

o(x,x) =

; (15)

1. (16)

4. Flat timelike general rotational surfaces

Let M; and M, be timelike general rotational surfaces of first and second type, defined by (5) and (12),
respectively. A surface is called flat if the Gauss curvature K is zero. In the next statement, we describe
analytically all flat timelike general rotational surfaces of first and second type.

Theorem 4.1. (i) The timelike general rotational surface of first type is flat if and only if, up to parametrization,
the meridian curve is determined by ¢ : x(u) = (f(u),0,0, 1), where f(u) is a solution to the following differential
equation:

@P+f): 202 (f — uf')?
=7l = @+ puf) @ + )

(ii) The timelike general rotational surface of second type is flat if and only if, up to parametrization, the meridian
curve is determined by ¢ : x(u) = (f(u),0,u,0), where f(u) is a solution to the following differential equation:

222 (uf - f)’
(@2f2 = Bu) (a2 f + BPuf’)’

Proof. (i) Let M; be a timelike general rotational surface of first type, defined by (5). Using formula (10)
for the Gauss curvature of M;, we obtain that K = 0 if and only if the functions f(u) and g(u) satisfy the
equality

CE(fg ~F O’ (f2 =92 = ("9 = f9)(&fg +BF9)@f + B (19)

(17)

(arctan f) =

(18)
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Without loss of generality we may assume that the meridian curve is parametrized by f = f(u); g = u.
Then, equation (19) takes the form

fr e -uf)
=77~ @f+Puf) @F + )

which is equivalent to (17).

(ii) Analogously, if M, is a timelike general rotational surface of second type, defined by (12), then it
follows from (15) that K = 0 if and only if f(u) and g(u) satisfy

PE(fg—fg) (fP+g D) = (f'g - F 9N =B (@ fg +Bfg). (20)

Again we assume that the meridian curve is parametrized by f = f(u); g = u. Then, equation (20) takes the
following form

o @B (uf’ = f)?
1 +f’2 - (azfz _ ‘32”2) (azzf +‘82uf’)/

which is equivalent to (18). O

5. Timelike general rotational surfaces with flat normal connection

A surface is said to have flat normal connection if the curvature of the normal connection is zero. The
<RD(x/ Y, nl)/ n2>
(x, x)y, y) = oy

curvature tensor associated with the normal connection D, i.e. RP(x, y,n1) = DyDyny — DyDyny — Dy 1.

curvature of the normal connection x is expressed by the formula » = where RP is the

Now, let M; be a timelike general rotational surface of first type, defined by (5). Then, using formula
(7) for the normal frame field of M;, by direct computations we obtain that:

ap(gg’ — ff') ap(gg’ - ff')

(Vany, np) = (Ving,n1) = 0;  (Vyny,mp) = Ny T ﬁZgZ); (Vyng,ny) = — TR 5292)'
Hence, for the normal connection D of M; we have the formulas:

D.ny =0; D.n, =0;

Dy = aplgg’ = ff) . Dyma= aplgg’ = ff) . (1)

T ) NP )

Since the Levi-Civita connection V is flat, the commutator [x, y] can be calculated by the formula [x, y] =

= = 1
V.y — V,x. Having in mind thatx = —7z,; y = — z,,, we get
Y= & 72— f2 Y [a2f2 + p22 8
ff Py
W(azfz + B2g?)
Now, taking into consideration formulas (21) and (22), by long but direct computations we obtain that the
curvature of the normal connection x of M; is expressed by the following formula:

[x, y] = (22)

~ Q,B(fg' _f/g) ((f/z _ g/ 2)(a2fg/ +‘82f/g) + (fug/ _f/g//)(a2f2 +ﬁ2g2))
n= (f' 2 _ g 2)2(a2f2 + ﬁng)z

. (23)
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In a similar way, we calculate the curvature of the normal connection of the timelike general rotational
surface of second type M,. The normal frame field of M, is determined by (14) and by direct computations
we get the following formulas for the normal connection D:

Dxﬂl = 0,‘ Dxnz = O,‘
ap(ff" +g99) i Dy = — ap(ff" +99) " (24)
N N A

Using (24) we obtain that the curvature of the normal connection of M is expressed by the formula:

_ aﬁ(fg/ _f/g) ((f/Z +g/ 2)(a2fgl +ﬁ2f'!7) + (f//g/ _f/g//)(a2f2 _ﬁZgZ))
n= (F 2+ 0 222 f2 - PP

Dynl =

. (25)

In the next theorem, we describe analytically all timelike general rotational surfaces of first and second
type with flat normal connection.

Theorem 5.1. (i) The timelike general rotational surface of first type has flat normal connection if and only if, up
to parametrization, the meridian curve is determined by ¢ : x(u) = (f(u),0,0,u), where f(u) is a solution to the
following differential equation:

T+ £\ 20*f +Buf’)
(mh_f)_ . (26)

Q2f2 + P2

(ii) The timelike general rotational surface of second type has flat normal connection if and only if, up to parametriza-
tion, the meridian curve is determined by ¢ : x(u) = (f(1), 0, u,0), where f(u) is a solution to the following differential
equation:

aZf + ﬁzuf/

(arctan f')" = i

(27)

Proof. (i) Let M, be a timelike general rotational surface of first type, defined by (5). Using formula (23), we
obtain that the curvature of the normal connection is zero if and only if the functions f(u) and g(u) satisfy
the equality

f//g/_g/f// _ ang/ +/32f/!]
72— f2 2f+ B
Without loss of generality we may assume that the meridian curve is parametrized by f = f(u); g = u.

Then, equation (28) takes the form
f// B Oézf +ﬁ2uf/

1_f,2 - a2f2 +52u2’

(28)

which is equivalent to (26).

(ii) Analogously, if M, is a timelike general rotational surface of second type, defined by (12), then it
follows from (25) that % = 0 if and only if f(u) and g(u) satisfy

fng/ _f/gn _ ang/ +ﬁ2flg
f/2+g/2 ﬁzgz_azfz ’
Again we assume that the meridian curve is parametrized by f = f(u); g = u. Then, equation (29) takes the
form
f// _ Csz +ﬁ2uf/
1 +f/2 - ‘gzuz _a2f2’

(29)

which is equivalent to (27). O
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6. Minimal timelike general rotational surfaces

In this section we shall find all minimal timelike general rotational surfaces of first and second type.
Recall that a surface is minimal if and only if the normal mean curvature vector field H vanishes. Let M,
be a timelike general rotational surface of first type, defined by (5). Using the expression (11) for the mean
curvature vector field H, we get that the timelike general rotational surface of first type is minimal if and
only if the functions f(u) and g(u) satisfy the following equality:

f//g/ _ f/gu _ _(a2fg/ + ﬁng/)
g% — 2 224 R
Similarly, the general rotational surface of second type M,, defined by (12), is minimal if and only if
g -F9_@fg +Faf)
f/2 + g;z a2f2 — ﬁzgz ’

In the following theorem, we describe explicitly the class of minimal timelike general rotational surfaces
of first and second type.

(30)

Theorem 6.1. (i) The timelike general rotational surface of first type is minimal if and only if, up to parametrization,
the meridian curve is determined by ¢ : x(u) = (f(u),0,0,u), where f(u) is given by the formula

Bu + A + B2u?

(ii) The timelike general rotational surface of second type is minimal if and only if, up to parametrization, the meridian
curve is determined by ¢ : x(u) = (f(u),0,u,0), where f(u) is given by the formula

Bu + /BPu? —A‘ + C); A = const, C = const, ¢ = +1. (32)

Proof. (i) Let M, be a timelike general rotational surface of first type, defined by (5). Using (6) and (8), we
obtain the following Frenet-type derivative formulas with respect to the frame field {x, y, 11, 12}, defined by
(6) and (7):

f= g sin (5% In + C); A = const, C = const, € = £1. (31)

f= g sin(s% In

Vx =viny; FV'lel =-uy;

Adey = uny; gxnz =X
Adex:—)/y+‘un1; AV#ynlzyx+(pn2;
AV#yy: =YX+ Vvyny; AViynz =-Vny—-pm,

where y, u, v1, v, @ are smooth functions expressed in terms of f(u) and g(u) as follows:

S a’ff + P99 o U9
Vo7 = PR + ) VIZ = PR + )
o f//g/_f/g// ' vy - a2fg/+‘32gf/

Gl =T+ ) &
aplgg’ - ff)

N TRy
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Using that the connection V of RR? is flat, from R(x, y,x) = 0and R(x, ¥, y) = 0 we obtain that the functions
Y, 4, V1, v, @ satisfy the following equalities:

X(u) =2uy —vig; X)) =y +v) +pg;  x(y) =viva— it + (34)

In the case M; is a minimal surface, the functions v; and v, satisfy the relation v; = v, which is
equivalent to (30). In this case, from equalities (34) we get

x(u) =2uy —vig;  x(v1) =2pvi + e,

1 —
which implies that y = 1 x(ln(y2 +v7 ) On the other hand, y = —(V,x,y) and having in mind (6) and
G = (zy, 2v), we calculate that y = —x (ln \/@) Hence, we obtain the equation

}Ix(ln(yz +}) +x(In VG) =0,
which implies
X (GZ([J2 + v%)) =0.

Now, using that the functions y, v1, and G depend only on the parameter u, we obtain G*(u* + v2) = ¢* for
some real constant c. Having in mind that G = a? f> + 8?¢* and the functions p and v; are expressed in terms
of f and g as given in (33), we obtain the equality

2p(fg —gf P+ (@ fg +Baf ),
g2 - f7 -

which implies
g+ PR 2
g2 — 72 a2+ p
Without loss of generality we may assume that g — f"2 = 1, i.e. the meridian curve c is parametrized by
the arc-length. So, we get

2

202 2 2 202 _
(ng +ﬁgf _052+‘32' (35)
Denote A = _c Now, using that g2 = 1 + f’?, from (35) we get
- a2+ﬁ2' 4 g g = 4 g
A—g2f? A+ B2
pro Azl o . AV (36)

Y g Y
Note that the constant A satisfies A > a? f2. Equalities (36) imply that
(A+B0)f? = (A-a’f)g?,
which is equivalent to
fl =& gl E =
VA-a2f2  \JA+pg

Thus, integrating the last equality, we obtain:

+1.
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and calculating these integrals, we get
. af a '
arcsin — = ¢—In|Bg + JA + *4?
VA P
Now, setting g = u, we obtain that the function f satisfies:
af a
arcsin —— = e—1In|fu + /A + p2u?
N7 I R

Consequently, in the case of a minimal timelike general rotational surface of first type, the meridian
curve c is given by formula (31).

+C, C =const.

+C, C =const.

(ii) In a similar way, for the timelike general rotational surface of second type we obtain the following
Frenet-type derivative formulas with respect to the frame field {x, y, 1, 1>}, defined by (13) and (14):

<

Vix =vim; M= VY

Vo = pm; Vany = py;
FVVyxz)/yﬁunz; FVVynlzvzy+(pn2;
FVyyyz)/x+vzn1; FVvynzz—yx—qonl,

where y, u, v1, v2, @ are smooth functions expressed in terms of f(u) and g(u) as follows:

- ff B9 0l ) O
VI + g @ f - ) VI + g @ f - )
by = f//g/ _frgu . vy = O(ng/ +ﬁzgf/ .
NP7+ V- ) )
aplgg’ +ff)

N N )

Again, using that the connection V of R? is flat, from R(x, y,x)=0and R(x, ¥, ) = 0 we obtain the following
equalities in the case of a minimal surface:

x(u) =vip —2uy;  x(v1) = -2yvi — ug,
which imply y = _41_1 x(ln(y2 +v2 ) On the other hand, it can easily be calculated that y = x (ln «/I)
Hence, we get 411 x (ln(/,z2 + v%)) +x (ln \/I) = 0, which implies
X (Gz(y2 + v%)) =0.
Since , v1, and G are functions depending only on u, we obtain G*(u® + v}) = ¢?, where c is a constant.

In the case of a timelike general rotational surface of second type we have G = a2 f* — 24?, and using the
expressions of i and v; given in (37), we obtain:

CE(f9-f9 + @fg +Baf P _ 5
(f2+97) -
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which is equivalent to
22297 + B f _ 2
(ffz + gIZ) a2+ ‘52 :
Without loss of generality we assume that f> + g’ = 1, i.e. the meridian curve is parametrized by the
arc-length. So, we get

C2

a?+ g

g%+ PP =
2
Denote A = 012—4-/32' Using that g2 = 1 — f'?, we obtain
A-a2f? L, Pr-A
The constant A satisfies a? f> < A < %g%. It follows from (38) that

BF - A)f*=(A-a*fA)g?,

f/2 — (38)

which is equivalent to
fl . gl
[A—a?f? /ﬁzgz—A’

Integrating the last equality, we obtain:

e =

and calculating the integrals, we get

arcsin 3—?4 = e% In 'ﬁg + PP - A

Consequently, after setting g = u, we obtain that in the case of a minimal timelike general rotational surface
of second type, the meridian curve is given by formula (32). O

+C, C =const.

7. Timelike general rotational surfaces with constant mean curvature

In this section we shall classify the timelike general rotational surfaces with non-zero constant mean
curvature, i.e. (H, H) = const # 0. The mean curvature vector field H of a timelike general rotational surface
of first type is expressed by formula (11). Hence,

2
((F9” = £"9) @ + ) + (g + FF'9) (f2 = 9'%)
4(a2f2 + 5292)2(!]; 2 _ f’ 2)3 :
So, (H, H) = const if and only if the following equality is satisfied:
(7 r 1 2 2
f'9 —fg" @ fg+Bgf c0. (39)

(Vg% = )3 (@2f2 + B2g?)( \/ﬁ)

Assume that the meridian curve is parametrized by f = f(u); g = u. Then, equality (39) takes the form

T a’f + pruf’

V=79 @P i

(H,H) =




V. Bencheva, V. Milousheva / Filomat 37:25 (2023), 8505-8519 8517

2 2 + 2., £

which is equivalent to

or equivalently

1+ 7 4 2 + 21/1 ’
o) =25 e w

Similarly, the mean curvature vector field of a timelike general rotational surface of second type is
expressed by (16). Hence, (H, H) = const if and only if

f//g/ _f/g// _ (a2fg/ +‘Bzgf/)

+c,
NfZ+g? (@ -pP)f7+g?)

Assume that the meridian curve is parametrized by f = f(u); g = u. Then, the above equation takes the

form ) )
f” a’f +puf’ [
1+f2 - af g " L+ /%

c+0.

which is equivalent to

(arctanf’) = % +c4/1+ 2 (41)

Equations (40) and (41) describe analytically the class of timelike general rotational surfaces of first and
second type with constant mean curvature.
Finally, we proved the following result.

Theorem 7.1. (i) The timelike general rotational surface of first type has non-zero constant mean curvature if and
only if, up to parametrization, the meridian curve is determined by ¢ : x(u) = (f(u),0,0, 1), where f(u) is a solution
to the following differential equation:

1+ £\ a2 f + Bruf’ -
(In‘ ):—2a2f2+ﬁzu2+2c,/1—f2, c#0.

1—f

(ii) The timelike general rotational surface of second type has non-zero constant mean curvature if and only if,
up to parametrization, the meridian curve is determined by c : x(u) = (f(u),0,u,0), where f(u) is a solution to the
following differential equation:

o CFHBuf
(arctanf) :cﬂJ‘Z——ﬁZLﬂ+C 1+f2, c#0.

8. Timelike general rotational surfaces with parallel normalized mean curvature vector field

In this section, we shall give explicitly all timelike general rotational surfaces with parallel normalized
mean curvature vector field. Let us recall that a surface has parallel normalized mean curvature vector field if
the mean curvature vector field H is non-zero and there exists a unit vector field in the direction of H which
is parallel.

Now, let M, be a timelike general rotational surface of first type, defined by (5). In the case H # 0 the
normalized mean curvature vector field of M, is ny, where n, is determined in (7). So, M, has parallel
normalized mean curvature vector field if and only if the following equalities are satisfied: Dy, = 0 and
D ny = 0.

y
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Similarly, if M, is a timelike general rotational surface of second type, defined by (12), then, M, has
parallel normalized mean curvature vector field if and only if Dyn; = 0 and Dyn; = 0, where n; is given in
(14).

The next theorem describes all timelike general rotational surfaces of first and second type with parallel
normalized mean curvature vector field.

Theorem 8.1. (i) The timelike general rotational surface of first type has parallel normalized mean curvature vector
field if and only if, up to parametrization, the meridian curve is determined by ¢ : x(u) = (f(u), 0,0, u), where

f(u) =+Vu?2+C? C =const #0.

(ii) The timelike general rotational surface of second type has parallel normalized mean curvature vector field if
and only if, up to parametrization, the meridian curve is determined by c : x(u) = (f(u),0,u,0), where

fu)=+VC>-u?;, ue(-CC); C=const+0.

Proof. (i) Let M, be a timelike general rotational surface of first type, defined by (5). In Section 5, we derived
formulas (21) giving the normal connection D of M;. These formulas imply that D,n, = D,n, = 0 if and
only if the functions f(u) and g(u) satisfy the following differential equation:

ff' =99 =0.

The above equation implies that the functions f and g are related by f*> = g + C; for some constant C;.
Without loss of generality we may assume that g(u) = u. Then f(u) = ++/u? + C;. Since f? — g? < 0, we
obtain C; > 0. Hence, f(u) = = Vu? + C? for some constant C # 0.

(ii) In a similar way, having in mind formulas (24) giving the normal connection D of M,, we obtain
that the timelike general rotational surface of second type has parallel normalized mean curvature vector
field if and only if the functions f() and g(u) satisfy the following differential equation:

ff +g9 =0,

which implies that f? + g> = C; for some constant C;. Again we assume that g(u) = u. Then f(u) =
++/—u2 + C;. Since f? + g’> > 0, we obtain C; > 0. Hence, f(u) = + VC2 — u2 for some constant C # 0. [J
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